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1. Introduction. The following inequalities (and other similar ones)
are known:

(i) if w'(x)e L, and u(0) = 0, then

[“was < |"ura [4];

0 0

(ii) if w"(2)e L, and %(0) = u(x) = 0, then

Sﬁu%lx = qu”?dac [3];

0 0

in each case, equality occurs if and only if u(x) = A sin . P. R. Beesack
[1] has generalized these two types of inequalities by considering the
underlying differential equations y” + py = 0 and y“” — py = 0 respec-
tively, together with the equations satisfied by #%'fy. In [2], a relation
was obtained between the equation y** — py = 0 and the inequality

(= 1) pruﬂdx < Sbu(">2dx .

In this paper we let Ly be the general self-adjoint linear operator of
even order

Q () (@)
i;o(ﬁy )

and extend the methods of [2] to relate the equation
(1) Ly=0

and the inequalities

(2) 0= 3 (-1 fade
1=0 a
and
(3) 0 = Sb fl ‘?/(/2d.’1/' + (— 1)" Sbi..u("wdx .
a [ a f,

2. Notation and lemmas. Let y;, = fy'?, v, = Sy,
Uiy = Vpily?, and y;; = Yy y? (1=0,---,m).
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Then
(4) Vi = Vieg + Yuos (1=1,:-+,m).

Let (ky+-+k,) be an (n + 1)-tuple consisting of 0’s and 1’s, such that
»_k; is even. Let

(5) ORI N L
C; = H i = )
' b, k; =10 b, ki =1

k
pi=(—1"" q¢=(=1; @=0---,n).

We now and henceforth assume that (1) has a solution on [a, b] such
that

(6) 2y™V(x) >0 on (a,b) and at ¢ ;
py" () = 0 (t=2,+2,m);
qvl(d;) = 0 (@=0,+,m—1);

and that the fi(e)e Lfa, b], with S Fw)de + 0, and

(7) (— 1™ fi(x) =0 on [a,b] (G =0,++,n—1);
fu2)=0 on [a,b].
LEMMA 1. We have
(8) Py V() >0 on (a,b) and at cf (G=1,-,m).
Proof. By hypothesis the lemma is true for 7 = 1. Suppose that,

for some 7 such that 1 <7 <n — 1, the statement holds. Integrating
and multiplying by (— 1)*** we have

Din " V(@) = i ¥V (Ci) + (— l)kl“sx Py (t)dt > 0

i+1
on (a,b) and at ¢},. This completes Lemma 1.
LEMMA 2. We have

(9) qvx) =0 on [a,b],>0atdf @@=0,:--,n—1).

Proof. We proceed by induction on ¢« (¢t =% —1, ---,1,0). Now
Va(®) = V(%) — Yo = — Yo, SO

qn—l’vnﬂ(x) = qnflvn—l(dn—l) - (_1)Hkng (_ l)nfopnydt = 0 ’
an—1
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b
since |y | > 0 and g fo(@)dx + 0, the inequality is strict at di_,.

Ja

Now suppose that, for some 7 (n — 1 = 1 = 1), the statement holds.
Then, integrating (4) and multiplying by ¢,_,,

Qi1¥i1(%) = ¢ Vi4(di) + (— 1)1+kiS: qvdt
1—1

St Al M GRS

aj—1

80 q;_v;+(x) = 0 on (a,bd) and >0 at df,. This completes Lemma 2.

3. The formal identity. Since (at least formally)
Uy = VoYY + S
we have
(10) Wi = Wi T WisninWhns + fi

Now we use (10) and induction to derive the formal identity

n—1

(1) S GV (e

=0

b

a

b
+ S Wiy, i (WY — yi+1,iu(i))2d9ﬁ}

2 b
+ Z‘ (__~ 1)n+i5 fiu(i’zdx :

then we will justify the formal steps.
First,

b

4 2 .9
‘ Wiy, W de = uypy , u?
Ja @

b
— S zui+l,iuu)u(i—l»l)dx
a

b
— (4)%
= Wi, W

b
- S 2%y, YU e
a

a

SO
"o 2 ()2
(12) g (Wisri + UirisnWisnu' " da
a
(4)2 b v ($+1) (1)2
= Uiy, W ‘ + S i1, i (U — Y, W )da
a a
b 14+1)2
- S 'u/i+1,i+1u( Wdw .
a

