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1. Introduction. When are two Gaussian processes equivalent
{mutually absolutely continuous with respect to each other)? More
precisely, given {S, B, m;}, 1 = 1,2, where S is a set of real valued
functions on some interval [a, b], B is a Borel field of subsets of S and
m; is a Gaussian probability measure on B, under what conditions is m,
equivalent to m,? This question has been investigated, by several authors.
In particular, we mention Jacob Feldman, who in a recent paper [5] has
shown that a certain dichotomy exists. If S is a linear space, then
either m; and m, are equivalent or they are perpendicular (mutually
singular). Moreover, using some results of Segal [6], he has shown
that, if K is the linear span of S and the real constants, then m, and
m, are equivalent if and only if the m,-equivalence classes of K are the
same as the m,-equivalence classes of K and the identity correspondence
between the L,(m,) closure of K and the L,(m,) closure of K is a bounded
invertible operator T such that (7*7)"* — I is a Hilbert Schmidt opera-
tor.

We propose to look at this question from a somewhat different point
of view. It is well known that a Gaussian process and hence its prob-
ability measure is determined by a covariance function r(s, t)'. It should
therefore be possible to answer the question posed above directly in
terms of conditions on the convariance functions of the two processes.
We are able to do this for a rather wide class of Gaussian Markov
processes (Theorem 1), and we conjecture that an answer of this type
is possible in general. The crucial condition appears to be that the first
derivatives of the two covariance functions have the same jump on the
diagonal s = ¢, To set the stage for our main theorem, we make the
following definition.

DEFINITION 1. Let M = M[a, b] denote the class of all Gaussian
processes {x(t),a <t < b} with mean function identically zero and
covariance function 7(s, t) given by

u(s)v(t) s=t
’I"(S, t) = ’

u(t)v(s) s=t
where moreover,

(A) u(a) =0,

Received June 12, 1960.

1 More correctly, it is determined by a covariance function (s, t) and a mean function
m(t), (see [3], p. 72). We assume that the mean function is identically zero throughout
this paper.
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(B) () >0 on [a,b],

(C) w” and v"” exist and are continuous on [a, b],

D) v@)u'(t) — ut)'(t) > 0 on [a, b]°.

Almost all sample functions of such processes are continuous (see
[4], pp. 401, 402). We shall assume therefore that the space of sample
functions of processes belonging to the class M{a,bd] is {C, B} where
C = Cla, b] is the set of all continuous real valued functions on [a, b]
and B is the Borel field of subsets of C generated by sets of the form
feeCiay <2ty =b;,, k=1,2,---,m, t, € [a,b]}.

THEOREM 1. Let {x(t),a <t < b} and {y(t),a <t < b} be two Gaussian
processes belonging to Mla, b] with probability measures m, and m,
determined by their respective covariance functions r(s,t) and o(s, t).
Let
_ [ul(s)v(2) st _ [0(s)(2) s=t

TED= e szt POV T lawes) szt

Then, necessary and sufficient conditions that m, be equivalent to m,
are that

(E) v(@)u'(t) — w(@)v'(t) = ¢()6'(¢) — 6(1)¢'(?) on [a, b],

(F) ufa) and O(a) are either both zero or both non-zero.
Moreover, if these conditions are satisfied, the Radon-Nikodym derivative
of m, with respect to m, is given by

dmyjdm, = C,exp{[1/2]] Ca(@) + | rOEONsERO ]} ,
where

- {{[qs(a)v(b)]/[qs(b)v(a)]}w if 6(a) = 0}

" {lu@e®)l0@e®) " if 6(a) #0)

o {0 it 6(a) = 0}
P [p(@)0(a) — u(ayw(@)]/[v(e)p(a)d(a)yu(a)] if 6(a) #0

and
F @) = [v()'(¢) — )" O/[p@)'(t) — w()' ).

The ‘‘necessity’’ part of the proof depends on a theorem of Baxter
while the ‘‘sufficiency’’ will be made to depend on several lemmas.

2 Conditions (A), (B) and (D) insure that r(s, t) is a covariance function. Covariance
functions which factor this way are sometimes called triangular covariance functions. Gaus-
sian processes determined by triangular covariance functions may be shown to be Markov
processes.

