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1. Introduction and results. In the first two sections of this paper
A will be assumed to be an irreducible nonnegative m-square matrix;
A =0. Lets, = s,(A) denote the sum of the entries in the matrix A%,
where k is a positive integer. The problem considered in the first section
is the convergence of the ratio s,/s,.; as k— . In §3 we obtain an
inequality relating the s, for various %k in the case A is a Hermitian
matrix and in §4 we discuss convexity properties of s,/s,.

Let \, be the dominant positive characteristic root of A which can
be taken as 1 for the purposes of our subsequent arguments. If 2 is the
number of charcteristic roots of A of modulus 1, then they are the roots
of M —1=0 and are all simple [3]. Let ¢ = ™" g0 that 1,¢, ¢, «--,
e" ' are the roots of modulus 1. Choose permutation matrices P and @
so that

0 4, 0
0 4,
) PAPT = '
A
LAh O
and
0 B, 0
0 B,
@) QATQT = N
" By,
| B, 0

where the zero blocks down the main diagonal in both (1) and (2) are
square. We shall asume henceforth that A4 is in this Frobenius normal
form. In other words we assume A is already in the form given on
the right in (1). Let wu, +++,u, and v, -+, v, be the characteristic
vectors of A and A’ corresponding to 1,¢, -+, "' respectively. We
write for the maximal characteristic vector

3) u1:z1";‘"‘"[*zn,
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628 MARVIN MARCUS AND MORRIS NEWMAN

where -+ indicates direct sum and the partitioning in (8) is conformal
to the partitioning into main diagonal blocks in (1). That is, if the
square blocks down the main diagonal in (1) are of sizes u,, «--, 7, then
2, has coordinates numbered =,_, + 1, ---, n,(n, = 0) all positive, the
rest zero. Thus no two of the z, have positive coordinates in the same
position and the direct sum notation is appropriate.

Since Qv, is the maximal characteristic vector of QATQT we can
partltlon Qvl into a direct sum exactly as was done with u,;: Qv, =
m, + + m,. Then v, = Q"m, -+ —|— Q™m, and we set Q"m, = w,,
t=1, ---,h, to obtain

4) 'ulzwl—i'—---—lo—wh.
Let » = r(4) and ¢ = c¢(4) be the n-tuples of row and column sums of
A respectively. Partition » and ¢ conformally with v, and u, respectively
as in (4) and (3):

r = 7‘1 _.I_ ¢ e _;_ /}/'h

cmo e

The notations (z;, ¢;) and (w,, ;) will be used for the ordinary euclidean
inner product.

Our main result is in terms of these inner products.

THEOREM 1. lim,.. s./s,_, exists and is equal to the dominant
characteristic root if and only if the numbers

(5) g(zm CHWaii1, Tamiry)

are all equal for « =1, -+, h.

We remark that the indices in (5) are to be reduced modulo h.

In case A is symmetric then the roots of modulus 1 can be only 1
or —1. Thush =1or2. In case h =1 (A4 is primitive) then Theorem
1 automatically holds since there is only one item (5). In case & = 2
we have.

THEOREM 2. If
A 0, C
cr 0,
is irreducible and has maximal characteristic vector

u1:z1";‘22:(a'1’ "';a/p)";(bh "';bq)
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then a mnecessary and suffictent condition that lim,... s,/s,_, exist and
equal the dominant characteristic root is that

12-

-

©) S = b, .

-

In certain cases more can be said about the convergence of s,/s,_,.

THEOREM 3. If A is a positive semi-definite symmetric irreducible
nonnegative matrix then s,/s,_, approaches the dominant positive char-
acteristic root of A. Moreover,

(7 Si/Si—1 = Spaa/Sk

with equality if and only tf r(A* V7 and r(A*%) are linearly de-
pendent.

An immediate consequence of the above results is the

COROLLARY. If A is a nonnegative symmetric matrix and A* is
irreducible them V Sy[s,,_, converges to the dominant characteristic root
monotonically.

In general lim,_.. s,/s,—; may exist without the convergence being
monotone, e.g. A = [1 4] Then A* =24 + 31,

1 1y
Spr1 = 28, + 88,4
and hence s, = (9/4)3% — (1/4)(—1)%,
SfSp— = (3" + (=1)F)/B*" + (=1)%) ,

which converges to 3 but not monotonically.

2. Proofs. Choose S to bring A to Jordan normal form

1 0
e
®) A=s5" = S
. N+
L0 A

Let E;; be the m-square matrix whose single nonzero entry is a 1 in
position (¢, j) and set J = 3, ;E;;, Then
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©) s, = tr(JA¥) = w(JS(éew—wE“)S—l) 5, .