Since v,(x) = Ly

i

0, uw(x) = 0; using (10) and (12) with 7 = 0,

b
0 = u,u’

b b
+ Sbun(u’ — Yu)dx + S fourde — S Uy U A .

a
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Suppose that, for some %k such that 1 <k =<n — 1,

b

(13) 0= 5 (= w0

a

b
+ Sauiﬂ.iﬂ(u““) - yi+1,iu(i)z)dx}
L= 1) v @2 w(° ()2
+g.0(— ) afiu z + (—1) Sauk,cu dx .

Using (10) and (12) with ¢ =k, and substituting for the last term in
(13), we obtain (13) with k replaced by k¥ + 1. Hence (13) holds for
k=1, ..., n; with £k = »n, using the fact that u,, = f,, and multiplying
by (— 1)?, we have (11).

LEMMA 8. Let u(x) be a function such that

(14) uw™ € Lyla, b; u?(¢,-) =0 (2=0,-+-,m —1).

(Note that (14) implies that the zero of u'” at c,—; s of order =1
(1=0,-,n—2)and >4 (¢ =n—1).) Then (11) is valid.

Proof. Our concern is with possible zeros of y* (+ =0, «++,n — 1)
on |a,b]; by Lemma 1, the only possible zero of y* is at ¢,—,. Let ¢
be such that 0 <+ <n —1, and suppose that y* has a zero of order
r at ¢,—;, Then r<mn—+4. For if »>mn —4 then y“(c,_,) =0
(k=1,+--,m —1),and 80 ¢4—; = Cyey—y = *++ ¢;; thus y"(c,) = 0. But, by
Lemma 2, vc,)#0 (since ¢,=d), and v(x)=7f(x)y"™(x). Thus r=<n—i.
Now, since ¢,—;=+++=¢,;, #'” has a zero of order =7 at ¢,—; (:=0, - - -, n—2),
and of order >4 (1 =mn —1). The lemma now follows, as does the
fact (to be used in the proof of Lemma 5) that ., (¢,—)u®(c,—;) = 0
@t=0,.-+,n—1).

LEMMA 4. On |a,b], (= D" uy(®) =0 =1, .-+, n).

Proof. By Lemmas 1 and 2,
(= )"y, = (= )" (= 1) eV D=y
= — QUi Pp=y™” =0 .
LEMMA 5. (— 1)+, w®* [t <0 (1=0,+,n—1).
Proof. Since ¢, =d; 4,
(= Dy 0 [ = (= 1ot i it

Evaluation at ¢,_; gives zero, and
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- — i
(= L)mtitbn-ig, s = — QueserVpeioa/ D=y £ 0

on [a,b] and so at d,_;_,.
4, The inequality. We now state

THEOREM 1. Let fi(x)e L[a,b] (i =0, -+, n), with Sbfo(x)dm;éo.

Let fix) (=0, -+, n) satisfy (7), and let y(x) be a solution of (1)
which satisfies (6). Let u(x) satisfy (14). Then

(2) 0= 5; (—1 )+ S Fl@u @)da .

Further, equality obtains if and only if u(x) = cy(x) and (6) is modi fied
to make qu(d;) =0 (@ =0,--+, n —1).

Proof. The Theorem follows immediately from the lemmas, except
for the last statement, which follows from the fact that equality obtains
if and only if w"*"(x) = y;4..(@)u (@) (1 =0, -+, 2 —1) and v,d;) =0
(t=1, .-+, m).

