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1. Introduction. Let U be the set consisting of z, x, ;, «-- 2,.
Let H be a fixed group. A monomial substitution of U over H i3 a
trangformation of the form,

y_( Xy y Ly y Xy g0y, Dy >90_7-€U
Tos, b,y iy - v oy Bu®, ) B € H

37

where the mapping of the 2’s is one-to-one. The h; are called the
factors of y.% If.

wl ’ x2 ’ xS b ’ xn
Y \kw,, b, & e
1Ly 16205,, 3xj3, sy Bug,
then

'y?/_( Xy, Ly , Ty, ty Lo )
1= .
hlkilxjily kzki2x112; hski3xj,;3y cty hnk’inx.itn

By this definition of multiplication the set of all substitutions form a
group 2, (H). Denote by V the set of all substitutions of the form

Lyy Lay Xz, 00y Xy

= = [hy, by, bgy <+, h,] .
v (hqwu hzxzy hawm M hnw’n) [ v ]

Then V, called the basis group, is a normal subgroup of 3. (H). A

permutation is an element of the form

Ly, Ly, e, &, ]_, 2,...,In
(fmil, €%y 0, exin) B ('51, Ty o " *, in) .
where ¢ is the identity of H. Cyeclic representation will also be used
for elements of this type. The set S, of all such elements is a sub-
group of 3,(H). Furthermore 3, (H) =V US,VNS=FE where E is
the identity of Y,(H). Any element y of X,(H) can be written as y =
vs where ve V and s€S. Ore [1] has studied this group for finite U
and some of his results have been extended in [2] and [3].

The normal subgroups of Y, (H) =3, for U a finite set have been
determined in [1]. The normal subgroups for o(U) = B =W, u =0,
where o(U) means the number of elements of U, have been determined
for rather general cases in [2] and [3]. The subset 2,.(H) =2,, of
elements of the form ¥ = vs with s in the alternating group A4, is a
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subgroup of 2,. The normal subgroups of X,, are known for all =
except 3 and 4 [2]. This paper determines the normal subgroups of
2., for n = 3,4 that are not contained in the basis group, thus filling
a gap in the theory.

2. The normal subgroups of ¥, , not contained in the basis group
V. We shall consider first the normal subgroups M that contain pure
permutations.

THEOREM 1. Let M be normal in X,,, A, Cc M. Then N=MNV
18 a normal subgroup of X,,. The subgroup M = N U A,. There exists
a normal subgroup S, of H such that H/S, is Abelian and such that N
consists of all elements v = [hy, hy, h;] for which h.hh, € S,.

Proof. The intersection of two normal subgroups is again normal
go N is normal in Y, ..

Clearly M D (N U A,). Let y = vs be arbitrary in M. Then ys™ =
v belongs to M N V=N so Mc (NUA,).

Let v = [hy, hy, hy] be arbitrary in N. Form y = v(1, 2, 3), which is
in M. All of the elements y, = v,yv;!, where v, is arbitrary in V are
in M by M normal in ¥,,. For a proper choice of v,, y, = [hh:hs, e, €]
1, 2, 3). Therefore N contains [%,h,h,, €, ¢]. Now consider the set N, U N
of all elements of the form [k, e, e¢]. This is a normal subgroup of N.
The elements of H that occur as the first factors of multiplications of
N, form a normal subgroup S, of H. We have established that if ve N
the product of the factors is in S,. If k, k,, k, are any elements of H
satisfying k.k.k; = k where k is in S, then [k, ¢, ¢] is in N. Furthermore
Ik, e, e] (1,2,38) is in M and by a proper conjugation with a multiplication
[k, Koy sl (1, 2,3) is in M. Hence [k, k,, k] is in N,

Since [ry, 7., r5'ri'] is in N for arbitrary +,, 7, of H, its inverse
[ri, o2, rry] i8 also in N. Therefore »;'r;'rr, is in S;. This shows
rr, = ryromod S, and H/S, is Abelian.

THEOREM 2. Let N be as described in the last sentence of Theorem
1. Then NU A, = M is normal in 3, ,.

Proof. Ore [1, p. 37] has shown M is normal in 3, so it is normal
in ¥ ..