Since |7, | <1 for t =k +1 we conclude that lim, .. 5, =0. If x is
an n-vector it will be convenient to denote by o(x) the sum of the co-
ordinates of x. Moreover, S, and S* will designate the ¢th row and column
of the m-square matrix S respectively. Let t, = (S7JS)y, t=1,-+,h
and note that

(10) 50 — 8, = SUtr(E,S ISk
t=1

— Zi](S*lJS)“s“‘”"

n
— Z/tte(t—l)k ,
and
(11) e :wEB::1S_1)th¢SSBt
= O;B(S—l)twsﬂt
:o-(St—l)O-(Sb)’ t:1,“',h.
From (8) we have
AS® = 18t t=1,0,h

and since the dimension of the null space of A — &I is™1 for ¢t =1,
«++, h we conclude that

(12) St = cau, , t=1,-++,h
for appropriate nonzero scalars c¢,. Similarly
(13) St =dw,, I T

From (11), (12) and (13) we have, for e¢ the n-tuple all of whose coordi-
nates is 1,

(14) Y, = o(S7H)o(S,) = d.,c.0(v,)o(u,)
= d,c,(v,, €)(u, €)
= dic(AT(v,[e7), e)(A(u,/e"), €)
= d,c,e Y (v,, Ae)(u,, ATe)
= d,c,e*" (v, r)(Uy,, €) .

The vectors u, and v,t =2, -+, h, have explicit representations in
terms of %, v, and ¢ as follows:
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Uy = 2y + €712, + 000 DG,
Ve = Wy + e(t_l)wz oo + E(tul)(h_l)wh t = 2, .ee, h.

Let k, = d,c,e®" =0, & = (25, ¢5), ), = (wy, 1), © = - -+, h and we compute
from (14) and the fact that ¢“* =1 that

(15) o, = k(v,, r)(u,, c)

h h
= I 2w, 7)S ISz, et
=1 =1

h h
— ktz (Z{ é/if'?w_i+1>8(t—l)(w—l) ,
=1 \1=

where the subscripts are always reduced modulo h.

LEMMA 1. p, = +co =1, =0 tf and only if the sums S i&uina
are all equal for a« =1, -, h.

Proof. Set fo, = >3t-i&Mu_i, and from (15) the conditions p, = 0,
t =2, -+, h are equivalent to the system of linear equations

(16) ifﬁ‘“—”“—“ =0 t=2,+++,h.

Since S eV =0 (1 =<t—1<h), each of the equations (16) has
the solution f; = <+« = f,. On the other hand, the (2 — 1)-square sub-
matrix of coefficients in (16) obtained by deleting the first column in
the coefficient matrix has as its determinant the Vandermonde of ¢, &,
«+.,&"? to within a nonzero constant multiple. Thus the system (16)

has rank 2 —1 and f, = --- = f, is the only solution of (16). The
proof of Theorem 1 will then be complete if we establish

LEMMA 2. lim,_. s,/s,—, exists if and only tf = +++ =, =0.
If it exists it has value 1.

Proof. From (10) we have

h h
sfsis = (et 4 8.) [(Spmeere 45,0,
1 ¥ t=

t= =1

and since lim,_.. 8, = 0, lim,_.. s;/s,_, exists if and only if

3 3
gp = MMy = tzlﬂts(t—l)k/tzlﬂte(twl)(k—l)
= =1

approaches a limit. Note that m, is periodic of period &. Also p, =
¢ d,o(u)o(v) = 0 follows from (3) and (4) and so the condition is clearly
sufficient. Since g, takes on only a finite number of values it follows
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that if g, approaches a limit [ then g, =1 for all k. Moreover if g,
exists,

O = My [Myy = My /My

h+1
= Hl(mk—-wﬂlmk—a)
a=

— qht+1
- gk ’

and thus [ =1. But then m, = m,_, and we conclude that
h
(17) Z‘ﬂ‘(l — glD)glt=Dk — () |

Letting k=0,---,h —2 successively in (17) and noting that
Iloci<isn—so(e® — €7) #= 0 we conclude that g, (1 —¢*) =0, t=2,---,h, and
hence that ¢, = .. =, = 0.

To proceed to the proof of Theorem 2 note that the maximal char-
acteristic vectors of A and A” = A are given by

Uy =0, =2+ 2= (ay +++, @) F (B, +ov, b)) .
¢ = (0(Cy), - -+, 0(C,))

¢, = (a(CY, +++,0(CY), and

Ty =20, Ty =20C,5.

