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It is a classical fact that there exist harmonic functions # in the
unit disk with conjugate harmonic function v such that « has continu-
ous boundary values on the unit circumference, while v does not. Let
us restate this fact as follows:

Denote by A, the algebra of functions analytic in |z| <1 with
continuous boundary values on |z | = 1 and write Re A, for the space of
all real parts of functions in A,, Then we may say: there exists a
harmonic function % in |2| <1 with continuous boundary values such
that » does not lie in Re A,. On the other hand, u is certainly a uni-
form limit of functions in Re A, on |[z| =1, for all finite real trigono-
metric polynomials on [2| =1 are in ReA,. Thus we see: Re A, is not
closed under uniform convergence on |z|= 1. In this paper, we shall
show that this phenomenon is a special case of a very general property
of algebras of functions.

Let X be a compact Hausdorff space and C(X) the algebra of all
continuous complex-valued functions on X. Let A be a complex linear
subalgebra of C(X) such that

(1) A is closed under uniform convergence;

(2) A contains the constant functions;

(3) A separates the points of X.

We write Re A for the set of functions Re f with f in A, that is, for
the set of real parts of the functions in A. Clearly Re A is a (real)
vector space of real-valued continuous functions on X. The purpose of
this paper is to prove the following.

THEOREM. If ReA is closed wunder wuniform convergence, then
A = C(X).

COROLLARY 1. If Re A contains every real-valued continuous func-
tion on X, then A = C(X).

COROLLARY 2. (Stone-Weierstrass) If A is closed under complex
conjugation, then A = C(X).

Corollary 1 is an evident consequence of the theorem, and Corollary
2 follows upon observing that, if A is closed under complex conjuga-
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tion, Re A is simply the collection of real-valued functions which are
contained in A. The proof of the theorem proceeds by reducing it to
the case when A4 is anti-symmetric, i.e., every real-valued function in
A is constant. Let us first settle this case.

LEMMA. If ReA is closed and A is anti-symmetric, then the space
X contains not more than one point.

Proof. Suppose that X contains at least two points. Fix a point
2, in X, and let (Re A), be the class of all 4 in Re A with u(x,) = 0.

Suppose % is in (ReA),. Let f be a function in A such that 4 =
Ref. Since the constants are in A, we may assume that v = Imf
vanishes at x,. Since v = Re(—if), we then have v ¢ (Re A),, Now
given %, the function v in (Re A), such that (4 + ) is in A is uniquely
determined. For, if ¢’ is another such function, (v — ¢') is a real-valued
function in A. Since A is anti-symmetric v — ¢’ is constant, and the
condition v(x,) = v'(x,) = 0 tells us that v =+'. Put v = Tu.

Then T is a linear transformation of (Re A), into itself. Since we
are assuming that Re A is closed under uniform convergence, (Re A4), is
a Banach space with the norm

HuH=Sgp!u/-

We claim that 7 is a bounded operator on this Banach space. To prove
this, it will suffice to show that the graph of 7 is closed. Suppose we
have a sequence of elements u, in (Re A), such that , — % and Tu, —v
uniformly. Then the functions (u, + 1Tu,) lie in A and converge uni-
formly to (w + iv). Thus (u + 1v) is in A, and since it is apparent
that »(x,) =0, we have v = Tu. We conclude that 7' is bounded.

Since X contains at least two points, we may choose a nonconstant
function g = s + 4t in A such that g(x;) = 0. Let R denote the rectan-
gle in the complex plane defined by

—lsll=z=lisll, —ltilsy=]tl.

Then g(X) is a compact subset of R. Since g is nonconstant, we cannot
have s =0 or ¢t = 0. In particular, there is a point %, # z, in X such
that |¢(x,)| =||t|]. Let 2z, = g(x,), so that z, is a boundary point of E.

Fix any integer N > 0. There exists a conformal map ¢ of the
interior of R onto the interior of the rectangle Ry:

—lsli=w=sll, -N=y=N

such that ¢(0) = 0 and 6(z,) = «N. Since Rand R, are rectangles, the
conformal map ¢ extends to a homeomorphism of the boundaries of R
and Ry. In particular, ¢ is a uniform limit of polynomials on R. There-
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fore, the function 2 = ¢(g) is in the algebra A, and &(z,) = ¢(0) = 0.
If » =u + v we have

lull =1 sl|
lv]|=N.