We shall now describe those normal subgrous which do not contain
a pure permutation.

THEOREM 3. Let S, C S, be normal subgroups of H satisfying the
conditions H[S, is Abelian and S,/S; is isomorphic, by 6 say, to A,.
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Let M consist of the sets T; = {vs/s = (1, 2,3)°}, 1 =0 or 1 or 2, where
the factors of substitutions of T, run through H subject to the conditions
that their product, k say, is in S, and the coset kS, maps onto (1, 2, 3)°.
Then M is a normal subgroup of 2, ;. Conversely if M ¢ Vand A, € M,
then M has the above form.

Proof. We shall establish first that M is a group. Let y, =
|7y, Ry, Byls, and vy, = |ky, k., k,]s, be arbitrary elements in M. We know
then that h,h,h.S,0 = s, and k.k.%k,S.60 = s,. Consider the product vy, =
[hiki,, hik;,, hik;)s,s,. Since H/S, is Abelian and 6 is an isomorphism
hoke, hofei bk, S,0 = hihohile ke ke,S,0 = hohohiOkk.ke,0 = s.8,.  This shows that
if 9, belongs to T, then the coset of the product of the factors maps
onto (1, 2, 3)°. We show now that when y, as above is in M that its
inverse is also in M. The inverse of ¥, is y.' = [h;}, hi}, hi)l]lsi'. We
must show h;'h;'h;' belongs to S, and h;'h;'h;'S,0 = si*. The first of
these follows from h.h.h, in S, and H/S, Abelian. The second follows
from the observation that h;'%;*h'S,0 = s;* and H/S, is Abelian.

It remains to show that M is normal in X,;,. Let y, = [hy,h,, ks,
and ¥, = [g,, 9,, g:]s be arbitrary elements of M and 2X,, respectively.
We must show that the product

Yyt = (90,957, Ghi,g5) 9l 97} 1ssis™ = vs,

is in M. The product of the factors is in S, since H/S, is Abelian and
hihshy is in S, Finally

glhi1gﬂlgzhi2gilgshi3gﬁlsﬂ = hh;h,S\0 = s, .

We now give the proof of the converse. Two elements vs and v;s,
of M are defined to be equivalent if s =s,. This is an equivalence
relation and induces the partition T, = {vs/s = E}, T, = {vs/s = (1, 2, 3)},
T,={vs/s = (1,3,2)} on M. We note that one of the sets T, or T, is
nonempty since M ¢ V. In fact, since at least one of them is not
empty, they are each nonempty.

If an arbitrary element y = vs = [hy, ko, B} (1,2,3) of T, is con-
jugated by [hs, hi’, €] the resulting elements [h;h,h,, e, e] (1,2, 3) is also
in T.. Since sysi' = s,vsi’s;8s7* = v,s is in M for all s, of A, we can
show that [hhh, e, €](1, 2,3) and [hhh, e, e](1, 2, 3) also belong to Ti.
When y, = [a, ¢, ¢](1, 2, 3) is in T} then (1, 2, 3)y,(1, 3, 2) = [e, ¢, al(1, 2, 3)
and (1, 3, 2)y.(1, 2, 8) = |e, a, €](1, 2, 3) are also in T.

Similarly it can be shown that T, contains elements of the form
[0, e, e,](1, 3, 2) and with every such element [e, b, €](1, 3, 2), [e, e, b](1, 3, 2).
In particular [hh.h,, e, e](1, 3, 2) is in T, where [k, &y, R5](1, 8, 2) is arbi-
trary in 7,. When [a,e,¢] is in T,, then [e, a,e] and [e, e, a] are also
in T,