The condition that the items (5) be equal for a« = 1,2 becomes, in
succession,

(21, cl)(zza Cz) + (2o )21, €1) = (21, &) + (zm ),
(21, ¢) = (23, ¢)

Sawo(e) = Sbo(C)
(18) o(Sac) = o<zbc) :

Now Cb = a, C%a = b and hence a = > 7.b,C%, b = >?..a,C;. We then
have from (18) that o(a) = o(b) is equivalent to (5) in the case A sym-
metric and 2 = 2.

The convergence of s,/s,_, in Theorem 3 is clear since h =1. If 4
is posititive semi-definite and a = 0 let A® be the unique positive semi-
definite determination. Then if p» and ¢ are nonnegative,

(19) Sthran = (A77%, e)?
= (A%, Av%)?
= (A%e, e)(A%, e)

= 8pS¢
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with equality if and only if A®?¢ and A%’ are linearly dependent. Set
p=k—1and g =k <+ 1 to finish the argument.
The Corollary follows from Theorem 3.

3. The Hermitian case. In this section A is assumed to be an
n-square Hermitian matrix with characteristic roots X\, +++,N,. We
have

THEOREM 4. Let p, q, m,t be nonnegative integers and assume that
t = min (p, q, m, t) is even and p + ¢ = m + t is even. Then

(20) 8,8, = 8,8, .

Proof. Let D =diag (A, *++, \,) and choose a unitary matrix U
such that U*AU = D. Then

s(4) = (1n)tr(JAT) = (Un)tr(JUDU*J) .

It is not difficult to compute that each main diagonal element of
JUDU*J is Son; | o(UY) 2. Let w; = | a(U*) |* and then

@1 s(4) = gxw :

Replacing A by A? in (21) yields

8p = i)"fwi
and (20) is equivalent to

(22) SN S NW; — SMw 2 Mw,; = 0.
=1 =1 1 =1

The left side of (22) becomes, after symmetrizing the sums,
(1/2) 3 ww ;,(n ) IV NPT = AT — AT
¥
= (112) Zw,w;(N) (N5 — MY — M)

= (1/2)%wiwj(7\i>w)t/\?’*“”“((M/M)”’t = DO/ = 1) .

Since ¢ and p + ¢ — 2t are even and moreover p —t =0,9 —t =0
it follows that Oun,)NZF2((0;/ NP0 — DNt — 1) = 0 for all ¢, j.
Setting ¢ = 0 in Theorem 4 yields the

COROLLARY. If p and q are nonwnegative integers and p -+ q 18
even then
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(23) spsq é nsp+q .

we remark that formula (21) doesn’t yield s, = 3\%.,w; = n unless
A is nonsingular. But the singular case follows from the nonsingular
one by the standard continuity argument.

In case A has nonnegative entries then a specialization of an in-
equality in [1] implies that n’s, = s,. We conjecture that ns, = s;s, in
analogy with (23).

4, Some remarks on s,/s;.
Let f(¢) = f(ty, =+ -, tn) = Susicizalits/ 2ii=it; and note that
Sfla +b) — f(a) — f(b)
- ;@zb - bga) 23,(a; + b)Ta b .

J= =1 =1

It follows that if >%_,a; > 0 and >7.,b, > 0 then f(a + b) = f(a) + f(b)
with equality if and only if the sets (a,, ++-,a,) and (b, +-+,b,) are
proportional. Define the functions

o) = 21/ St
W) = (5 + 3ttt

1=i<gsn

and observe that

n

9(t) = 2it; — 2f(t) ,

M) = St — £(0) -
Then if S, >0, Sr_b; > 0,
(24) gla + b) = ;a + gb — 2f(a + D)

< 3o — 2/(a) -+ 3b: — 2£(0)
= 9(@) + 90) ,

and similarly k(e + b) < h(a) + A(b) .
Equality holds in the preceding two inequalities if and only if the
sets @ and b are proportional. From the inequality (24) we can then prove

THEOREM 5. If A and B are symmetric n-square matrices satis-
Sying D% o004 >0, 3% 520, > 0 then

(25) 8(A + B)[s(A + B) = s,(A)[s(A) + s(B)/s(B)
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with equality if and only if r(A) and r(B) are proportional.

