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1. Introduction. Let X be a non-empty set and & be a o-algebra of
subsets of X. Consider the infinite product space @ = [[7._.. X, where X, = X
for n =0, +1, +2, .-+ and the infinite product o-algebra # = [[=._..%%
where .2 = & for n =0, +1, +-2, ---. Elements of £ are bilateral
infinite sequences {+-+, %_y, %y, %, +++} with x, € X. Let us denote the
elements of 2 by w. If w ={-++, 2, %, 2, +++} 2, is called the nth
coordinate of @ and shall be considered as a function on 2 to X. Let
T be the shift transformation on 2 to Q: the nth coordinate of Tw is
equal to the n + 1th coordinate of w. For any function g on 2, Tg is
the function defined by Tg(w) = 9(Tw) so that Tz, = x,,,. We shall
consider two probability measures g, v defined on .. Let 2, = [1i-, X;
where X, =X, 1=1,2,---,n and %, = [[".,.% where &= . 1=
1,2,-+-,m. Then Q, =X and & = .4 Let F,, ., m<n,n=0,x1,+£2, .-,
be the o-algebra of subsets of 2 consisting of sets of the form

[CU = {"'r L1y Loy Xy, ”'}:(xm’ Lmt1r ** %y xn) € E]

where E € &,_,... Let # ., be the g-algebra generated by U.>_, Fp.0-
Let fty . Ym.n De the contractions of y, v, respectively, to . %, ., and ¢ .. .,
Y_.., be the contractions of g, v, respectively, to #_.,. Throughout
this paper v,., is assumed to be absolutely continuous with respect to
Uy Yo K Upnr Jor m < m,n =0, =1, £2, --+. Let f,,, be the deriva-
tive of v,, , with respect t0 th, ns frn = QWi n/Qltmne  Frum 18 T Measurable
and nonnegative. f,, is also positive with v probability one. Hence
1/fnn is well defined with v probability one. A fundamental theorem
of Information Theory by Shannon and McMillan may be considered as
a theorem concerning the asymptotic properties of f,., as n — . The
theorem may be stated as follows: Let X be a finite set of K points
and .¢“ be the g-algebra of all subsets of X. Let v be any stationary
(T invariant) probability measure on &% and ¢ be the equally distributed
independent (product) measure. Then n~'log f,, converges in L,(v). In
particular, if v is ergodic, the limit function is equal to log K — H with
v probability one where H is the entropy of v measure [3] [8]. Generali-
zations to arbitrary X, .o were first studied by A. Pérez. He introduced
an A, condition on v as follows. v is said to satisfy A, condition if
V_.., is absolutely continuous with respect to v_.. ., th, forn=1,2,.--.
He proved the following theorem. If v, ¢t are stationary and g is the
product (independent) measure on & and if
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(a) lim,..n*\logf; . dv exists and is finite,

(b) v satisfies condition A4,,
then {n'log f,,.} converges in L,(v) [6]. Later Pérez announced that
the theorem remains to be true for any stationary measures g, v [8].
The present writer proved that for Markovian g, v with v being stationary
and g having stationary transition probabilities the v-integrability of
log fi., implies the L,(v) convergence of {n~'log f,,}. The proof is based
on an iteration formula for f,,[4]. In this paper we shall study the
case that v is stationary and g is Markovian with stationary transition
probabilities. It shall be proved that the condition

(¢) \(ogfi,—logfi,-)dv < M < o for n =1,2,3, .-+ implies the
L,(v) convergence of {n~'log f,,}. In fact the conditions (c) and (a) are
equivalent for this case, so that the theorem is a generalization of the
theorem of Pérez given in [6]. The proof is conducted along similar
lines used by McMillan. The crucial step is proving the L,(v) convergence
of {logf_,,— logf_,_i}. The condition (¢) is shown to be necessary and
sufficient for this convegence.

2. Generalizations of Shannon-McMillan theorem. Let =z, & Q,
Zy Qs Ty Fmns Lmms Vs Jmm D& as in I.  Notations for conditional
probabilities and conditional expectations relative to one or several random
variables will be as in [2], Chapter 1, §7. A probability measure on
F is Markovian if, for any Ae & m<nn=0, +1, +2, --.

Plx, e A|®p, +++,%y] = Plx, € A|2,]

with probability one. A Markovian measure is said to have stationary
transition probabilities if for any A € . and any integer n

Plx, e A|x,,] = T"Plx, € A|x_]

with probability one. In this paper, since we have two probability
measures [, v, we need to use subscripts g, v to indicate conditional proba-
bilities and conditional expectations taken under g, v respectively. For
any K c 2,1;, the indicator of E, is the real valued function on £
defined by

=0 if w¢gkFE.