530 ALLAN B. GRAY, ]R.

Now denote by R the set of elements of the form [a,e,e]s. Let
S, be the set of elements of H that occur as first factors of elements
of B. We shall show that S, is a normal subgroup of H. Choose arbi-
trary elements m, = [a,, ¢, e]s; and m, = [a,, ¢, ¢]s, of RB. -If s, = E then
mm, = [a,a,, ¢, ¢]s, is again in R and a.a, belongs to S,. If s, =(1, 2, 3)
we work with m, = [e, a,, e]s, and form m,m, = [a.a,, e, €](1, 2, 3)s,. Again
we have shown a,a,€ S,. Finally if s, = (1, 8,2) we let m, = [e, ¢, a,]s,
and congider mm, = [a.a,, ¢, ¢](1, 3, 2)s,. In any case we see that S, is
closed. When m,e R then m;* which is [ai?e,e¢l, [e, ar?, e]si?, or
[e, e, a]si* also belongs to M. By the earlier argument we see that R
must contain [a?, e, e]s;’. This shows a;'eS,. Let aeS, and he H.
Then, by the definition of X,, and S,,[a,¢,elsc M and [k, k, k] X ;.
Now since M is normal in X, [k, k,k][a,e,els|h", b7, b7 = [hah ™, e,e]s €
M. Therefore, hah™ is in S,. We have just shown S, is normal in H.

Substitutions in RN V = N, are of the form |[a,e,e¢]. The first
factors form a subgroup, S,, of H. That S, is normal in H follows
from M normal in 3,,. By the definition of the two groups S, is a
subgroup of S,.

To show that H/S, is Abelian we let h,, h, be arbitrary elements
of H and show hhhi*h;* is in S,. Choose an element [b,, b, b:](1, 2, 3)
from T, and conjugate it by each of the three elements [e, h.h,b;; h,b;b.],
[e, b, b.b.], and [e, h;*h'b,, h7'0b,]. The resulting elements, which must
be in M, are y, = [h{*h;?, hy, hib:b:b,](1, 2, 3), ¥, = e, e, bibb](1, 2, 3), and
Ys = [Muho, b7, hi'0.0:bs](1, 2, 8).  The product y, = vy = [hohy, b, Bi7] is
also in M. Now form y, = y.y;* = [h;*hiY, hy, by]|.  Finally consider yy, =
[Rhihi R, e, €] which is in M. Therefore, h,h.h;'hi* is in S,. In addition
this also establishes that H/S, is Abelian. Earlier we had [A.h,h;, e, €]
(1,3,2) in T,. By H/S, Abelian kb, S, also.

We now define a mapping from S, onto A4, as follows. For an ele-
ment a of S, which occurs as a first factor of a substitution ¥ = [a, e, e]s
we let af = s. Certainly by this definition every element of S, will be
mapped. If any element of S, is assumed to be mapped onto two dif-
ferent elements of A, a computation, using the properties already stated
for B and M, will show that M contains a pure permutation contrary
to the case we are currently investigating. For example, suppose af =
(1,2,8)and afd = (1, 3,2). Then y, = [a, ¢, €l(1, 8, 2), ¥, = [a, ¢, €](1, 2, 3),
yit=le, 6,071, 2,8), and y, = [e, a7}, ¢](1, 2,8) all belong to M. So
la, e, e](1, 2, 8)[e, a"%e](1, 2, 8) = (1, 3, 2) belongs to M. This mapping
also preserves multiplication. For let .0 = s, a,0 = s,. This means
that R contains the elements [a,, ¢, ¢]s,, [a,, ¢, €]s,. But M also contains
v8, where v has two factors of ¢ and a, a factor in the position that s,
sends #; into. Therefore, [a.a,, ¢, ¢ls;s, belongs to R and a0 = s,8, =
a,0a,0. The definition of the mapping makes it clear that the kernel
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of the homomorphism is precisely S,. Therefore, S,/S; = A..

