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1. Introduction. The game of Banach and Mazur is understood
here1 as follows:

Two players A and B choose alternately nonnegative numbers tnf

(n — 0,1, 2, •••) in the following manner: B chooses a number t0 such
that 0 g t0 < 1. After t{ (i — 0, 1, , 2n) have been chosen, A chooses
t2n+ι such that

(a) 0 < t2n+1 < t2n (if t0 — 0, tλ is arbitrary)

and subsequently B a number t2tι+2 such that

(b') 0 < ίaΛ+a < ίan+1 , (n = 0, 1,2, . . . ) .

Given a set S c [0,1], A will be said to win on S if s = Σ*=o*n e S;
otherwise B wins.

We shall deal in this paper with a generalization of this game,
consisting in replacing (b') by

(b) 0 < t2n+2 < k-t2n+1 , (w = 0, l ,2, •••)

where fc > 0 will be referred to as the game constant.2

We say that the set S is unavoidable, or that B cannot avoid it, if
there exists a sequence of functions ί^ίo), t3(t0ftl9t2), , <2»fi(*oA> Ί Ur), " ,
satisfying (a) and such that s = Σ " = o ίΛ e S whenever (b) holds. If, on
the other hand, there exists a sequence of functions £0> ̂ ( ^ *i)> ">
*2n(*o> <i, ' *' *2n-i), ' satisfying (b) and such that s = Σ»=o*» 0 S , when-
ever (a) holds, then S is said to be avoidable.

The sets. In this paper we shall consider closed subsets of [0,1]
exclusively. Let S be an arbitrary closed set on the interval / = [0,1]
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and suppose that 0 and 1 belong to S3. The complement [0,1] ~ S =
U?=i#n is a union of open and disjoint intervals gn. Denote by g the
greatest of them. (If several such intervals of the same length exist,
g will denote the one lying to the right of all others). Then f~g =
fo U/i is a union of two closed intervals fQ and fu where / 0 denotes the
left and fx the right one. Suppose now the closed intervals / ί l t...ίn,
δx = 0,1 are already defined and denote by gίv.. ,8n the greatest of the
intervals gn contained in /β1,...,βn (if any). The set /βlf...,βn ~ 0θ.....δn =
f*V' '.δn.oVf8V' '.8n.i ίs a union of two closed intervals, where /β l... fβn f 0

denotes the left and fs1,...,sn>1 the right interval (Fig. 1)

Fig. 1

It is clear that S = Π ^ o U ^ o . i Λ , - ^ i = l , 2 , . . . , n ((/δ l,..,δ>-o
denotes the interval / = [0,1]).

The class C of sets satisfying4

(c) M . = ' ft.--* ' = Cl > 0 and M - = -LgV^J = c2 > 0
l/ol lA. .vo I/,

where cx and c2 are constants (independent of 819 * ,δn) is called the
Cantor class.

Evidently, each set belonging to C is perfect and its Lebesgue-
measure is 0 (it is consequently also nowhere dense). We shall denote
x = I f01, y = I g I and α = l — α? — i / ^ l / J . We can establish a one-to-
one correspondence between the sets of C and the points of the triangle:
0 < a? < 1, 0 <y <1 — x (see Fig. 2). A set of C corresponding to (x, y)
is denoted by Sx,y. The sets Sx,y of C for which | / 0 | = IΛ|, i.e. the
sets for which y = 1 — 2αs, are called symmetric sets. In particular, the
Cantor discontinuum S1/3,1/3 is a symmetric set.

Outline of results. S. Banach posed the problem of finding necessary
and sufficient conditions which make a set S unavoidable.

In § 2 we find for every k ^ 1 sufficient conditions for an arbitrary
compact set S to be unavoidable for the constant k. These conditions
are also necessary if the following additional condition (a) is stipulated,
(a) tx 5g ε, where ε > 0 is a number chosen by B such that (t0, t0 + ε] U S Φ 0.

The condition (a) implies a uniform structure (from the point of view
of the game) of the set S; and under this restriction a solution of the
problem of Banach in the case of compact sets is given.