3 The corresponding theorem for the Wiener process on [0, 1], (i.e., for the case 7(s, t) =
min (s, £)), was obtained by a somewhat different method in the author’s doctoral disserta-
ton written under the direction of Professor R. H. Cameron (see [8]).
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After proving the theorem, we give several examples, one of which
(Example 3) implies a result previously obtained by Charlotte T. Striebel
in connection with Ornstien Uhlenbeck processes.

2. Baxter’s theorem and a corollary.

BAXTER’S THEOREM. Let {x(t), x =<t < B} be o Gaussian process with
mean function identically zero and continuous covariance function r(s, t),
r having uniformly bounded second derivatives for s + t. Let

£.(t) = lim r(t, t) —r(s, t) lim, r(t, t) — r(s, t) )
" sot t— s st t— s

Then with probability one,

.z B
(2.0) lim 3 [a(t) — a(t,-)F = | £ (widu
where t, =a + k(B —a)27", £k =0,1,2, ..., 274,

COROLLARY. Let {x(t),a <t < b} and {y(t),a <t < b} be Gaussian
processes with mean functions identically zero and covariance functions
r(s, t) and p(s, t) determining probability measures m, and m, respec-
tively. Suppose that r and o satisfy the conditions of the above theorem.
Then, if m, is equivalent to m,, it follows that f.(t) = f(t) for all
t e la,bd].

Proof of corollary. Let S denote the common space of sample
functions of the two processes and let

an

Ny = {o e 8 lim 3 [atte) — att, )T = | si0du]

k=1

where ¢, =a + k(B8 —a)2™", k=0,1,2,-..,2", Be[a,bl. By Baxter’s
theorem m,{Nz} =1 = m,{Ng}. Now let J denote the Radon-Nikodym
derivative of m, with respect m,. Then if y denotes the set character-
istic function of N3, we have

m{Ng} = E*{y(y)} = E"{y(x)J (@)} = 1°.

Hence m,{Nz} = m,{Ng} =1, i.e., for each B e [a, b], N; and N} are sets
8
of m, measure one. It follows that Sf,(u)du = S fo(uw)du for each

a a
B e la,b] and, since f, and f, are continuous, f(B) = f«(B) for each
B € [a, b].
This result gives the ‘‘necessity’’ almost immediately (see § 5). The
4 This actually is a slight generalization of the theorem of Baxter (see [1]), the gener-

alization being that we state the result (2.0) for the interval [@,B] rather than [0, 1].
5 E'r denotes expected value on the Gaussian process with covariance function 7.
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“sufficiency’’ is apparently harder to demonstrate. To facilitate matters
we introduce some notation and prove four lemmas.

3. Notation. The following notation will be used throughout the
rest of this paper.

(s, 1) = {u(s)v(t) s = t}

u(t)v(s) s>t
0s)p(t) s=t
0@t)p(s) s= t}

r is the covariance function of the process {x(¢),a =<t < b},
0 is the covariance function of the process {y(t),a <t < b},

w(s) = v(s)u'(s) — u(s)v'(s) ,
a(s) = ¢(s)8'(s) — 8(s)¢'(s) ,
(8) [v(s)®'(s) — d(s)v'(s)]/w(s) ,
= 97 ,
t,‘:a—}—k(b—a)/m, E=0,1,2,c,m; n>0,

[0(3, t) = {

for any function g, g, = 9(t,), unless otherwise indicated,

Wy = Vi, — Ug—iVs , D = PpiOp — Oy ,
/rJla = T(t.h tlc) ’ IOJIG = p(th tk) ’
R is the mam matrix with elements r,; 7,k =1
P is the mam matrix with elements oy; j, k=1

,2,"',m,
, 2,000, m

’ y

|R| and | P| are the determinants of R and P respectively,

E%l

(xly Loy =22y wm) ’
gz(lyy2r"')ym);
= (01 — Do, D2 — D1y P — D)

4., Some lemmas.

LEmMMA 1. Under (A), (B) and (D) of Definition 1,
(@) u(t) >0, 6(t) >0 for t e (a,bd],

(b) W >0, @, >0 for k=1,2,-<-,m; n>0,
(¢) R and P exist.