It has already been pointed out that if ¥y = vs is an element of T,
or T, then the product of the factors ki, of v is in S,. If [ay, @, ;]
is in M N V then since y; = [hi*h?, by, hy] 18 also in M for arbitrary h,,
h, of H it follows that [a,, a,, a;]la.as, a7, a;'] = [a.a.0,, ¢,¢] is in M.
This shows that the product of factors of elements in T,is in S,. Now
let us assume that b,, b,, b, are elements of H whose product is in S,.
Then (bb.b;)0 = (1, 2, 3)* for 2 =0, or 1, or 2. We will show that there
is an element y = vs of T, whose factors are b,, b,, and b,. In the case
where 7 = 0 we know that M contains an element [bb.0,,¢,¢]. The
element ¥y, = [h.hy, Ry, RTY] and its inverse y;*' = [hT'hyY, ks, ki) are also
in M for all h,, h, of H so choose h, =b,, h, = b,. Then the product
[6.b.0, €, €][b5';7, by, bg] = [by, by, 0] is in M. When ¢ =1 we have
[6.b.04, ¢, €](1, 2, 3) in M and by choosing h, = b;'b;*, h, = b, and computing
[b.b:D., €, €], 2, 3)[bs, bi'b; 7, by] = [by, s, bJ(1, 2,8). Finally if ¢ =2 we
have [b,0.0;, ¢, €}(1,3,2) in M and by choosing h, = b, h, = b;'b;* and
computing we have [b,, b, b;](1, 3, 2) in T..

3. The normal subgroups of 2, , not contained in the basis group V.
All proofs in this section except for the proof of Lemma 1 are similar
to the corresponding proofs for 2,. so will be omitted.

LEMMA 1. Let M be normal in ¥,,, MZ V.
Then the Klein group is contained im M.

Proof. We will first show that M contains elements of the form
Yy = vs where s #+= E ig in the Klein group. Hereafter K will mean the
Klein group.

There is at least one element in M of the form y = vs s + E,s€ A,.
If s is not in K then s is a three cycle, and we assume without loss
of generality that s = (1,3,4). If y is conjugated by (1, 4)(2, 3) the
resulting element ¥, = »,(1, 4, 2) and its inverse are also in M. There-
fore, yy:* = v,(1, 3)(2,4) is in M. We have just shown that M has an
element of the form y = vs where s is in K and s # E. We assume
without loss of generality that s = (1, 2)(3, 4) and v = [a,, a,, a;, @,]. Form
the elements

Yy, = vyt = e, az?, e, asllay, a, a;, a,](1, 2)(3, 4)[e, a, e, a;]
= [a,a,, ¢, e, a;,a,](1, 2)(3, 4) and y, = y;yy:*
= [e, a5, a;, €], 3, 4)[a,, a,, a,, a,](1, 2)(3, 4)[e, a,, e, a,](1, 4, 3)
= [asa,, e, e, a,, a,](1, 3)(2, 4).

Since M is normal in Y,, % and ¥y, are in M. Therefore yy;' =
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(1,4)(2,8) is in M. This shows S=M N A4, #* E. But M is normal in
2,80 S is normal in A,. This means S is K or A,.

We shall now deseribe the normal subgroups N which is the inter-
section of M and the basis group V.

THEOREM 1. Let M be normalin 3, , M & V,A, c M. Then N =
MnNV isa normal subgroup of 3,, M= NU A, There exists a
normal subgroup S, of H such that H|S, is Abelian and such that N
constists of all elements v = [hy, h,, by, h,] for which hh.hh, € S..

THEOREM 2. Let N be as described in the last sentence of Theorem
1. Then NU A, = M s normal in X, ,.

We shall now describe those normal subgroups which contain no
elements of the form v = vs where s is a three cycle.

THEOREM 3. Let M be wnormal in X, , M & V,M contains no
elements of the form y = vs where s is a three cycle, M N V = N.
Then M = N U K. Furthermore if N, is as described in the last
sentence of Theorem 1 then N, U K is normal in 2, ,.

We shall now describe those normal subgroups which contain ele-
ments of the form y = vs, where s is a three cycle, but which do not
contain a pure three cycle.

THEOREM 4. Let S, C S, be normal subgroups of H satisfying the
conditions H|S, is Abelian and S,/S; is isomorphic to A,. Let M con-
sist of the sets

T, ={vs/s = (1,2,8);mod K}, =012,

where the factors of substitutions of T; run through H subject to the
condition that their product, k say, is in S, and kS, maps onto (1, 2, 3)*.
Then M is a normal subgroup of 2,, Conversely, if M is normal
subgroup of X, , such that M ¢ V and A, & M, M contains elements
of the form y = vs where s is a three cycle, then M has the above form.