3 This will be assumed throughout the paper.
* \ g\ denotes the length of the interval g.
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Sets
avoidable
for every k

Fig. 2

In § 3 we give moreover a numerical solution of the problem of
Banach for sets belonging to the Cantor class C. Namely, we define a
function ίc(x, y)\

ίθ
,2/) =

v y +

for y ^ x

tor xoc *
y + xap

(a = 1 — x — y, 0 < c c < l , 0 <y <1 — x), such that the set Sx,y is
unavoidable if, and only if, the game-constant k satisfies k rg k(x, y). It
can be easily seen that the lines y = xav, (p — 0,1, •••) are lines of
discontinuity of this function and that a necessary and sufficient condition
for a set Sx,v of C to be avoidable for every k > 0 is that the point
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(x9 y) be on or above the diagonal y = x. In this sense the line y — x
separates the avoidable sets for every k from the others, and especially
the Cantor discontinuum S1/3>1/3 has this property with regard to the
symmetric sets. The results of this section also include a generalization
of a result obtained in [2], where, in answer to a question by H. Steinhaus,
an unavoidable perfect set of measure 0 with the game-constant k — 1
was constructed. Since, as it turns out this is a set S1/2il/8 and fc(i, | ) =
39/25, it is unavoidable if, and only if, k ^ 39/25.

NOTATION. We denote by p(hl9 h2) the distance between the intervals
hλ and h2; by l{h) and r(h) the left and right endpoints of the interval
h; we also put sn = Σ5=o*j.

Furthermore introduce the following definition:
(d) Let z be any point of the set S and {flfn}n=o,i

 a sequence of open
intervals defined as follows g° = (1, oo) and gn+1 the greatest interval gk

lying between z and gn (if several such intervals of the same length
exist, gn+1 will denote the one lying to the right of all the others). The
sequence {gn} and {/"} (where fn = [r(gn+1), l(gn)]) may be finite e.g. if
z = l(gm) for some m. The most interesting case is however when the
sequence {gn} is infinite. It converges then to some point z' of S, zr ^ z
and will be referred to as a descending sequence: gn —* zf.

2. Arbitrary compact sets* In this section we consider arbitrary
compact sets S in the interval [0,1]. In addition to the assumptions (a)
and (b) we also assume that (a) holds. For every game-constant k ^ 1,
we shall give necessary and sufficient conditions for the set S to be
unavoidable. We shall namely prove, that the three properties (px), (p2)
and (p3), defined below, are equivalent. By means of a small modification
of the proof it can be shown that (p2) and (p3) are equivalent for every
k > 0 (not only k ^ 1).

By g, § (with or without subscripts (or superscripts)) we denote the
open intervals gn and the two intervals (— °°,0) and (1, oo). We now
choose a fixed k ^ 1 and define for it the properties (pθ, (p2) and (p3).
(Pi) A compact set S is said to have the property (px) if the following
conditions (pί) and (pί') hold.
(p!) If / is an interval lying between two intervals gf and g" at least
one of which is other than (—oo,0) and (1, oo) such that r(g') = l(f)
and r(f) - l(g") then either k- \g'\ ^ \f\ or | </" | < | / | (Fig. 3)

o', / g"

Fig. 3

(pί') If gn —» z9 then there exist infinitely many integers n such that for
every m,m <n either k-ρ[z, r(gn)] ^ ρ{gn, gm) or \gm\ < p(gn

f gm).
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Regarding sets having property (px) we note:
( 1 ) If S satisfies ( p j and / is a segment lying between the intervals
gn and gn~L which belong to some descending sequence {gn}n^Λ,... then
P($nj S) > \S\ holds for every interval g contained in / .

Indeed, let / ' be the interval defined by / ' = [r(gn), l(g)] (i.e. the
interval lying between gn and g). If k-\gn\ > | / ' | then by (pi) there
is I g I < | / ' | = p(gn, g). If however k-\gn\^\f'\ then by the definition (d)
of a descending sequence of intervals \g\ < \gn\ and by the assumption
fc^lwe have | g\ < \f'\ = ρ(gn, g).

We now introduce the following definition:
(h) A set S is said to have the property (h) in the interval (z, z + e)
if for each interval g such that g Π (z, z + ε) Φ 0 there is ρ(z, g) > \g\.

We define the property
p(2) A set S is said to have the property (p2) if the following two condi-
tions (pj) and (p") are satisfied:
(p£) The set S has the property (h) in each interval (r(g)} r(g) + fc | g |).
(pj') For each z e S and z Φ l(g) there exists a point z1 > z arbitrarily close
to z and such that S has the property (h) in the interval (zf, zf + k-p(z, z')).