The log in this paper is the logarithm with base 2.
LEMMA 1. Define v, , on %,, by

(1) v o(E) = §P,L[E1 Ty oy ]y
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then v, , is a probability measure on %, ., with v, (E) = v, (&) for
Ee Z,,... Furthermore v, , LV, , with

dym,n/dy;n,n = fm,n/fm,n—] .

Proof.

Vi n(E) IL[EI Ly =%y xn—l]dl"

EM[IEfm,w—l ‘ Loy %y xn—l]d;u

I

SP
[PAE 60, -+, 01
|

= | Fmacidrt

Hence V), , is a probability measure on %, ,. Furthermore, for F' e .¥#, ,

malB) = | Fnntt = | (Funlfnn-dfmnmidp
= | malfmn-)dl

Hence v,,,, is absolutely continuous with respect to v, , and dv,, ,/dV, , =

fm.n/fm.n-l'

THEOREM 1. If v is stationary and p is Markovian with stationary
transition probabilities then

(2) Snalfmn— = T"(Fn-nolfm-n-)

with v probability one for all m <mn, n =0, =1, +2, -.

Proof. If p is Markovian and has stationary transition probabilities
then for any A € .&%

Pp-[xn € Alxm, ) xn—l] = Pl*[xn € A!xn-—l]
= T"PJx, € A|zx_,]

with g probability one and, therefore, also with v probability one. Hence
for any Ae &YBe . Z,_,,

V:n,n[xn € Ar (xmy ) xn—l) € B]

Ple,e Ay, -+, €, ]dv

S[(xm. o\ Tpy_1)EB]

Ple, e Afw, Jdv
1

S[(xm,nnxn_l)eB
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T "Px, € A|x_,]dy

S[(mm,'“.zn_l)eli]

fl

Pz, e A|x_,Jdv

S[(zm__l. “.@_1)€B]

S Pyl € Ay ) 0]y
[zgy—p, - w_1) €EB]
=V aol® € A, @p—p, *++, %_;) € B].
It follows that
y;n,n[(xmr ey xn) € C];= y;n—n,o[(xm—nr M) xO) € C]
for every C € .%,_,.,. Since by Lemma 1
dvm,n/dvzn,n = fm,n/fm.n~—1) dvm—-n,o/dv;m—n.o = fm*n.O/fm-n,——l

(2) follows easily.

LEMMA 2. If p is Markovain and m, < m, <0 then v, , is an
extension of Vi, t0 F o
Proof. For any A e & B e Fp,
v:nl,o[xo € A9 (xmz, ct x-—l) € B]

= S[ Plx,e Ala,, -, v ]dy
(g, »*

s,z _1)€B]
9 1

— S[ PJlx,e A|z_]dv
(T o*

©,2_1)EB
T }

={ Pilwo € A| @y, -+, 21dv
(a:mz,-

+@_1)€B]
= ”;nz,o[wo € A, (xmzv ct Y x-—l) € B] .
It follows that
vml.D(E) = sz_o(E)
for every E € Z,,,.
THEOREM 2. If p is Markovian and m, < m, < 0 then
(3) S(logfml.o — log fr,,—)dv
= [(10g £, — 108 fi, )y 2 0.
Proof. By Lemma 2 v} , is an extension of v, , to 4, ., Since

Yingo K Ym0y Yimgo € Vipo by Lemma 1, dy,,[dv,,, is the conditional ex-
pectation of dv,, ./dv, , relative to .7,, , under the measure v, ,. Jensen’s
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inequality for conditional expectation implies that
0 = (@, [}, ) 108 (@i, ol )5, o
= |(@v, Jav4, 0 log (@, Jd4, )%,

Hence

(4) 0= S ].Og (dva,g/dV;nz,o)dV = S IOg (dyml,oldvml,o)dv

and (3) follows from (4) and Lemma 1.

THEOREM 3. If p is Markovian then {log f,., — log f.. —.} converges
with v probability one as m — —oo. The limit function may take =+ o
as its values.