BIBLIOGRAPHY

1. R. Baer, Die kompositionsreihe der Gruppe aller eineindeutigen abbildungen -einer
unendlichen Reihe auf sich, Studia Mathematica, 5 (1934), 15-17.

2. R. Crouch, Monomial groups, Trans. Amer. Math. Soc., 80 (1955), 187-215.

3. R. Crouch and W. R. Scott, Normal subgroups of monomial groups, Proc. Amer.
Math. Soc., 8 (1957), 931-936.

4, O. Ore. Theory of monomial groups, Trans. Amer. Math. Soc., 51 (1942), 15-64.

NEW MEXICO STATE UNIVERSITY



PACIFIC JOURNAL OF MATHEMATICS

EDITORS
Ravpu S. PHiLuies A. L. WHITEMAN
Stanford University University of Southern California
Stanford, California Los Angeles 7, California
M. G. Arsove LoweLL J. PalGE
University of Washington University of California
Seattle 5, Washington Los Angeles 24, California

ASSOCIATE EDITORS

E. F. BECKENBACH D. DERRY H. L. ROYDEN E. G. STRAUS
T. M. CHERRY M. OHTSUKA E. SPANIER F. WOLF

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA STANFORD UNIVERSITY

CALIFORNIA INSTITUTE OF TECHNOLOGY  UNIVERSITY OF TOKYO

UNIVERSITY OF CALIFORNIA UNIVERSITY OF UTAH

MONTANA STATE UNIVERSITY WASHINGTON STATE UNIVERSITY
UNIVERSITY OF NEVADA UNIVERSITY OF WASHINGTON

NEW MEXICO STATE UNIVERSITY * * *

OREGON STATE UNIVERSITY AMERICAN MATHEMATICAL SOCIETY
UNIVERSITY OF OREGON CALIFORNIA RESEARCH CORPORATION
OSAKA UNIVERSITY SPACE TECHNOLOGY LABORATORIES

UNIVERSITY OF SOUTHERN CALIFORNIA NAVAL ORDNANCE TEST STATION

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be typewritten (double spaced), and the author should keep a complete copy. Manuscripts may
be sent to any one of the four editors. All other communications to the editors should be addressed
to the managing editor, L. J. Paige at the University of California, Los Angeles 24, California.

50 reprints per author of each article are furnished free of charge; additional copies may be
obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is published quarterly, in March, June, September, and
December. Effective with Volume 13 the price per volume (4 numbers) is $18.00; single issues, $5.00.
Special price for current issues to individual faculty members of supporting institutions and to
individual members of the American Mathematical Society: $8.00 per volume; single issues
$2.50. Back numbers are available.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 103 Highland Boulevard, Berkeley 8, California.
Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), No. 6,
2-chome, Fujimi-cho, Chiyoda-ku, Tokyo, Japan.
PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.



Pacific Journal of Mathematics

Vol. 12, No. 2 February, 1962

William George Bade and Robert S. Freeman, Closed extensions of the Laplace

operator determined by a general class of boundary conditions . ............ 395
William Browder and Edwin Spanier, H-spaces and duality .................... 411
Stewart S. Cairns, On permutations induced by linear value functions . ........... 415
Frank Sydney Cater, On Hilbert space operators and operator roots of

POLYROMIALS . . ... .. 429
Stephen Urban Chase, Torsion-free modules over K[x, y]........... ... .. .. .. 437
Heron S. Collins, Remarks on affine semigroups .............ccccouiiiueeennnn.. 449
Peter Crawley, Direct decompositions with finite dimensional factors ............ 457
Richard Brian Darst, A continuity property for vector valued measurable

JURCTIONS . . . oottt e et et 469
R. P. Dilworth, Abstract commutative ideal theory ............................. 481
P. H. Doyle, IIT and John Gilbert Hocking, Continuously invertible spaces . . . .. ... 499
Shaul Foguel, Markov processes with stationary measure ....................... 505
Andrew Mattei Gleason, The abstract theorem of Cauchy-Weil . ................. 511
Allan Brasted Gray, Jr., Normal subgroups of monomial groups ................. 527
Melvin Henriksen and John Rolfe Isbell, Lattice-ordered rings and function

FIIIES e ettt e e e e e e e e e e e e e 533
Amnon Jakimovski, Tauberian constants for the [J, f(x)] transformations....... 567

Hubert Collings Kennedy, Group membership in semigroups . .