Finally
(p3) A set S is said to have the property (p3) if it is unavoidable (for
the game constant k).

We shall now prove that for compact sets S the properties (px), (p2)
and (p3) are equivalent. This will be done by proving the implications
(Pi) — (p2) -> (p3) — (Pi).

( 2 ) (Pl) >(p2)

Indeed, let g and g be intervals such that g Π (r(g), r(g) + k \ g\) Φ 0.
Thus p(g,g) < k \g\; (pj) holds by the condition (p() used for gf = g,
g" = ^ and / = [r(^), ί(^)]. Thus (pθ -> (pj). It remains to prove (pΓ).
Let z e S be a point such that 2 ^ l(g). If S contains an interval with
the left endpoint5 in z, then choosing z' sufficiently close to z, (pj') is
satisfied in a trivial way. We therefore may assume that there exists
an infinite sequence gn —> z. By (pi') there are points zf = r(#w) arbitrarily
close to z such that for each interval gm lying to the right of z' there
is either kρ(zt z') ^ />(̂ ', gm) or | ^m | < ρ(zf, gm). Let m < n be the greatest
integer such that | gm \ ̂  />(2;f, βfm). Such a number exists, since for ex-
ample there is always \g°\^ ρ(zf, g°). We have then by (p"): kρ(z, z') ^
ρ(z'y gm) and for each t such that m < t < n, \ gι \ < ρ(z\ gι). By (1) we
thus conclude, that S has the property (h) in the interval (zf, z' + p{z\ gm))
which contains (zf, zr + kρ(z, z')). Thus (p:) —> (p")> and (2) is proved.

We now prove that

1 z may evidently be also an interior point of some interval contained in S.
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( 3 ) (p2) >(p3)

Indeed, let 0 ^ t0 < 1 be an arbitrary number chosen by B. We then
show that A can choose a number tλ satisfying (a) and (a) such that sλ e S and
that(h) holds in (s19 sλ + ktj: If t0 e g or tQ — l(g) A can choose 81 = r(g)
and our condition is satisfied by (p2). In the case ί0 e S and ί0 =£ £((?),
A chooses sx = z' and (p") applies. Similarly A may after each step t2n

of 5 (satisfying (b)), choose t2 n + 1, obtaining in particular s2w+1 e S. By
the compactness of S we then have s = lim,̂ ,*, san+i e S and thus (p8) holds.

REMARK 1. Note that the assumption k ^ 1 is not used in the proof
of (3). Hence, by (3) the property (p2) (for k > 0 and not only for k ^ 1)
suffices for the unavoidability of the compact set S. It is easy to see,
using (a), that the condition (p2) is also necessary for k > 0.

Before proving the implication (p8) —• (px) we note that
( 4 ) If for some n there is s2n-i $ S or s2n-1 = l(g) then B can avoid S,
by choosing the numbers t^* ŵ+2» sufficiently small.

We finally prove that

( 5 ) (p3) > (Pl) .

The proof is indirect. If (pί) does not hold, then there exists an
interval / - [r(g')f l(g")]. (Fig. 3) such that fc | g'\ > \f \ and | g"\ ^ | / | .
B can choose t0 — l(g') and ε = \g'\. Then by (a) and (4) A has to choose

8 l - r(g'). Now B chooses ta - | / | < k \ g' \ = ktλ and from | g" \ ̂  | / |
and (a) follows s3 6 g". Hence by (4) B avoids S.

If, on the other hand, (pί') does not hold, then there exists a point z,
a sequence gn —>z and an integer n0, such that for every n ^ n0 there
exists m = m(w) < w with the property: kρ(z, r(gn)) > >̂(flfn, gm) and
I Pm I ̂  ]θ(βίw, ί/m). B chooses t0 = 2 and ε < jθ(2, gfw°). By (4) it is sufficient
to consider the case r(gn+1) ^ sλ < l{gn) (Fig. 4) for some n ^ nQ. In this
case, however, B can, choosing ί2 = p(sl9 gm), satisfy (b) and by (a) there
must be s3 e gm. Thus by (4) the set S is avoidable.

z 0 n + 1 s, gn gnQ gm

Fig. 4

From (2), (3) and (5) we obtain

THEOREM 1. The properties (pθ, (p2) and (p3) are equivalent.
This theorem solves the Banach problem in the case of compact sets

on the additional assumption (a).