Proof. d[dt[u(t)/v(t)] = w(t)[v*(t) > 0 by (B) and (D). Hence u(t)/v(t)
increases as ¢ increases and so w(t) > v(t)u(a)/v(a), t € (a,b], and 0 <
[uw/ve] — [Up—a/Vi] = De/[Vev5-), £ =1,2, -+, m, giving the first parts
of (a) and (b). One may actually compute R, the result being
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[ECE— 0 |
Uy Wy W,
___1_ UV, — Uy Vg ____1_
w? @312\)2 ws
0 1w — up,
(4.0) R = W, Wy, .
1
D
1 Um—1
L Wy wmvmd

We remark for later reference that | R| may also be computed explicitly.
(4.1) | R| = w0, + + + @y,

Completely analogous results hold for 4(t), w,, P, and | P|.

LemMmA 2. Under (A)-(D) of Definition 1,
(a) 2"y, 2°®, are bounded uniformly (in k and n) away from 0,
(b) if w(t) = w(t), then lim | @, — D, |2 = 0 uniformly (in k).

Proof. A simple algebraic manipulation followed by use of the mean
value the theorem for derivatives gives

2"y, = W(ty—) + 277b — a[v(te- )" (Xi) — ulty-)v" (X))

where t,_, < Xy, X5, < t,. That 2", is uniformly bounded away from
0 now follows from the fact that w is (uniformly) continuous and positive
on [a,b] and hence bounded away from 0 and from the fact that the
second term in the expression for 2", becomes uniformly small as =
gets large. A similar argument is pertinent for 2"®, giving us part (a).

A somewhat more lengthy algebraic exercise together with applica-
tion of Taylor’s formula (two terms plus remainder) gives

2@y, — W]
= 2" @(ty-1) — w(te-)][b — al2™" + [@'(ts) — W' (Ex-)][b — af2777}
+ [0 — a)[2H{p(t-)[0"(X1s) — 0" (E-1)] — O(ts-1)[P"(Xs) — ¢"(E6-1)]
— V(te-)[w" (X)) — w"(t-1)] — u(te-)[v" (X)) — " (-]} -

Since (t) = w(t) (and hence @'(t) = w(t)) and since 6", ¢”, u” and v" are
(uniformly) continuous on [a, b], it follows that (b) holds.

LEMMA 3. If Conditions (A)~(F) of Definition 1 and Theorem 1
hold, then
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(@) lm[|R|/|P]]=C

(b) lim xf{ L L} = C,&* (a) for almost all x (m, sense),
Kinded U0y 91¢1

(see Theorem 1 for the definitions of C; and C,).

Proof. Using formula (4.1) for | R| and its analog for | P| we have
il B|[| P|] = Wnfu/6:] + Wnfvaftn] + 3 tn[@4/a] .

Now
| In[04] @] | = | Iniy, — Indy | = | B, — @ |/ X,

where min (&, @) < X;, < max (&, ¥,). But by Lemma 2, | %, — @, | =
0(27*") uniformly in k& while X,2" is bounded away from 0 uniformly in
k and n. It follows that

lim 3, Infie/ds] = 0 .
n—oo k=2

Hence

lim Inf| R[] P|] = lim infu,/6,] + In[v(b)/¢(b)] .

This gives part (a) immediately in cas~ 8(a) = 0. If 6(a) = 0 (and hence
u(a) = 0) we use the fact that w(t) = w(t) to write

o {28) < s {20)

so that

[Ldtuts)o(e)] = | (@) @dloE#e)

By the mean value theorem for integrals and the fact that u(a) =6(a) =0,
we have

4.2) u(t)[v(t) = [(X)O(t)][v*(X)P(t)] for some X, a < X < ¢ .