Eleanor Killam, The spectrum and the radical in locally m-co
Arthur H. Kruse, Completion of mathematical systems. . ... ...
Magnus Lindberg, On two Tauberian remainder theorems . . . .

Lionello A. Lombardi, A general solution of Tonelli’s problem

VAFIATIONS .. oo
Marvin David Marcus and Morris Newman, The sum of the ele

Of AMALFIX . ..ot e
Michael Bahir Maschler, Derivatives of the harmonic measure

multiply-connected domains . ..........................
Deane Montgomery and Hans Samelson, On the action of SO(
J. Barros-Neto, Analytic composition kernels on Lie groups . . .
Mario Petrich, Semicharacters of the Cartesian product of two
John Sydney Pym, Idempotent measures on semigroups . ... ..
K. Rogers and Ernst Gabor Straus, A special class of matrices.
U. Shukla, On the projective cover of a module and related res
Don Harrell Tucker, An existence theorem for a Goursat probl
George Gustave Weill, Reproducing kernels and orthogonal ke

differentials on Riemann surfaces......................
George Gustave Weill, Capacity differentials on open Rieman
G. K. White, Iterations of generalized Euler functions . . ......
Adil Mohamed Yaqub, On certain finite rings and ring-logics .


http://dx.doi.org/10.2140/pjm.1962.12.395
http://dx.doi.org/10.2140/pjm.1962.12.395
http://dx.doi.org/10.2140/pjm.1962.12.411
http://dx.doi.org/10.2140/pjm.1962.12.415
http://dx.doi.org/10.2140/pjm.1962.12.429
http://dx.doi.org/10.2140/pjm.1962.12.429
http://dx.doi.org/10.2140/pjm.1962.12.437
http://dx.doi.org/10.2140/pjm.1962.12.449
http://dx.doi.org/10.2140/pjm.1962.12.457
http://dx.doi.org/10.2140/pjm.1962.12.469
http://dx.doi.org/10.2140/pjm.1962.12.469
http://dx.doi.org/10.2140/pjm.1962.12.481
http://dx.doi.org/10.2140/pjm.1962.12.499
http://dx.doi.org/10.2140/pjm.1962.12.505
http://dx.doi.org/10.2140/pjm.1962.12.511
http://dx.doi.org/10.2140/pjm.1962.12.533
http://dx.doi.org/10.2140/pjm.1962.12.533
http://dx.doi.org/10.2140/pjm.1962.12.567
http://dx.doi.org/10.2140/pjm.1962.12.577
http://dx.doi.org/10.2140/pjm.1962.12.581
http://dx.doi.org/10.2140/pjm.1962.12.589
http://dx.doi.org/10.2140/pjm.1962.12.607
http://dx.doi.org/10.2140/pjm.1962.12.617
http://dx.doi.org/10.2140/pjm.1962.12.617
http://dx.doi.org/10.2140/pjm.1962.12.627
http://dx.doi.org/10.2140/pjm.1962.12.627
http://dx.doi.org/10.2140/pjm.1962.12.637
http://dx.doi.org/10.2140/pjm.1962.12.637
http://dx.doi.org/10.2140/pjm.1962.12.649
http://dx.doi.org/10.2140/pjm.1962.12.661
http://dx.doi.org/10.2140/pjm.1962.12.679
http://dx.doi.org/10.2140/pjm.1962.12.685
http://dx.doi.org/10.2140/pjm.1962.12.699
http://dx.doi.org/10.2140/pjm.1962.12.709
http://dx.doi.org/10.2140/pjm.1962.12.719
http://dx.doi.org/10.2140/pjm.1962.12.729
http://dx.doi.org/10.2140/pjm.1962.12.729
http://dx.doi.org/10.2140/pjm.1962.12.769
http://dx.doi.org/10.2140/pjm.1962.12.777
http://dx.doi.org/10.2140/pjm.1962.12.785

	
	
	