3. Sets of the Cantor class In this section we deal with sets SXtV

of the Cantor-class C, only. We find for them a function k(x, y) defined
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within the triangle 0 < # < 1; 0 < y < 1 — x, such t h a t the set Sx,y is
unavoidable if, and only if, the game-constant k satisfies: k ^ k(x, y).

We begin with a few remarks. Denoting, as in the introduction,
# = l/o I, y = I 9 I and a ~ I — x ~ y = \fx\ we obtain by (c) (s. Fig. 1)
( 6 ) UV-.δ n I = α v α μ and |gSl,...,8nI = yxΌP where μ = Σ/Uδ< and v^n-μ;
it follows

( 7 ) lflfβ1...,βJ>|Λ1.....a l l.β f l + 1l, (n = 0 , l f . . . ) •

Hence, if gn—> z and for some m, #Wi = gδl,...,s, then # r Λ + 1 = ^δi,...,δ. lOli. i

where gTO ^ 0 (i.e. the interval gm+1 is obtained from gm by adding one
0, or one 0 and several Γ s , to the subscripts Su •••, 8tm of gm).

By (c) we also have
( 8 ) If y < x, then for every interval gk contained in /δl,... lόn there is

We now introduce the following definition:
(d) Let gn-*z be a descending sequence such that there exist two
infinite sequences {m'} and {m"}—of integers with the property \fm \ g | gm \
for m e {mf} and \fm \ > | gm \ for m e {m';}, and such that for sufficiently
large integers m, m e {mr} implies m + 1 e {m"} and m - l e {m"}.
Hence there exist an integer m0 and an infinite sequence {TJ} of integers
such that m0 e {m'}, (m0 + i) e {m^}, 0- ^ i ^ n)> (w0 + rx + 1) e {m'},
(m0 + r2 + 1 + i) e {m"}, (1 ^ i ^ 2̂)* (^0 + n + r2 + 2) e {m'}, and so on.
If lim Tj — r is finite, then 2 is said to be a point of order r. If other-
wise, limrj = 00 then z is called a point of order 00.

We prove now the following lemma.

LEMMA. Let gn —> z and y < x. Denote by p the integer satisfying

( 9 ) x-oί^1 <; y < ^ α;)

fc = fc(χ, y) =
+

(10) αί α-̂ t/ arbitrarily small distance from the point z there exists
a point zf > z such that the inequality p(zf, gk) > | gk \ holds for each
interval gk satisfying the condition

9* Π (zf, zr + k p(z, z')) Φ 0 , {i.e. (pi') holds) .

Proof. By definition of the intervals gm and fm,
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(11) if tr = 9h, ..,hm then . /» = Λv . .ttm.o,i~Λ, Qm^0

a n a g — £/5 . . . * .o.i i

From (7) follows t h a t \gh,...,h >O(i i ! > \θm+1\ for qm > 0 and for g Λ = 0

holds \g\ > \gm+1\ where g is the interval satisfying r(g) = Z(A.....a# ).

In any case we have

(12) ^A.-Vϋ

The following cases will be considered:
( a ) For infinitely may m, qm> p.
(b ) For every sufficiently large rn, qm ^ p
(ba) For every sufficiently large τn,,qm = p
(bb) For every sufficiently large m,qm < p
(be) There are two infinite sequences Mf and M" of integers such that

for m e Mf, qm — p, and for m e M"', qm < p.
By (11), (6) and (9) follows that

(13) qm = p is equivalent to \fm\ύ\gm\

(14) qm < p is equivalent to | / m | > | gm \ .

(bca) for infinitely many m holds

(15) m e M" and gm ^ 1

(beb) for every sufficiently large m 6 M", gw — 0

(beba) For infinitely many m,

m + l e l ' and m + 2 e f

(bebb) For every sufficiently large m, from

m + 1 e ikf' follows m + 2 e M" .

We shall now prove the lemma for each of the above cases separately:

( a ) From (12) follows kρ{z,fh,...,h Λ) ^k(\fh.....h .o.i-il + I flU)
m XL

- a{1~xoί2 IA...,et I •(ajα * + y).