Rewriting and letting ¢ — 0, we see that lim,_, [u(£)/6(¢)] = ¢(a)[v(a), the
needed result,

Part (b) is immediate in case 6(a) and u(e) are not zero. If 6(a) =
u(a) = 0, then xz(a) = 0 with m, (and m,) measure one. Hence it will
be sufficient to show that [1/u,v,] — [1/6,¢,] is bounded. But [1/u,v,] —
[1/66] = {[¢nfu] — [0,/6,]/[vp,] which will be bounded if [¢/u] — [0,/6,]
is bounded. Now
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o) _ v(@) | _ [$)0(F) — u)v(t) |

u(t) o) w(£)0(t)
_ o@®)0() — [$( X)) (O)]/[v(X)(E)] |
w(t)o(t)

where a < X < ¢, (by 4.2),
_ 1¢O(X) — (X)) |
u(t)v*(X)e(?)
A EOZF@ 4 ) VI =00 iy #1) =5
t —

t—a

Z(X)gi)(t)’l)(t\ [u(t)/v(t)] - [u(a)/v(a)]

t—a
20 (XWX + 2@ (X)) =X - 2008 (X)) T~ ]
- AP WX )X,

where ¢ < X; <t, X< X, <t, a < X;< X, a< X, <t. This last}ex-
pression is clearly uniformly bounded for t e (a, b].
The first three lemmas allow us to prove the following key result.

LemMA 4. If (A)(F) of Definition 1 and Theorem 1 hold, then

lim#(B~ — P)F = Ca(@) + | FOaO/leeme)

n—rco

Proof. We may verify using formula (4.0) for R~ and its analog
for P~ that

2 2 m 2 2%
P (R — PV = e % + 3 (Ve — /Ulcxk-'l) _ (Ppr — ¢l€xk~l) -}
( Uy ¥y 0.9, = { Vi1 VWi Pr-1Pp Wy
= Ju(2) + Ku(®) + L,(x)

where

Jul@) = w%{ ufvl - E%E} ’

K, (x) = é[é)k — Wi|lpp—1%s — ¢kxk—1[2/[¢k—1¢kd)kwk] ’
Ln(x) — é@k{ ¢lc——1¢k[vlc-1xk _ vkxkaly — ’U;c~1'vk[¢,c~1xk — ¢kxk_1]2} )

Vo1V —1Pp @y W,

We note first that J,(x) — C,2*(a) as n — oo by Lemma 3 part (b). We
show next that K, (x) —0 as m-— c. Let ¢ >0 be given and choose
N so large that n = N implies that m’|d®, — #,]| < ¢, (see Lemma 2).
Let 7 = mingcrcm nso [MPr-19:®,W,]. Then for m = N,
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| Ka| =

SELCEL N ARET SN S

K2y, 1@y Wy, by — g by — Ly
< (ef) S{—atta# (%) + gty Dk = Heed Yy g,

where ¢,_, < X, < t,. Thus
(4.3) | K, | < [e(b — a)/Tm]é[x(tk)qb’(Xk)]?[tx — tya]

+ (26/)| STEIHEI E)(E — )

+ (26/9) | Syt (b DI (Kb — t)

+ (ef7) max () 3 [a(t) — w(t)]P -

The first three terms are small since the sums involved are Riemann
sums. Futhermore the sum in the fourth term approaches a limit by
Baxter’s theorem. The result now follows.

Lastly, we consider L,(x).

L,(x)

— i P 1Pl V1% — Uiy ]’ — vk—l}’k[(pk—lxk — i’
k=3 Vi1 ViPr—1Pu Wy,

— i{ PrVs—1 — Pro—1Vs }{ D1V — LirViPy }
k=1 Wy Vi-1VxPr—~1Pu

Mz

{vm(% — $u—1) — PV — Vi) } { T Wiy }

V(U — Ug—r) — UV, — Vy—1) ) L0y br—1V—1

{'vkﬁb;c _ (j)kv;c + [/quy’(Xm) - ¢k7)”(X2k)][(b - a)/zm] }{ x?, — %Z-l }
ViU, — Ui + [0 (X)) — w0 (Xp) (0 — @)/2m] ) Lpevy  Pporis

(by Taylor’s formula)

— & o) () — )V (Er) LAY N 5 (7))
B 7‘%{ V() (tx) — u(te)v'(tr) * Bkmjm}{ P(tx)v(te) ¢(tk~1)v(tk—l)}

(where B, is bounded independently of k and m)
- Sif<t)d{w2<t)/[¢<t)v(t>]} as M — oo .