Proof. From the formula

s(A)fs(4) = (40| So(4) = gr(4)
we compute that

8(A + B)[s(A + B) = g(r(A + B)) = g(r(4) + 7(B))
= g(r(4)) + 9(r(B))
= 8,(A4)/8,(4) + s«B)[s(B) .
A similar result can be formulated for the function h. It might

be conjectured that a convexity result like (25) is true for the functions
s(A)/s,_,(A), r > 2. This is not the case: take

Q=% G=+=0a,=0,0a,=1,b="+-.=b,,=0,
b, = 1 and observe that

S + bi)’/ S + byt = (37 + 2)/E + 277
whereas
S/ Sart + Sbr/ St = BT ADE D + 1) + 1

and it is simple to check that
B"+2)/B P4+ 2 >B "+ 1D/B P +1)+1

for » = 3.

The referee suggests that the arguments of the paper could be
rephrased in terms of the vector e, where ¢ = (1,1, --+,1). Thus s,
= ¢TA%e, J = ee”, o(x) = eTx, ete. He also notes that e could be re-
placed by any other positive vector with conclusions similar to those

obtained in the paper. We have not thought it advisable to pursue the
matter further,

REFERENCES

1. F. V. Atkinson, G. A. Watterson, P. A. P. Moran, 4 matriz inequality, Quart J. Math,,
Oxford (2), 11, (1960), 137-140.

2. G. H. Hardy, J. E. Littlewood, G. Pdlya, Inequalities (Cambridge, Second Edition, 1952).
3. H. Wielandt, Unzerlegbare, nicht megative Matrizen, Math Zeit. 52 (1950), 642-648.

THE UNIVERSITY OF CALIFORNIA, SANTA BARBARA AND
THE UNITED STATES NATIONAL BUREAU OF STANDARDS






PACIFIC JOURNAL OF MATHEMATICS

EDITORS
Ravpu S. PHiLuies A. L. WHITEMAN
Stanford University University of Southern California
Stanford, California Los Angeles 7, California
M. G. Arsove LoweLL J. PalGE
University of Washington University of California
Seattle 5, Washington Los Angeles 24, California

ASSOCIATE EDITORS

E. F. BECKENBACH D. DERRY H. L. ROYDEN E. G. STRAUS
T. M. CHERRY M. OHTSUKA E. SPANIER F. WOLF

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA STANFORD UNIVERSITY

CALIFORNIA INSTITUTE OF TECHNOLOGY  UNIVERSITY OF TOKYO

UNIVERSITY OF CALIFORNIA UNIVERSITY OF UTAH

MONTANA STATE UNIVERSITY WASHINGTON STATE UNIVERSITY
UNIVERSITY OF NEVADA UNIVERSITY OF WASHINGTON

NEW MEXICO STATE UNIVERSITY * * *

OREGON STATE UNIVERSITY AMERICAN MATHEMATICAL SOCIETY
UNIVERSITY OF OREGON CALIFORNIA RESEARCH CORPORATION
OSAKA UNIVERSITY SPACE TECHNOLOGY LABORATORIES

UNIVERSITY OF SOUTHERN CALIFORNIA NAVAL ORDNANCE TEST STATION

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be typewritten (double spaced), and the author should keep a complete copy. Manuscripts may
be sent to any one of the four editors. All other communications to the editors should be addressed
to the managing editor, L. J. Paige at the University of California, Los Angeles 24, California.

50 reprints per author of each article are furnished free of charge; additional copies may be
obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is published quarterly, in March, June, September, and
December. Effective with Volume 13 the price per volume (4 numbers) is $18.00; single issues, $5.00.
Special price for current issues to individual faculty members of supporting institutions and to
individual members of the American Mathematical Society: $8.00 per volume; single issues
$2.50. Back numbers are available.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 103 Highland Boulevard, Berkeley 8, California.
Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), No. 6,
2-chome, Fujimi-cho, Chiyoda-ku, Tokyo, Japan.
PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.



Pacific Journal of Mathematics

Vol. 12, No. 2 February, 1962

William George Bade and Robert S. Freeman, Closed extensions of the Laplace

operator determined by a general class of boundary conditions . ............ 395
William Browder and Edwin Spanier, H-spaces and duality .................... 411
Stewart S. Cairns, On permutations induced by linear value functions . ........... 415
Frank Sydney Cater, On Hilbert space operators and operator roots of

POLYROMIALS . . ... .. 429
Stephen Urban Chase, Torsion-free modules over K[x, y]........... ... .. .. .. 437
Heron S. Collins, Remarks on affine semigroups .............ccccouiiiueeennnn.. 449
Peter Crawley, Direct decompositions with finite dimensional factors ............ 457
Richard Brian Darst, A continuity property for vector valued measurable