Since N was arbitrary and v = Tu, we have contradicted the fact that
T is bounded. Thus X cannot contain more than one point.

Proof of theorem. A theorem of Bishop [1] states the following.
If A is a subalgebra of C(X) satisfying (1), (2), (3), there exists a parti-
tion P of the space X into nonempty disjoint closed sets, such that

(i) for each S in P the algebra A, obtained by restricting A to
S, is anti-symmetric;

(ii) Ag is a uniformly closed subalgebra of C(S);

(iii) the algebra A consists of all continuous functions f on the
space X such that the restriction of f to S is in Ay for each S in the
partition P.

Glicksberg [2] proved that we may also arrange that

(iv) if S is a fixed element of P and 7T is a closed subset of X
disjoint from S, there exists a function g in A such that

lgll<1l, g=1on S, lg]<1lon T.

Actually, (ii) is a consequence of (iv). What we shall show now is
that (iv), together with the assumption that Re A is closed, implies that
Re A is uniformly closed for each set S in the partition P. This will
prove the theorem. For Ay is an anti-symmetric closed algebra on the
space S, and the above lemma shows that S consists of one point. By
(iii) we then have A = C(X).

Fix S in P. We show that Re A, is closed. We first assert the
following. If fe€ A and ¢ > 0, we can find F ¢ A such that

(4) sup|Re F'| < sup|Ref|+ 2, and ReF = Ref on S.
X S

Let 2 be the region in the w-plane (w = u + 1v) defined by
lw| <1, —e<v<e.,

Let 7 be a conformal map of 2| <1 on 2 with 7(0) =0 and z(1) = 1.
Choose 6 > 0 such that ¢ maps [2]| < d into |w| <e. Choose a neigh-
borhood U of S in X with

|Ref|<sup|Ref|+¢, on U.
S

By (iv) above there is a g € A such that [[g]|=1,g=1o0on §, |g]<1
on X — U. Choose a positive integer n large enough that [¢g"| < on
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X—U. Pat h=7(9"). Then he A, h=1o0n S, and |Imh|=¢ on all
of X. Also |Reh|<eon X— U and |Reh|=1 on all of X. Now
define F = fh. Then F ¢ A and

ReF = Ref Reh — ImfImh .

Therefore

(5) ReF = Ref on S

(6) lReFlg(syleefl—l—s)—l—s, on U
(7) [ReF|<e+¢, on X—U.

In particular, F satisfies (4). (For (6) and (7) we have used ||f]| < 1.y

We finish the proof with a standard closure argument. Let R
denote the subspace of Re A consisting of all functions in Re A which
vanish on S. With norm given by maximum modulus over X, Re A is
a Banach space, and R, is a closed subspace. The quotient space @ =
Re A/R; is therefore complete in the norm

|Ref + Rs|| = inf||ReF||, ReF =Ref onS.
F

But by (4)
sup| Ref|=inf||ReF||, ReF =Ref on S.

We conclude that Re Ag, which is clearly isomorphic to @, is complete
in the maximum norm on S. We are done.

The theorem of this paper was proved independently by H. Rossi
and H. Bear.

BIBLIOGRAPHY

1. Errett Bishop, A generalization of the Stone- Weierstrass theorem, to appear.
2. Irving Glicksberg, Measures orthogonal to algebras and sets of anti-symmetry, to appear.



PACIFIC JOURNAL OF MATHEMATICS

EDITORS
RavpH S. PHiLLies A. L. WHITEMAN
Stanford University University of Southern California
Stanford, California Los Angeles 7, California
M. G. ARrSOVE LowsLL J. PAIGE
University of Washington University of California
Seattle 5, Washington Los Angeles 24, California

ASSOCIATE EDITORS

E. F. BECKENBACH D. DERRY H. L. ROYDEN E. G. STRAUS
T. M. CHERRY M. OHTSUKA E. SPANIER F. WOLF

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA STANFORD UNIVERSITY

CALIFORNIA INSTITUTE OF TECHNOLOGY  UNIVERSITY OF TOKYO

UNIVERSITY OF CALIFORNIA UNIVERSITY OF UTAH

MONTANA STATE UNIVERSITY WASHINGTON STATE UNIVERSITY
UNIVERSITY OF NEVADA UNIVERSITY OF WASHINGTON

NEW MEXICO STATE UNIVERSITY * * *

OREGON STATE UNIVERSITY AMERICAN MATHEMATICAL SOCIETY
UNIVERSITY OF OREGON CALIFORNIA RESEARCH CORPORATION
OSAKA UNIVERSITY SPACE TECHNOLOGY LABORATORIES

UNIVERSITY OF SOUTHERN CALIFORNIA NAVAL ORDNANCE TEST STATION

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be typewritten (double spaced), and the author should keep a complete copy. Manuscripts may
be sent to any one of the four editors. All other communications to the editors should be addressed
to the managing editor, L. J. Paige at the University of California, Los Angeles 24, California.