For later re .rence we note that the last expression for L,(x) may be
rewritten using partial summation giving

k

Il
o

Mz

k=2

]

_ | 2w 2t
(44) L) = {——¢(tm)v(tm)}{f(tm) + 0(1/m)} {——¢(tl)v(tl) Wt + 0@ m)

_ S () ¢ — f(t
520 it - Ft0)
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5. Proof of Theorem 1.

Necessity. Here we assume that m, is equivalent to m,. Now by
the corollary to Baxter’s theorem, f,(t) = f.(f). An easy calculation
shows that f.(t) = v(@)u'(t) — w@)v'(t) and f.(t) = Ht)0'(t) — 0(t)¢'(t) so
that Condition (E) holds. To see Condition (F'), we note that x(a) =0
with m, measure 0 or 1 according as &(a) = 0 or 6(a) = 0. Similarly
2(a) = 0 with m, measure 0 or 1 according as u(a) = 0 or u(a) = 0. But
since m, is equivalent to m,, null sets with respect to the two measures
must correspond. Hence F' holds.

Sufficiency. We assume that Conditions (E) and (F) of the theorem
are satisfied. Define two functions F and F, on Cla, b] by

1 if suply(®) =M
Fy(y) = a<t=h '
0 otherwise

i b
» 11 if sup | y(te) | < Mand [yt - ute)l = [ wiepdt + 1}
M.’n(y) = 1gk=m =2 « .
0 otherwise

Let H, , be a function of m real variables @ = (u, u,, -, 4,,) such that

(Y it sup u| = M oand S[u, — ] = Sbw(t)dt +1]
HMn(u) fomen) 1sksm k=2 a [
0 otherwise J

and note that H, .(¥) = Fy.(y). By Baxter’s theorem and using the
continuity of ¥ and the fact that f,(¢) = f{t) = w(t), we have that for
almost all y € C (in the sense of both measures m, and m,) lim,_.. F'; (%) =
Fy(y) and lim,_.. F\(y) = 1. Hence for any step function p on [a, b],

B{Fu) exp | y)ap®)} = Fo{lim| Fy o(0) exp Sutlp(t) — pite-1 |}
= B{lim [Hy.(7) exp 7' 7)1}
= lim E°{H, (%) exp (¥’ 4p)} (by bounded convergence)
= Tim [(22)" | P17 _Ho (@) exp [@3p — (2@ P-a)du

= lim {[| P|/| B l[@m)" | R} || Hynl®)

x exp {W'dp + (12)[w' (R~ — P)a — &' Ruljdu
= lim [| B|/| P|"* lim E"{H, A(%) exp [z'dp + (1/2)Z'(R™ — Pz}

= C, lim E"{F ,(x) exp [z'4p + (1/2)F'(R™ — P)3]},

n—roo
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the last equality following from Lemma 3, part (a). Now the expectant
will be bounded (independently of n and «) provided &’ 4p+ (1/2)%'(R~*— P~)%
is so bounded on the subset 4, of C where F, is different from O.
But on A,, #'4p < M S, | p(t,) — p(t,—) | which is bounded (independently
of n and ). Furthermore, Z'(R™' — P )% = J,(x) + K, () + L,(x). J,(x) is
bounded on A, as may be seen from the proof of Lemma 3, part (b),
while K,(x) and L,(x) may been to be bounded on A, by examination
of formulas (4.8) and (4.4) respectively. This allows us to take the limit
inside the expected value from which we obtain (see Lemma 4)

(4.5)
E"{FM(y) exp S:y(t)dp(t)}

— CE{Fu@ exp| | atapt) + 1/2(Caa) + | roa@ @00}

Now letting M — oo, we obtain by monotone convergence
(4.6)

b
E"{expg y(t)dp(t)}

= cr{exn | | aan®) + @2(Ca%@) + [ OO ]} .

Now consider the stochastic process {z(t), @ <t < b} with space of
sample functions {C, B} whose Radon-Nikodym derivative with respect

to {&(t), s <t < b} is C, exp [1/2][02902(@ + S f(t)d{x?(t)/[¢(t)v(t)]}]. Then
for all measurable (B) functions F, ’

@7 BF@) = CE{F@) exp1j2]] Cata) + | fOA@/#E®D ]} -

Hence in particular, formula (4.6) holds for the process {z(f), a < t < b}.
But this means that {2(t),a =<t < b} and {y(¢), e <t < b} have the same
multidimensional moment generating functions and since they determine
the measures of all the measurable subsets of C (i.e., all sets in B),
the processes z(t) and y(¢) are identical. Since (4.7) holds for the former,
it also holds for the latter. This shows that m, is absolutely continuous
with respect to m,. By symmetry, m, is also absolutely continuous with
respect to m,. This completes the proof.