Thus for m satisfying qm> P,

If moreover m is sufficiently large then the distance p(z9f^v...^t Λ)

is arbitrarily small and thus choosing zr = Z(/δl,...,δί §1) we conclude by (8)

that (10) holds.
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(ba) By (13) and (11) we have for m sufficiently large

fm = A . .«tm.o.i^i> # m f l = S V (δtm,o,i^i
P + l P

and gm+μ'+1(μ >̂ 0) is obtained from gmiμ by adding one 0 and p Γs to
the subscripts of gm+'x. Hence

l / δ 1 , , δ c , 0 , l - i . o , l - -i I +

= I A . - *

Therefore k-ρ(z,f5 fi J ^ α l / s δf | = |/ δ δ t l | . Thus taking m

sufficiently large (i.e. fsv...,st Λ sufficiently near to z) and putting

*' = ϊ(Λ.....«ίjn.i) we see, by (8)Γthat (10) holds.

(bb) By (14) there exists a number μ0, such that for m ̂  ^0, | /
m | > | gm |.

Now take m ^ μ0 such that fc/>(^, l(fm)) ^ |/μ° |. Thus putting «' = l{fm)
and taking m sufficiently large we obtain that (10) holds for every interval
9k = Qn where m ^ n ^ μ0. Now for other intervals gk (i.e. for gh afn

(m Ξ> ̂  ^ /i0)) (10) evidently holds by (8). Hence (10) holds in general,
(bca) Let m satisfy (15) and let r be the smallest integer such that
m + r e M' (evidently r ^ 1). Then, by (11) it follows that fm+\
(1 ^ i ^ r) are of the form

/•m+i /
J — « / δ ,, θf ,o, l i .o. I I , o, i i,o, ,o, l i

where 0 ̂  qmH < p for 1 ̂  i < r and gm+r = p, and the ̂ m + j are of the

f o r m gm+j = S V . δ ^ . o , 1 ^ 1 , 0 . i ^ i . o . . o , 1 ^ 1 f o r l ^ j ^ r . B y a n a l o g y w i t h

^ / δ j . . δ j , 0 , l l . O , l l . O , •••,0, l l

(12) we have

Therefore by (6)

(16) pά=p(z,j

Now evidently

(17) IA, . , 5 i m , i I + Σ (I om+ί I + \fm+i I) ̂  I A, . . , V i I + \9m I + \Γ

Ί + V + #α: g m + 1 ) .
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By (15)

— xap)(x2-ap+q™ + yxaQm) < (a + y + xaqm+1){xap+1 + y)

holds. Dividing both sides by y + xap+1 we obtain

k(x2ap+a™ + yxaq™) < a + y + xaQm+1

and therefore by (16) and (17)

vm Ϊ=Q

Thus, putting z' = l{fm+r~ι) we see, by \fm+i \ > \ gm+i | for 0 ̂  i < r and
(8), that (10) holds.

In the case (bcb) we have for every sufficiently large m e M"

I Qm I = lί/δi. . Λ I < l/θi. .δt ,o,i I = \fm\

Now turn to the case
(bcba) By (11) and (13) we have

m TO w -

S' :=:: 9&A, ,&t 0 °.1""1

and

/ — / δ 1 ( ,δc .0,01^1,0.1^1

Therefore, as in (12)

^ ^ Jδ1.' ,st ,o,o, I I .O. I I
P P

Thus

(18) ,0(2, fm) ^ |/ t l . . . ί ( I (*3 α2ί> + yx*a» + x ^ ^ 1 + yα) .

Now, since for p ̂  1, # 3a 2 p + 1 < #2a:p+2, we have

:23) + yx2ap + ̂ 2 α p + 1 + ^ ) < (y + xapH)(xa + y + a) .

Dividing both sides by (y + ;rap+1) we obtain from (18) (since 1 — xap < 1)
that

Taking now m sufficiently large and putting z' = i(/TO) we see, by (8),
that in this case again (10) holds.

We go over to the case
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(bcbb) By (d) there are two possibilities

z is a point of order r,

z is a point of order co .

