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Suppose that p and ¢ are distinet points of the compact plane con-
tinuum M. If no point separates p from ¢ in M and M is locally
connected, then it is known [5] that M contains a simple closed curve
which contains both » and ¢. But in the absence of local connectivity
such a simple closed curve may fail to exist. Even if no point cuts' p
from ¢ in M, there does not necessarily exist in M a simple closed curve
which contains both p and ¢. For example, no point of the continuum
C indicated in Figure 1 cuts p from ¢ in C, but C contains no simple
closed curve whatsoever, However, if M is the continuum obtained by
adding to C either of its complementary domains, there does exist in
M a simple closed curve which contains both p and ¢q. Here M fails to
separate the plane and this is indicative of the general situation.

C
Fig. 1
LEMMA. If p ts a point of the compact subcontinuum M' of the
plane S and L' is a nondegenerate compact continuum containing p
Received August 15, 1960. This research was partially supported by the National
Science Foundation through grant NSF-G 9418.
1 A point z (p # x # q) cuts p from ¢ in M if every subcontinuum of M containing

both p and ¢ also contains 2. Obviously a separating point is a cut point but for continua
in general a cut point is not necessarily a separating point.
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and lying in (S — M') 4+ p such that L' — p is connected, then there
exists a connected open subset D' of S — M’ such that

(1) D'+ p contains L',

(2) D'+ p is a connected, locally connected, complete, metric
space, and

(8) D'+ p is strongly regular (i.e., the author’s Axiom 5* [1,
p. 54] holds true in D’ + p).

Proof. Let q denote a point of L' — p, let n denote a natural
number such that d(p, ¢) > 1/n, and let R,, R,, R,, --- denote a sequence
of circular regions centered on p of radii 1/n, 1/n + 1, 1/n+ 2, «++ re-
spectively. Now for each integer 7 (¢ > —1), add to M’ every open
interval I of the boundary C; of R; such that I contains no point of
L'+ M' but has both of its end points in M’, and call the resulting
pointset N. Let D, denote the sum of the components of (S — N)-(S—R)
which contain points of L’ and for each integer ¢ > 1, let D, denote the
sum of the components of (S — N)-(R,_, — R;) which contain points of
L', Furthermore let D' = >, D,. Certainly D’ is open and since L' — p
is connected, D' is connected. Also it is easy to see that D’ -+ p contains
L' and is a connected, complete, metric space. It remains only to show
that D’ + p is strongly regular for it follows that such a space is locally
connected [2, p. 623]. Obviously D’ + p is strongly regular at each
point of D'. To see that D’ + p is strongly regular at p (relative to
D' + p, of course) one has merely to observe that if k is a positive in-
teger, the boundary of » + 3 D, (¢ > k) relative to D' + p is a subset
of the sum of those components of (S — M’)-C,_, which intersect L’ and
since L’ contains no point of M’ except p, this set of components is
finite.

THEOREM. Let M be a compact subcontinuum of the plane S which
does mot separate S. Then if p and q are distinct points of M and
no point cuts p from q in M, there exists a simple closed curve J lying
wm M which contains both p and q.

Proof. Three cases arise depending upon the location of p and gq.
If both p and ¢ are inner points (non-boundary points) of M, then it
follows from [3] that both » and ¢ belong to the same component of
the set of inner points of M. For this case the theorem is known to
hold true (see for example [4], p. 124).

If both » and ¢ are boundary points of M, then the argument
outlined in [3] shows that M contains a compact continuum L which
contains both p and ¢ such that every point of L — (p + ¢) is an inner
point of M. Since L must contain a subcontinuum irreducible from p
to ¢ it is no loss of generality to assume that L itself has this property.
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In this case L — (p + ¢) is a connected subset of a component D of the
set of inner points of M and the theorem follows with the help of the
lemma in somewhat the same manner as the next case.

Finally, if ¢ is an inner point of M and p is a boundary point of
M, it follows from [3] that some component D of the set of inner points
of M contains ¢ and has p in its boundary. To show that D + p contains
a continuum L containing both p and ¢ requires a modification of the
argument given in [3].

Suppose that ¢ is a positive number such that ¢ < d(p, q). Let C,(¢)
denote a circle of radius ¢ centered on p and let C, denote a straight
line through ¢ which is perpendicular to the line pg. There exists a
simple domain I(¢) which contains M such that if J(¢) denotes the bound-
ary of I(¢), yis a boundary point of M, and zis a point of I(¢) + J(¢),
then dly, J(¢)] < ¢ and d(z, M) < e. There exist arcs T,(¢) and T (¢) in
C,(e) and C, respectively such that each is minimal with respect to sep-
arating I(¢) + J(¢), q belongs to T,(¢), and T,(¢) separates p from T,(¢)
in I(e) + J(¢).