JURCTIONS . . . oottt e et et 469
R. P. Dilworth, Abstract commutative ideal theory ............................. 481
P. H. Doyle, IIT and John Gilbert Hocking, Continuously invertible spaces . . . .. ... 499
Shaul Foguel, Markov processes with stationary measure ....................... 505
Andrew Mattei Gleason, The abstract theorem of Cauchy-Weil . ................. 511
Allan Brasted Gray, Jr., Normal subgroups of monomial groups ................. 527
Melvin Henriksen and John Rolfe Isbell, Lattice-ordered rings and function

FIIIES e ettt e e e e e e e e e e e e e 533
Amnon Jakimovski, Tauberian constants for the [J, f(x)] transformations....... 567

Hubert Collings Kennedy, Group membership in semigroups . .

Eleanor Killam, The spectrum and the radical in locally m-co
Arthur H. Kruse, Completion of mathematical systems. . ... ...
Magnus Lindberg, On two Tauberian remainder theorems . . . .

Lionello A. Lombardi, A general solution of Tonelli’s problem

VAFIATIONS .. oo
Marvin David Marcus and Morris Newman, The sum of the ele

Of AMALFIX . ..ot e
Michael Bahir Maschler, Derivatives of the harmonic measure

multiply-connected domains . ..........................
Deane Montgomery and Hans Samelson, On the action of SO(
J. Barros-Neto, Analytic composition kernels on Lie groups . . .
Mario Petrich, Semicharacters of the Cartesian product of two
John Sydney Pym, Idempotent measures on semigroups . ... ..
K. Rogers and Ernst Gabor Straus, A special class of matrices.
U. Shukla, On the projective cover of a module and related res
Don Harrell Tucker, An existence theorem for a Goursat probl
George Gustave Weill, Reproducing kernels and orthogonal ke

differentials on Riemann surfaces......................
George Gustave Weill, Capacity differentials on open Rieman
G. K. White, Iterations of generalized Euler functions . . ......
Adil Mohamed Yaqub, On certain finite rings and ring-logics .


http://dx.doi.org/10.2140/pjm.1962.12.395
http://dx.doi.org/10.2140/pjm.1962.12.395
http://dx.doi.org/10.2140/pjm.1962.12.411
http://dx.doi.org/10.2140/pjm.1962.12.415
http://dx.doi.org/10.2140/pjm.1962.12.429
http://dx.doi.org/10.2140/pjm.1962.12.429
http://dx.doi.org/10.2140/pjm.1962.12.437
http://dx.doi.org/10.2140/pjm.1962.12.449
http://dx.doi.org/10.2140/pjm.1962.12.457
http://dx.doi.org/10.2140/pjm.1962.12.469
http://dx.doi.org/10.2140/pjm.1962.12.469
http://dx.doi.org/10.2140/pjm.1962.12.481
http://dx.doi.org/10.2140/pjm.1962.12.499
http://dx.doi.org/10.2140/pjm.1962.12.505
http://dx.doi.org/10.2140/pjm.1962.12.511
http://dx.doi.org/10.2140/pjm.1962.12.527
http://dx.doi.org/10.2140/pjm.1962.12.533
http://dx.doi.org/10.2140/pjm.1962.12.533
http://dx.doi.org/10.2140/pjm.1962.12.567
http://dx.doi.org/10.2140/pjm.1962.12.577
http://dx.doi.org/10.2140/pjm.1962.12.581
http://dx.doi.org/10.2140/pjm.1962.12.589
http://dx.doi.org/10.2140/pjm.1962.12.607
http://dx.doi.org/10.2140/pjm.1962.12.617
http://dx.doi.org/10.2140/pjm.1962.12.617
http://dx.doi.org/10.2140/pjm.1962.12.637
http://dx.doi.org/10.2140/pjm.1962.12.637
http://dx.doi.org/10.2140/pjm.1962.12.649
http://dx.doi.org/10.2140/pjm.1962.12.661
http://dx.doi.org/10.2140/pjm.1962.12.679
http://dx.doi.org/10.2140/pjm.1962.12.685
http://dx.doi.org/10.2140/pjm.1962.12.699
http://dx.doi.org/10.2140/pjm.1962.12.709
http://dx.doi.org/10.2140/pjm.1962.12.719
http://dx.doi.org/10.2140/pjm.1962.12.729
http://dx.doi.org/10.2140/pjm.1962.12.729
http://dx.doi.org/10.2140/pjm.1962.12.769
http://dx.doi.org/10.2140/pjm.1962.12.777
http://dx.doi.org/10.2140/pjm.1962.12.785

	
	
	

