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EVALUATION OF AN ^-FUNCTION WHEN THREE OF
ITS UPPER PARAMETERS DIFFER BY

INTEGRAL VALUES

T. M. MACROBERT.

1. Introduction. If p ^ q + 1, [1, p. 353]

. Γ(ar + »)ΠT(α, -ar-n)
(1) E(p; ar: q; ps: z) =

n\ s -ar-n)

where, if j) = g + 1, | 2 | < 1. The dash in the product sign indicates
that the factor for which t = r is omitted.

Now, if two or more of the α's are equal or differ by integral
values, some of the series on the right cease to exist. For instance,
if ax — a + ϊ, a2 = a, where I is zero or a positive integer, it has been
shown [2, p. 30] that the first two series can be replaced by the ex-
pression

Γ(a + I + -a-l-n)

(2)

n!(Z + n)lf[Γ(ps -a-l-n)

+ n)(i - n - l)\ΐlΓ{at - a - n)
^ (

s -a-n)

where

= ψ(ϊ + w) + ΨW - ψ(a + 1 + n -1) — logz

ί ( a t - a - l - n - 1 ) -Σψ(ρs - a - l - n - 1 ) .

Here

(3)

so that

(4)

az

It will now be shown that, in the case in which
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1000 T. M. MACROBERT

aλ — α, a2 = a + I, a5 = a + I + m ,

where Z and m are zero or positive integers, the first three series can
be replaced by the expression

Γ(a + 1 + m + :, — a — I — m — n)(-z)n

(5)

(Σ
w=0

m + ri)\γ[Γ(ps — a — I — m — ri)
s = l

„_/(« + I + w)(m - n - l)!ΠΓ(α ( - a — I - n)zn

Σ — 6

n!(Z + n)!ΠΓ(|θβ - a - I - ri)

-m-n-l)lflΓ(at-a-n)- n -

x

where

n)'^ log £ + ^(*x + Z + m + τi — 1) — ψ(ϊ + ΎΪI + ?2/) — ^(?9
V

— ψ(ri) — Σ ^ ί ^ ί — a — I — m — n — 1)
ί=4

+ ΈiΨiPs — a — I — m — n — 1)
s=l /

+ Z(α + l + m + n — 1) — χ{l + m + ri) — χ(m + ri) — χ(ri)

+ ΣiXiat - a - l - m - n - l ) - Σz(i° s -a-l-m-n-1),
ί=4 β=l

and

©TO = log z + ^(<x 4

ί=4

Here

(6)

where | ampz\ < π.

n — 1) —
q

. "=1

ri) — ψ(m — n — 1) —

- a - I - n - 1) .

Σ_i_,

2. Proof of the formula. If aλ = a, a2 = a + I, a3 = a + ϊ + m + ε,
where i and m are zero or positive integers and e is small, it follows
from (2) and (1) that the first 3 terms of (1) are equal to A + B + C,
where



EVALUATION OF AN ^-FUNCTION WHEN THREE OF ITS UPPER 1001

v
«, Γ(a + I + n)Γ(m - n + ε)Π^(^ί — a — l — ri)

A = (-l)^ α + z Σ - — ^»«n ,
nl(l + n)!ΠΓ(/o. - a - I - n)

"where

— l o g z + Σ Ψ O ^ ί "- a — I — n — 1 ) " " ΈtΨiPs — oc — I — n — 1 ) ,
ί=4 s=l

- m — w + sJΠΠ^ί — a — n)

lilΓ(ps -a-n)
s=l

Γ(α + I + m + n + ε)Γ(— I — m — n — ε)Γ(— m — n — ε)

wIΠ^ίΛ — a — I — m — n — ε)
s=l

x Π ^ ( ^ ί — α — Z — m — ̂  — ε ) x ( — z ) n .
ί=4

Then A = D + E, where

or. 7-T/ _ . i 7 m + n)Γ(-n + ε)J{Γ{at -a-l-m-n)
at ( m + n)\{l + m + n)\JlΓ{ρs — a - l — m — n )

L n

"where

+ n) + ψ(m + n) + ψ(—n — 1 + ε)

— o/r (α + l + m + n —1) — log « + Σ ^ ί ^ ί — OL — I — m — n —

s — a — I — m — n — 1).

β. In these formulae ί takes the values from 4 to p.
Here, since [2, p. 31]

<7) ψ(~z - 1) = f (z) + πcot πz ,

<8) τ/r(—n — 1 + ε) = τ/r(w — ε) — π cot πε .

Hence

C + £7 - _JϊL_(_i)*3-+*+»
sm2 πε
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x

,Γ(α

n\Γ(m + n + 1 + ε)
YlΓ{at -a-I - m - n - e)(-z)n

Γ(l + m + n + 1 + ε) x ΐ[Γ(ρs - a - l - m - n - έ )

sin πε ̂ , Γ(a + I + m + n)ΐ[Γ(at — a — I — m — n){—z)n

π

x

=oΓ(n + 1 — ε)(m + n)l(l + m + n)lΐ[Γ(ρs — a — l—m — n)

m + n) + α/r(m + ̂ ) + ̂ ( ^ — ε) — ψ(a

—log « + ΣiΨ(at — oc — I — m — n — V)

_ c o s π£

)
— a — I — m — n —

- a: - Z - m - ^)(-g) n

ε)(m + n)l(l + m — m —

The limit of this function when ε —> 0 is obtained by replacing*
π2/sin2 πε by i, finding the second derivative with regard to ε of the
expression in the large bracket, and then making ε —• 0. It is

m
t -a-l-m- n)(-z)n

x

*=on!(m + w)!(£ + m + n)!Π^(i°. — # — £ — m — %)

log £ + τ/r(α + £ + m + w — 1) — ψ(m + n) — ψ(l + m + n)

— Yiψfat — oc — I — m — n — 1) + ΣΨiPs — oc — I —m — n — 1)

+ χ(a + I + m + n - 1) - χ(m + w) - χ(l + m + n)

+ Σ z ( α ί — <x — i — m — ̂ ~ 1 ) — Σz(ι°s ~~ α ~ " I — m — n — 1)

τ^(ί + W + 'λZ') + ijr^Wf + %) + ijf(7l)

o . N - f ( α + i + m + n- 1)(
7 w - logz + Σtfe -α-i-m-w-1)

~~ΈιΨ(Ps — oc — I — m — n — X))
- 2χ(n) + τr2 - {f (w)}2 + χ(^)

From this, with B and D, formula (5) is obtained.
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