In the first case let ml9 m2, be the sequence {m'} = M'. By
Qm — V we have fmi = / δ ... 8 0 λ..Λ. If now for every sufficiently large ΐ,

P + l

min — m{ = r + 1 then for such i we have in view of (bcb)

p(z,fmί+r) = Σ | ΣlίT'+Ί + Σ I / m ' + Ί I =

v(l + a*Σ;

(see Fig. 5 where φ = |/ δ 1 ... δ. | and r = 3)

5 2p+l 4 © 4 p+1 3 p 3 p+1 2 p 2 p+1 p p+1

ίc a φ yx a φ x or φ yx a φ x a φ yx a φ x a φ yxa φ xa φ yφ

Fig. 5

Generally, there exist infinitely many integers i such that mΐ+1 — m :̂
r + 1 and since r = lim τό we have for such integers i

ί J^ \ r

y\ i -f- (X 2-ιχ i ~r &vί 2-J **

On the other hand

p(l(fmι+r), r(/™*)) = a'ίy ±x> + xa±x>) • \fh,...,h \
\ j=l j=Q / m i

(see Fig. 5). Hence by {(1 - xap)j(l - xr+1a*)} < 1, we have

kp(z,fmί+r) < P(l(fmί+r), r(/TO0)

Putting z' = l(fmί+r) we see, considering 2/ < ^^ p and (8) that (10) holds.
Let finally ^ be a point of order 00. We have y = 2/(8 + V + a) =

a?3/ + 2/(2/ + α) and hence by (9) 2/ < #2/ + a^O/ + α), i.e. y — xy —
(1 — 8)2/ < 2/^^p + ^^ p + 1 . Thus for r sufficiently large also (1 — x)y <
yxap + xap+1 — 2/»r+1«1> — xr+2ap+1 i.e.

(19) 2/ < yxa**-1 ~ ^ + %α p + 1 -1 ~ a ? + = ap(y Σιx
j + xaΣ,

1 — X 1 — X \ j=i j=o

Since 2 is a point of order 00, there exist arbitrarily large integers
r and m such that m e {m'}, m + r + 1 e {m'} and m + i e {m"} for
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1 ^ i ^ r. Now taking m and r sufficiently large and noting that

P(l(fm+r), Hfm)) =

we obtain by (19) that there exist arbitrarily large integers m and r
such that

(20) I (Γ | < P(l(fm+r), <Γ) .

We have also

P(l(fm+r), r(/βl,...atΛ.i)) ^ IA,-..alw.il + IflΓ I + | / " l =

= (a + y + xa*+1)\ftlt...t8tJ .

Further by (13) we have, by analogy with (16), (where r should be
replaced by r + 1) that

p(z,fm+r) - P(Z, i(fm+r)) ^ IA, Λml (^ + 2 ̂ 2 P + ^ r + 1 ^ p )

and therefore

kp(z,f»+') ύ P(l(fm+r), r{fh.....hJ) .

Thus putting z' = ί(/ m + r ) we see by (8) and (20) that (10) holds in this
case again. The proof is completed.

We are now able to prove the following:

THEOREM 2. Let ϊc(x, y) be a function defined within the triangle
0 < x < 1, 0 < y < 1 — x by the formula:

|Ό for y^x

\a(l-xa>) f o r x a ^ ^ y < x a ,
y + xap+1

where a = 1 — x — y and p = 0,1, 2, •
A set S = S ŷ e C is unavoidable if, and only if, the game-constant

Proof. Proof of necessity: If y ^ x, B can choose ί0 = Z(gf) and
wins for every game constant k.

In the case y < x, there exists an integer ^ ^ 0 such that xap+1 ^ y>xap.
We assume that k > k(x, y) and prove that B can avoid S. Let {gn}n=ϋΛ,..
be a descending sequence of intervals defined as follows:

g° = ( 1 , oo), g1 == g, g2 = gfo,^, g3 = flro.i^i.o,i^i» # # *

(i.e. ί/w+1 is obtained from gn by adding one 0 and p Vs to the subscripts
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of g% Let now gn — z.__ We then have kp(z, fn) = \fn |, for n - 0,1,
and therefore, by k > k

(21) kf*z,f")>\fn\.

By xap+1 ^ ?/, we have

(22) \gn\^\fn\ .

Now J5 chooses to = z. lί A makes sτ e #fc (for some k) or sx = % f c ) ,
then B avoids S by choosing t2y £4, sufficiently small. Otherwise,
st e / w for some %. 5 then moves to s2 — τ(fn) which by (21) satisfies (b).
Evidently t2<\fn\, and therefore from (22) and (a) follows s3egn.
Thus, choosing t4, tβ, sufficiently small, B wins.

Proof of sufficiency. By Remark 1 it suffices to show that the set
SXfV satisfies (p2). Now, since y < x and ky < a, (pQ is satisfied and by
the lemma also (p") is satisfied. Therefore (p2) holds.