5. Examples. The best known process in the class M[0, T'] is the
Wiener process (Brownian motion process) with probability measure m,,
determined by the covariance function

o’s s < t‘;

+(s,t) = ¢*min (s, t) = _t, 0*>0.
We(s, t) min (s, t) ot gtf
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Theorem 1 shows immediately that two such processes determined by
covariance functions w,, and w,, are equivalent if and only if ¢, =g,
(see [2] for a discussion of what is essentially this problem). We can
actually say much more. In fact, we can easily characterize all processes
in the class M[0, T'] which are equivalent to the Wiener process deter-
mined by w.(s,t)®. Let ¢ be any function which is positive and has a
continuous second derivative on [0, 7] and define 6 by 6(s) =

02¢(s)gs[1/¢2(t)]dt. Then those processes (and only those) in the class
0
M0, T'| with covariance functions of the type

[0s)(t) s =t
(0t)p(s) s=t

are equivalent to the process in M][0, T'| determined by w,(s,t). We
give two examples.

,0(8, t) =

ExampLE 1. Let {y(t),0 <t < T < 1} be the process belonging to
M[0, T] with probability measure m, determined by the covariance
function

Js(l—t) s=t)7

D=1 s szt

This process is equivalent to the Wiener process {x(¢),0 <t < T} with
covariance function w,(s,t) = min (s, ). Moreover,
dm,/dm,, = (1 — T)7"exp {—a¥(T)/[2(1 — T)]} .

ExavpLE 2. Let {y(¢),0 < ¢ < 1} be the process belonging to M[0,1]
‘with probability measure m,, determined by the covariance function

sin V"xs cos VM1 — t) s<t
1N\ eos V'L N

sin '\t cos VM1 — s)
VA cos 1\ 821

Ox(s, t) = A < (7f4) .

This process is equivalent to the Wiener process {z(¢),0 <t <1} with
-covariance function w,(s, t) = min (s, t). Moreover,

_ 1
dm,, [dm,, = (cos V'\)'* exp [(X/Z)Soxz(t)dt] .
6 We reason as follows. For (s, t) = ws(s, t), w(s) = ¢2.. Hence w(s) must equal o2,
i.e., d/ds[e(s)/¢p(s)] = o2/¢p2(s). This together with 6(0) = 0 implies that 6(s) = 62¢(S)5:[1/¢2(t>]dt.
7 This process has been studied by various authors, among them Doob [4].
8 For 2 =0, pa(s, t) = lim pa(s, t) = min (s, t).
A0
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For our last example we consider the class of (Ornstien Uhlenbeck)
processes in M[a, b] determined by covariance functions of the type

_ [O(s)p(®) st
o) s>t

where 6(t) = o exp (5t), ¢(t) = exp(—pt), (6*>0,8>0). If Ule,bd]
denotes the class of such processes, we have the following result.

Oop(s,t) =’ exp[—B|s — t]]

ExAMPLE 3. Let {2(#),0 =<t < T} and {y(t),0=t=<T} be two
processes belonging to U[0, T'] with covariance functions 0, g, andp,, g
respectively determining two probability measures Moy 5, aNd My g ON
{C, B}. Then m, g, is equivalent to m, g if and only if ¢iB8, = diB,.
Moreover if this condition is satisfied and if we let K = 2028, = 20°8,,
then

dm,
Moty = (/81/60)”2

dMg,.p,

T 9
0

x exp{(—1/2K)[ (8, — BI@(0) + #*(T) — KT) + (8 — £)| w'tyat [}

6. Conjecture. Consider two general Gaussian processes determined
by covariance functions (s, t) and (s, t) respectively. Under regularity
and boundary conditions of the type (A)-(D) of Definition 1, a necessary
and sufficient condition that the two processes be equivalent is that

FAt) = f(t), (see §2).
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