5. The reciprocal inequality. We now derive a set of inequalities
which includes (3); we prove

THEOREM 2. Let the fi(x) (1 =0, --,n) and y(x) satisfy the hypo-
thesis of Theorem 1; in addition, let fi(x) =0 or fi(x)+0 on [a,bd]
(t=0,+-+,n). Let u(x) satisfy

(15) u™ e Lya, b]; u®(d;) =0 (t=0,+,m—1).
Then, for each k (1 =k < n) such that f,_,(x) # 0,
(16) 0= Sb 1 u(x)de + (— 1) Sb——l— u®’dg

@ fa(®) @ f ()

Proof. The proof is similar to that of Theorem 1, so we present it
here in less detail. Let r;, = y"?/v,; then, formally,

(17) Tii = Pigri + PisriVin/Vs — Tinifn—io1 -
Thus
b )2 @z’ i (1+1) Vits, )\
(18) UV dT = 10 0 +\ oW - —’U—u dx
a a a i

b b
2 1 2 >
- S Jn-iaTiuVde — S Pipiat T dw (1=0, «++, n—2),
a a
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and

b
(19) S riu®de = ri, u®
a

b 1 (4+1) (1))
— | = — Tisnifniu') do
i a

n—i--1

b b
+ S Tisy Vit 02 d + S 1 WD
1 32 v
a P

a

i n—i—1

(t=0,--,m—1).

Repeated application of (18) to gbroowdx gives
b_l__ 2d ——k_2 — D r... . wz2|’
7 u w—gg( VY T iU i

2 Jn

13 ' v, 2
+ g ’ri+1.i+1<u(i+” — z+1u<t)> dx
a v;

b b

B 2 — 12 .

— S fn—i—z’rfﬂ,ium dm} + (__ 1)k 15 "'rcwl,k—lu(k D2 :
a a

application of (19) to the last term gives

b

a

b k=1
(20) Sa .]} wds = g(‘) (_ l)i’riﬂ,iumz

n

k—2 b 2
+ 3 (— 1) {S Piirin <u<t+1) _ v¢+1u(z)> dux
27=0 a

v;

b 9
- Lfn—i—lﬁﬂ,iu(i)zdx }

+ (— 1) {Sb’f'k,k—l Vy w1

Vg—1

b1 .
- S (u(m - T}n.k—]fnmk,u(k_l))zdx

“ank,
> 1 27
—I—S u"”’dw( k=1,--+,n).

@ fon /

We now show that, if f, .(x) = 0, (20) is valid. Let a v, have a
zero of order 7; such a zero must be at d,. Now, r <n — . For we
have

Vi = @y @yi1V501 + (— 1V fpe D0y 770 5

since y"I(d;) # 0, if v)(d,) = 0 then f,_,, =0, and v; = v;,. Thus,
if »r>n—1, v =9, and also """ = v, = 0. The first of these
implies that v* % = v,_, = v, — ¥, = — ¥, # 0, a contradiction. Further,
we have d; = --+ = d,;,,—;, so #'® has a zero of order greater than » — £
at d,. This suffices to justify (20). We note in addition that
T @d)u(d) =0 (=0, «++, n — 1).

Now by hypothesis (— 1)**f, ; ., <0 (=0, ---,n —1). Lemma 4
implies that (— 1)7;,,,,, <0 (¢ =0, --+,n — 2). Finally,
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(_ 1)‘7'.“ o 3 _ pi_‘_ly(n—ﬁ—nu(u? ax .

i+1,1 . qﬂ)i a )
evaluation at d} gives a non-positive quantity; evaluation at d, gives zero.
Hence the inequality (16) follows from (20).

6. Concluding remarks. If we want (16) for only one particular
value of k& (kK < m), we need correspondingly less hypotheses on y(x) and
its derivatives, w(x) and its derivatives, and fi(z) (¢ =0, ---, »), since
only & + 1 of the functions in each of these sets are actually involved
in any of the proofs.

Since (— 1)**fi(x) < 0, from (2) we may delete any combination of
terms excluding the last, and to the right-hand side of (16) we may
add any terms of the form

(— 1)JS 1 gy G<j+k).

b
@ Jn—1
Thus, e.g., (2) implies
1]
0% (- 1| fuuide + | fruide

which perhaps corresponds more obviously to (16) than does (2).

Finally, the set of allowed values of (k,---%,) can be split into
halves such that one half, together with the inequality Ly = 0, and also
the other half, together with Ly =< 0, will produce the inequalities.
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