Theorem 2 solves the Banach problem for sets belonging to the Cantor
class C. Putting p = 0 in the theorem we find, in particular, that the
sets Sx,y for y ̂  x are avoidable for each k > 0. On the other hand
the sets Sx>y with y < x are unavoidable for each k g k(x, y). This can
be formulated as follows:

REMARK 2. Sets Sx,y for which 7/ — x separate, in the Cantor class C,
all sets which are avoidable for every k > 0 from the others.

Since further, for p = 0 there is

y + x(l — x — y) x + y

we can obtain k{x, y) arbitrarily large (it is sufficient to choose x and
y < x sufficiently small). From Theorem 2 we thus obtain

REMARK 3. For every game-constant k > 0 there is a set SXιV e C
which is unavoidable.

Considering the symmetric sets, i.e. the sets Sx,υ for which y =
1 — 2%, then for x sufficiently close to £ (of course x < i) the condition
xap+1 ^ y < xap, i.e. the condition xp+2 S 1 - 2x < xp+1 holds for suf-
ficiently large p only (evidently p = p(x)). Hence fc == k(x,y) = k(x, 1 — 2x) =
[{cc(l - £P+1)}/(1 - 2^ + x2>+2)] -^00 for x —> ί. From Theorem 2 we thus
obtain the following

REMARK 4. For each k > 0 there exists a symmetric unavoidable
set.

Finally, since the only symmetric set for which y = x is the Cantor
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discontinuum S1/31/3, we obtain from Remark 2 the following

REMARK 5. The Cantor-discontinuum S1/3>1/3 separates, in the class of
symmetric sets, the sets which are avoidable for each k > 0 from the others.

The graph of the function k(x, 1 — 2x) is given in Fig. 6. The

M2(0.475, 4.25)

0.5 x
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points of discontinuity of this curve lie on the curves k = (Sx — l)/(2 — 4#)
and k = 2x2l(l - x - 2x2). The points Mp and M;, (p = 0,1, •) are
the points of discontinuity of k = {x(l — xp+1)}l(l — 2x + xp+2) which lie
on these curves respectively.

Note also that from the definition of fc(x, y) it follows (see Fig. 2)
that the lines y = xap, p — 0, 1, are lines of discontinuity of this
function.

Finally, since for x = 1/2, y = 1/8 there is xa2 <,y<χa and thus
fe(l/2,1/8) = 39/25, we obtain

REMARK 6. The set S1/2>1/8 constructed in [2] is unavoidable if and
only if k ^ 39/25.

REFERENCES

1. H. Hanani, A generalization of the Banach and Mazur game, Transactions of the A.M.S.,
94 (1960), 86-102.
2. M. Reichbach, Ein Spiel von Banach und Mazur, Colloq. Math., 5 (1957), 16-23.





PACIFIC JOURNAL OF MATHEMATICS

EDITORS
RALPH S. PHILLIPS A. L. WHITEMAN

Stanford University University of Southern California
Stanford, California Los Angeles 7. California

F. H. BROWNELL L. J. PAIGE

University of Washington University of California
Seattle 5, Washington Los Angeles 24, California

ASSOCIATE EDITORS
E. F. BECKENBACH D. DERRY H. L. ROYDEN E. G. STRAUS
T. M. CHERRY M. OHTSUKA E. SPANIER F. WOLF

SUPPORTING INSTITUTIONS
UNIVERSITY OF BRITISH COLUMBIA STANFORD UNIVERSITY
CALIFORNIA INSTITUTE OF TECHNOLOGY UNIVERSITY OF TOKYO
UNIVERSITY OF CALIFORNIA UNIVERSITY OF UTAH
MONTANA STATE UNIVERSITY WASHINGTON STATE COLLEGE
UNIVERSITY OF NEVADA UNIVERSITY OF WASHINGTON
NEW MEXICO STATE UNIVERSITY * * *
OREGON STATE COLLEGE AMERICAN MATHEMATICAL SOCIETY
UNIVERSITY OF OREGON CALIFORNIA RESEARCH CORPORATION
OSAKA UNIVERSITY HUGHES AIRCRAFT COMPANY
UNIVERSITY OF SOUTHERN CALIFORNIA SPACE TECHNOLOGY LABORATORIES

NAVAL ORDNANCE TEST STATION

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be typewritten (double spaced), and the author should keep a complete copy. Manuscripts may
be sent to any one of the four editors. All other communications to the editors should be addressed
to the managing editor, L. J. Paige at the University of California, Los Angeles 24, California.