Since T,(¢) and T,(c) have only their endpoints in J(¢), and except
for these points lie entirely in I(¢), there exist in J(¢) two nonintersec-
ting unique arcs A(¢) and B(e) such that T,(¢) + A(e) + T, (¢) + B(e) is
a simple closed curve H(¢). Let D(e) denote the bounded complementary
domain of H(e). If z is a point of D(¢) + H(e), then d(z, M) < e. Any
subcontinuum of M which contains p + ¢ contains a subcontinuum irre-
ducible from T,(¢) to T,(¢) which lies in T,(¢) + D(e) + Ty(e).

Now let L(¢) denote a continuum lying in T,(¢) + D(e) -+ Ty (¢) which
intersects both T,(¢) and T,(¢) such that if z belongs to L(c), then
dfz, A(e)] = d|z, B(¢)]. The continuum L(¢) must exist; for if it did not,
the set W of all points of D(¢) + H(e) equidistant from A(e) and B(¢)
would be the sum of two mutually separated sets one containing W- T,(¢)
and the other containing W-T,(¢) and consequently some simple closed
curve would separate T,(¢) from T,(¢) but at the same time would fail
to contain a point of W which involves a contradiction. So there exists a
simple infinite sequence a of values of ¢ such that D(¢) + H(e) converges
to a subset of M, T(¢) > T, and L(¢)— L ase— 0 in «a. The set L
has the following properties:

(@) L is a continuum containing both p and point of T,

(b) L is a subset of M, and

(c) every point of L — (p + L-T,) is an inner point of M.
Properties (a) and (b) are evident. So it remains only to prove property
(©).

Let « be a point of L — (p + L-T,). Since « does not cut p from
¢ in M, there exists a subcontinuum K of M which contains p + ¢ but
not 2. Let 8 be a positive number such that 48 = d(x, K + T,) and let
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Us(x) and U,(x) be the circular regions centered on x of radius & and
36 respectively. When ¢ (inc«) is sufficiently small [T,(¢) + T, (¢)]-
[Un(x)] = 0 but L(e)- Us(x) = 0. Let y be some point of L(¢)- Uy(x), let
r =3 + d(x, y) and let U,(y) be a circular region of radius 7 and center
y. Obviously Ug(x) D UJly) D Us(x). So [T,(e) + T(e)]-U(y) =0. If
A(e)- Uy) = 0, let f be a point of A(e):- U, (y) such that d(f, y) = dly,
A(e)]. But y belongs to L(c). Hence there exists in U.(y) a point g of
B(e) such that d(g, y) = d|g, B(e)] = d(f, y). The sum of the straight
line intervals yf and yg from ¥ to f and from y to g respectively is an
arc T, lying in U/y), having only its endpoints f and g in H(e), and
containing the point y of D(¢). Hence T, — (f + g) < D(e) for clearly
yf cannot intersect B(¢) and yg cannot intersect A(¢). But T,-K =0
and K contains a continuum lying in T,(¢) + D(e) + T,(¢) irreducible
from T,(e) to T,(¢). Since the points f and g separate T,(c) from T,(e)
in H(e) this involves a contradiction [4, Th. 17, p. 167]. Hence U,(y)-
H(e) = 0 and since y belongs to D(¢), Uy) < D(e); so for sufficiently
small values of ¢ (in «), Us(x) € D(¢). Consequently Us(x) is a subset
of M and « is an inner point of M.

Now let C denote a circle which separates p from T,. Obviously
L intersects C. Hence L contains a subcontinuum L’ irreducible from C
to p. Let ¢ denote a point of L'-C. Clearly L' — p is a connected
subset of D. Let M’ denote the boundary of D. Since M’ is a con-
tinuum and contains only the point p of L’, by the lemma there exists
a connected open subset D’ of S — M’ which contains L’ — p and has the
other properties of the set designated as D’ in the lemma. It now
follows from Theorem A of [1] that there exists a simple closed curve
J' lying in D' + p and containing p + ¢'. Since D' is a connected
subset of S — M’ and contains a point of L, it follows that D’ is a
subset of D and that J’is a subset of M. Of course using J' it is now
easy to construct a simple closed curve J which lies in D + p and contains

»+q.

BIBLIOGRAPHY

1. F. B. Jones, Concerning certain topologically flat spaces, Trans. AM.S., 42 (1937),
53-99.

2. , Concerning certain linear abstract spaces and simple continuous curves, Bull.
AM.S., 45 (1939), 623-628.

3. , Another cutpoint theorem for plane continua, Proc. AM.S., 11 (1960), 550-558.
4. R. L. Moore, Foundations of point Set Theory, A.M.S. Colloquium Publications, vol.
13, New York, 1932.