50 reprints per author of each article are furnished free of charge; additional copies may be
obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is published quarterly, in March, June, September, and
December. Effective with Volume 13 the price per volume (4 numbers) is $18.00; single issues, $5.00.
Special price for current issues to individual faculty members of supporting institutions and to
individual members of the American Mathematical Society: $8.00 per volume; single 1ssues
$2.50. Back numbers are available.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 103 Highland Boulevard, Berkeley 8, California.

Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), No. 6,
2-chome, Fujimi-cho, Chiyoda-ku, Tokyo, Japan.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.



Pacific Journal of Mathematics

Vol. 12, No. 3 March, 1962

Alfred Aeppli, Some exact sequences in cohomology theory for Kdiihler

manifolds . . ... .. 791
Paul Richard Beesack, On the Green’s function of an N -point boundary value

PrODLem . ... .o e 801
James Robert Boen, On p-automorphic p-groups.............c.ccooiueeeiiiienann. 813
James Robert Boen, Oscar S. Rothaus and John Griggs Thompson, Further results

ON P-QUIOMOTPRIC P-GFOUPS . . oo v oottt e e e ettt ettt e e 817
James Henry Bramble and Lawrence Edward Payne, Bounds in the Neumann

problem for second order uniformly elliptic operators ....................... 823
Chen Chung Chang and H. Jerome (Howard) Keisler, Applications of ultraproducts

of pairs of cardinals to the theory of models .......................c.co... 835
Stephen Urban Chase, On direct sums and products of modules . .................. 847
Paul Civin, Annihilators in the second conjugate algebra of a group algebra . . .. ... 855
J. H. Curtiss, Polynomial interpolation in points equidistributed on the unit

CITClE . o o 863
Marion K. Fort, Jr., Homogeneity of infinite products of manifolds with

boundary . ....... ... 879
James G. Glimm, Families of induced representations..................coooeeeen.. 885
Daniel E. Gorenstein, Reuben Sandler and William H. Mills, On almost-commuting

YL 771 e X PP 913
Vincent C. Harris and M. V. Subba Rao, Congruence properties of o,(N) .......... 925
Harry Hochstadt, Fourier series with linearly dependent coefficients............... 929
Kenneth Myron Hoffman and John Wermer, A characterization of C(X)........... 941

Robert Weldon Hunt, The behavior of solutions of ordinary, sel,
equations of arbitrary evenorder.......................
Edward Takashi Kobayashi, A remark on the Nijenhuis tensor . .
David London, On the zeros of the solutions of w"”(z) + p(z)w(
Gerald R. Mac Lane and Frank Beall Ryan, On the radial limits
PROAUCES . o oo e
T. M. MacRobert, Evaluation of an E-function when three of its
differ by integral values ................................
Robert W. McKelvey, The spectra of minimal self-adjoint exten
OPCFAIOT . . ottt
Adegoke Olubummo, Operators of finite rank in a reflexive Ban
David Alexander Pope, On the approximation of function space
VATIATIONS « . o o v v ettt et e e e e e e e e e e eeees
Bernard W. Roos and Ward C. Sangren, Three spectral theorem
singular first-order differential equations................
Arthur Argyle Sagle, Simple Malcev algebras over fields of cha
Leo Sario, Meromorphic functions and conformal metrics on Ri
Richard Gordon Swan, Factorization of polynomials over finite
S. C. Tang, Some theorems on the ratio of empirical distribution
AISIFIDULION .« ..o
Robert Charles Thompson, Normal matrices and the normal ba
number fields. ..... ... ...
Howard Gregory Tucker, Absolute continuity of infinitely divisi
Elliot Carl Weinberg, Completely distributed lattice-ordered gr
James Howard Wells, A note on the primes in a Banach algebra
Horace C. Wiser, Decomposition and homogeneity of continua



	
	
	