50 reprints per author of each article are furnished free of charge; additional copies may be
obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is published quarterly, in March, June, September, and
December. The price per volume (4 numbers) is $12.00; single issues, $3.50. Back numbers
are available. Special price to individual faculty members of supporting institutions and to
individual members of the American Mathematical Society: $4.00 per volume; single issues,
$1.25.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 103 Highland Boulevard, Berkeley 8, California.

Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), No. 6,
2-chome, Fujimi-cho, Chiyoda-ku, Tokyo, Japan.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
The Supporting Institutions listed above contribute to the cost of publication of this Journal,

but they are not owners or publishers and have no responsibility for its content or policies.



Pacific Journal of Mathematics
Vol. 11, No. 3 BadMonth, 1961

Errett Albert Bishop, A generalization of the Stone-Weierstrass theorem . . . . . . . . . . . 777
Hugh D. Brunk, Best fit to a random variable by a random variable measurable with

respect to a σ -lattice . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 785
D. S. Carter, Existence of a class of steady plane gravity flows . . . . . . . . . . . . . . . . . . . . 803
Frank Sydney Cater, On the theory of spatial invariants . . . . . . . . . . . . . . . . . . . . . . . . . . 821
S. Chowla, Marguerite Elizabeth Dunton and Donald John Lewis, Linear

recurrences of order two . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 833
Paul Civin and Bertram Yood, The second conjugate space of a Banach algebra as

an algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 847
William J. Coles, Wirtinger-type integral inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . 871
Shaul Foguel, Strongly continuous Markov processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 879
David James Foulis, Conditions for the modularity of an orthomodular lattice . . . . . . 889
Jerzy Górski, The Sochocki-Plemelj formula for the functions of two complex

variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 897
John Walker Gray, Extensions of sheaves of associative algebras by non-trivial

kernels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 909
Maurice Hanan, Oscillation criteria for third-order linear differential equations . . . . 919
Haim Hanani and Marian Reichaw-Reichbach, Some characterizations of a class of

unavoidable compact sets in the game of Banach and Mazur . . . . . . . . . . . . . . . . . 945
John Grover Harvey, III, Complete holomorphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 961
Joseph Hersch, Physical interpretation and strengthing of M. Protter’s method for

vibrating nonhomogeneous membranes; its analogue for Schrödinger’s
equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 971

James Grady Horne, Jr., Real commutative semigroups on the plane . . . . . . . . . . . . . . . 981
Nai-Chao Hsu, The group of automorphisms of the holomorph of a group . . . . . . . . . . 999
F. Burton Jones, The cyclic connectivity of plane continua . . . . . . . . . . . . . . . . . . . . . . . . 1013
John Arnold Kalman, Continuity and convexity of projections and barycentric

coordinates in convex polyhedra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1017
Samuel Karlin, Frank Proschan and Richard Eugene Barlow, Moment inequalities of

Pólya frequency functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1023
Tilla Weinstein, Imbedding compact Riemann surfaces in 3-space . . . . . . . . . . . . . . . . . 1035
Azriel Lévy and Robert Lawson Vaught, Principles of partial reflection in the set

theories of Zermelo and Ackermann . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1045
Donald John Lewis, Two classes of Diophantine equations . . . . . . . . . . . . . . . . . . . . . . . 1063
Daniel C. Lewis, Reversible transformations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1077
Gerald Otis Losey and Hans Schneider, Group membership in rings and

semigroups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1089
M. N. Mikhail and M. Nassif, On the difference and sum of basic sets of

polynomials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1099
Alex I. Rosenberg and Daniel Zelinsky, Automorphisms of separable algebras . . . . . 1109
Robert Steinberg, Automorphisms of classical Lie algebras . . . . . . . . . . . . . . . . . . . . . . . 1119
Ju-Kwei Wang, Multipliers of commutative Banach algebras . . . . . . . . . . . . . . . . . . . . . 1131
Neal Zierler, Axioms for non-relativistic quantum mechanics . . . . . . . . . . . . . . . . . . . . . 1151

Pacific
JournalofM

athem
atics

1961
Vol.11,N

o.3


	
	
	