Proof. 1t is sufficient to prove that {f, -i/fm. converges with v
probability one as m — —oo. Since v, , is absolutely continuous with
respect to v, and dvy,, /dv.., = fu.ofm—1 by Lemma 1, f,. _i/fm. is the
derivative of v, , continuous part of v, , with respect to v,, Since, by
Lemma 2, v;, , is an extension of v}, , if m, < my {—f i [f-0 T o
k = 1} is a v semimartingale ([2] pp. 632). Since

V—swalfonnldy = [l < 1

the semimartingale convergence theorem implies that {f_, ./ f_&..} converges
with v probability one as k — .

The following lemma may be considered as an improvement of a
theorem by A. Pérez ([6] Theorem 7; pp. 194).

LEMMA 3. Let B, C B, C -++ be a sequence of o-algebras of subsets
of 2 and B be the o-algebra generated by U, B;. Let ¢, N be two prob-
ability measures defined on B and ¢, N, be the contractions of ¢, \,
respectively, to B,. If ¢, is absolutely continuous with respect to X\,
for k=1,2, -+ and if there is a finite number M such that

| 1og (@ijards < M
for k=1,2, <+« then

(i) ¢ is absolutely continuous with respect to N,
(ii) log (dp/dN\) is ¢ integrable and there exists

lim S log (ddb /)l = S log (dp/dN)de |
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(iii) {log (d¢,/d\;)} converges in L.(p) to log (dp/dN).
Proof.

(i) Let h, =d¢,/d\,. Then {hy, By, k = 1} is a martingale under
A measure. Now

M= S log (debe/dN)dep = S (log hy)hydn .

and
(5) M+3z |(hlogh, + Harz logn)|  hdr
Hence
S(hkgmhkdx < (log n)"(M + 3)
so that S(nkgmh"d)“_) 0 as »— oo, uniformly in k. Hence {h;} converges

with A probability one and also in L,(A) ({2] Theorem 4.1, pp. 319). Let
the limit function be h. Then S hdx = $(A) for all A € U, B, and so
A

for all A € 8. This proves that ¢ is absolutely continuous and that
h = (dp/d)).

(ii) The sequence {h,log h,} converges with )\ probability one to
hlog h. Since the functions h,log h, are bounded below uniformly by
the number %,

|11 1og hax < lim (R log hudn = lim | tog hudg < 1 .
Hence hlog h is ) integrable. Since the real valued function E&log & is
continuous and econvex, h,log h,, h,log h,, «++, hlog i constitute a semi-

martingale under the measure A\([2], Theorem 1.1, pp. 295). Hence

Shl log hd\ < Shz log hdn < « -+ < hlog hd) |
so that limkﬁwghk log h,d)\ exists and is equal to Shlog hdx. Now

Slloghldgb: Shuogmdx: S |hlogh|dn
hence log % is ¢ integrable and

(6) S log hudp = Shlog hdx = lim Sh,c log by dr = lim S log hydg .

Jp—rc0 k—oo

1 Inequality (5) was pointed out by the referee. The proof of Lemma 3 was much
shortened by following his suggestions.
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(iii) Since h, log h,, h,log h,, - +-, h log h constitute a semimartingale
under the measure ), we have, for E € 3,
S hy log hyd) < S hoss log By, dN < S hlog hd .
B E B

Hence
S log hyddp < S log Ty, dep < S log hdd |
B E B

so that log k,, log h,, +-+,log h constitute a semimartingale under the
measure ¢. Hence (ii) implies that log %, are uniformly ¢ integrable and
{log h;} converges to log h in L,(¢) ([2], Theorem 4.1s, pp. 324).

THEOREM 4. If p is Markvian and there is a finite number M
such that

[llog .., — log 7., 1av = M

Sfor m = —1, =2, .-« then {log fn.— log fn._} converges in L,(v) as

m — —oo,

Proof. By Lemma 2 v, , is an extension of Vg if my <m, <0
and

d"’m,o/dV;n,o = fm,O/fm.-—l .

If there is a probability measure v’ defined on the o-algebra generated
by UnZ-1 .., Which is an extension of V!, for m = —1, —2, .-+, then
the conclusion of the theorem follows easily from Lemma 3. If X is
the real line and if ¢~ is the oc-algebra of Borel sets then the existence
of V' follows from the Consistency Theorem of Kolmogorov. For the
general case we shall proceed by using the usual representation by space
2" of sequences of real numbers as follows:

Let

9r = f——k,ﬂ/f*kﬁ-l .

Let G be the map of 2 into the space 2’ of real sequences {£, &, +--}
defined by

G(Cl)) = {gl(w)! g2(w): M '} .
Considering &, as functions on £’ we have
E(G(w)) = gi(w) .