5. G. T. Whyburn, Cyclicly connected continuous curves, Proc. N.A.S., 13 (1927), 31-38.

UNIVERSITY OF NORTH CAROLINA



PACIFIC JOURNAL OF MATHEMATICS

EDITORS
RaLpu S. PHiLuIPS A. L. WHITEMAN
Stanford University University of Southern California
Stanford, California Los Angeles 7. California
F. H. BROWNELL L. J. Paice
University of Washington University of California
Seattle 5, Washington Los Angeles 24, California

ASSOCIATE EDITORS

E. F. BECKENBACH D. DERRY H. L. ROYDEN E. G. STRAUS
T. M. CHERRY M. OHTSUKA E. SPANIER F. WOLF

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA STANFORD UNIVERSITY

CALIFORNIA INSTITUTE OF TECHNOLOGY  UNIVERSITY OF TOKYO

UNIVERSITY OF CALIFORNIA UNIVERSITY OF UTAH

MONTANA STATE UNIVERSITY WASHINGTON STATE COLLEGE
UNIVERSITY OF NEVADA UNIVERSITY OF WASHINGTON

NEW MEXICO STATE UNIVERSITY * * *

OREGON STATE COLLEGE AMERICAN MATHEMATICAL SOCIETY
UNIVERSITY OF OREGON CALIFORNIA RESEARCH CORPORATION
OSAKA UNIVERSITY HUGHES AIRCRAFT COMPANY

UNIVERSITY OF SOUTHERN CALIFORNIA SPACE TECHNOLOGY LABORATORIES
NAVAL ORDNANCE TEST STATION

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be typewritten (double spaced), and the author should keep a complete copy. Manuscripts may
be sent to any one of the four editors. All other communications to the editors should be addressed
to the managing editor, L. J. Paige at the University of California, Los Angeles 24, California.

50 reprints per author of each article are furnished free of charge; additional copies may be
obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is published quarterly, in March, June, September, and
December. The price per volume (4 numbers) is $12.00; single issues, $3.50. Back numbers
are available. Special price to individual faculty members of supporting institutions and to

individual members of the American Mathematical Society: $4.00 per volume; single issues,
$1.25.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 103 Highland Boulevard, Berkeley 8, California.

Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), No. 6,
2-chome, Fujimi-cho, Chiyoda-ku, Tokyo, Japan.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.



Pacific Journal of Mathematics

Vol. 11, No. 3 BadMonth, 1961

Errett Albert Bishop, A generalization of the Stone-Weierstrass theorem . .. ........ 777
Hugh D. Brunk, Best fit to a random variable by a random variable measurable with

FESPECt 10 A O-lATTICE . ..o oot e e e 785
D. S. Carter, Existence of a class of steady plane gravity flows .................... 803
Frank Sydney Cater, On the theory of spatial invariants . ......................... 821
S. Chowla, Marguerite Elizabeth Dunton and Donald John Lewis, Linear

FECUTTENCES Of OFAeT WO . .. oo oottt e et 833
Paul Civin and Bertram Yood, The second conjugate space of a Banach algebra as

AN AleDra . ... .. .. 847
William J. Coles, Wirtinger-type integral inequalities ............................ 871
Shaul Foguel, Strongly continuous Markov processes ............................ 879
David James Foulis, Conditions for the modularity of an orthomodular lattice . . . . .. 889
Jerzy Gorski, The Sochocki-Plemelj formula for the functions of two complex

VAFIADIES . . . ..o 897
John Walker Gray, Extensions of sheaves of associative algebras by non-trivial

Kernels . ... ... 909
Maurice Hanan, Oscillation criteria for third-order linear differential equations .... 919
Haim Hanani and Marian Reichaw-Reichbach, Some characterizations of a class of

unavoidable compact sets in the game of Banach and Mazur ................. 945
John Grover Harvey, 111, Complete holomorphs....................cccccoivii... 961

Joseph Hersch, Physical interpretation and strengthing of M. P
vibrating nonhomogeneous membranes; its analogue for S
CQUATION . . ..ottt e e

James Grady Horne, Jr., Real commutative semigroups on the pl

Nai-Chao Hsu, The group of automorphisms of the holomorph

F. Burton Jones, The cyclic connectivity of plane continua.. . . ..

John Arnold Kalman, Continuity and convexity of projections a
coordinates in convex polyhedra ........................

Samuel Karlin, Frank Proschan and Richard Eugene Barlow, M.
Polya frequency functions .......... ... ... ... .. ..

Tilla Weinstein, Imbedding compact Riemann surfaces in 3-spa

Azriel Lévy and Robert Lawson Vaught, Principles of partial re,
theories of Zermelo and Ackermann . ...................\

Donald John Lewis, Two classes of Diophantine equations . .. ..

Daniel C. Lewis, Reversible transformations .................

Gerald Otis Losey and Hans Schneider, Group membership in r
SEMUGIOUDS . .« vttt

M. N. Mikhail and M. Nassif, On the difference and sum of basi
polynomials ........... . ... i

Alex I. Rosenberg and Daniel Zelinsky, Automorphisms of sepa

Robert Steinberg, Automorphisms of classical Lie algebras . . ..

Ju-Kwei Wang, Multipliers of commutative Banach algebras . . .

Neal Zierler, Axioms for non-relativistic quantum mechanics . . .



	
	
	