Let B, be the collection of Borel subsets of Q' which are determined
by conditions on &, &,, -+, &, and B be the collection of all Borel subsets
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of . Let ¢ be the probability measure on S and ¢, A, be the proba-
bility measures on B, defined by

HE) = v(GE),

¢u(E) = v o GTE) ,

M(E) = vV, (GTE) .
{9:} converges in L,(v) if and only if {£} converges in L,(¢). Now X,
are consistent; Kolmogorov’s Consistency Theorem implies the existence
of a probability measure A on B which is an extension of every )\, and

dop/dn, = &,. Hence Lemma 3 is applicable and the L.(¢) convergence
of {£,} is obtained.

THEOREM 5. If v is stationary and pu is Markovian with station-
ary transition probabilities and if

S log fi.dy < oo
and if there is a finite number M such that
[t0g fon—10g fun-div = M
for n=1,2,+-« then n'logf,, converges in L,(v) as n— o. In

particular, if v is ergodic, the limit is equal to a nonnegative constant
with v probability one.

Proof. By Theorem 4 {log f,,— log f. .} converges in L,(v) as

m— —oo. Let h be the L,(v) limit of the sequence. Let % be the
L,(v) limit of the sequence {n'>7,T°%}. By Theorem 1 f;,/fona =
T™(f-n.ol f-n.-1), hence
ntlog fo. = n7tlog fo,, + 07 Zl T log (f-i,ol f-i,-1)
[|n= 7108 (il o) — B |
=0 32 [1 7 log (Fosal i) = TR [ d

+§1n—1>: Th — | dy

w53 log (sl foemd) — 1 d
+S|%_IZT‘h—ﬁldv—+0 as m— oo .

Thus the L,(v) convergence of {n~'log f,. is proved. The limit is &
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which is the L,(v) limit of {n™* 37, T*h}. If v is ergodic
h = Sh dy
with v probability one and

Shdu — lim S[log Funn—log fo Jdv =0 .

m-—>—oo

COROLLARY 1. Under the hypothesis of Theorem 5 if v is stationary
and ergodic but not Markovian then v 1is singular to p.

Proof. If p is Markovian but v is not Markovian then there is a
positive integer n, such that

UL S ong—1 #F Som > 0.

For, if for every positive integer =
S on—s # foul =0
then
P, e Alwy, «+0, @un] = Plw, € Al2,]

with v probability one for every A € .&¢ and v is Markovian instead.
Now since

fO,nO—l = E}L[fl),no [ Loy ***y xno—l]

and the function &log & is strictly convex, hence
[ 70,108 Fun,@tt = | Funy2 108 fumadit > 0

so that

S[Ingo,no - Ingo,nO—l]dV >0.

Since g[log Son — 10g fon—]dy is non-decreasing in =,

lim S[logfo,n —log foni]ldv =a > 0.
Now v is ergodic; the L,(v) limit % of {n'logf,,} is equal to a with v
probability one. Let n,n,, --- be a sequence of positive integers for
which {n;*log f,.,} converges with v probability one to @ so that {1/f;,}
converges to 0 as n, — o. Let &' be the o-algebra generated by
U. . and let ¢, 1. be the contractions of 1, v, respectively, to 7.
Since 1/f,, is the derivative of v-continuous part of ,, with respect
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t0 Y., {1/ fo.n} converges with v probability one to the derivative of v-con-
tinuous part of f/ with respect to ' by a theorem of Anderson and
Jessen [1]. Now we have

Iiml/f,.=0
with v probability one and ¢ is singular to »'. Hence p, v are singular
to each other.

Extensions of Theorem 5 and Corollary 1 to K-Markovian g are
Immediate.

3. Discussion. As was mentioned in the introduction the ecrucial
step in establishing Theorem 5 is to prove the L,(v) convergence of
{logf no—logf,_.}. If ptisthe produet (independent) measure on &
the measure V' in the proof of Theorem 4 is actually v_.., X f,,. Thus
condition (c) or, equivalently, condition (a) implies condition (b) in the
introduction. In [7] it is stated that the condition (b) is necessary for
the L,(v) convergence of {logf_,,— logf_, .} (7] Theorem 2(b)). A
simple is as follows. Let X be the real line and .&# be the collection
of all Borel sets. Let v = g and distribution of z, be Gaussian. Let
(e, = x;) = iz, =2,) =1. Then v_,, is singular to v_, ; X Yo how-
ever the L,(v) convergence of {logf_ ., — log f_,_.} is trivially true since
Sma =1
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