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l Introduction^ Let Γa be the Hubert space of analytic differenti-
als of finite Dirichlet norm on an open Riemann surface. We shall
consider analytic singularities which are finite linear combinations of
elements of the type

Let

sdz = Σβjώ , Σ#* = 0 .

To a given singularity scϊz there correspond Bergman kernels

kβ(z, ξ)dz and hs(z, ζ)dz

for the space Γa.

We now consider various subspaces raa Γa, and show that linear
combinations of the kernels for ΓΛ of the form

h8dz + Xksdz ,

where λ is complex, extremalize an explicity given functional.
We proved in our thesis [2] that, for the space Γae of analytic ex-

act differentials on a planar Riemann surface,

ksdz = -IJLfo - po)dz

hsdz = _ JLφj, + Po)dz

where px and p0 are Sario's principal functions with the corresponding
singularities [1, Chapter III].

Here we show that the right hand sides still enjoy the same pro-
perties on an arbitrary Riemann surface, for the subspace Γp Π Γase, where

ΓΌ,se =\adz:adze Γa, 1 adz — 0, 7 any dividing cycleL and Γp is gene-
rated over the complex numbers by {Γp} = {adz: adz = dpjdz, p a sin-
gle-valued harmonic function on W, with finite Dirichlet integral.}
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2. Inner products and singular differentials* We shall be con-
cerned here with the Hubert space Γa of analytic differentials on a given
Riemann surface W. The inner product of two analytic differentials
adz = adx + βdy and aλdz = axdx + βλdy is defined as:

{adz, aλdz)w = — i\aaxdzdz = \(αδi + /3 βjdxdy .

If we now consider differentials analytic on W, except for a singularity
of the type dz\(z — ξ)m+2, m ^ 0, we delete a disk § of radius r about
3 = ξ and define for differentials bdz and ί̂ cfe analytic except for a
singularity of the above type, the inner product

{bdz, bλdz)w — lim (bdz, b1dz)w-8 ,
r->0

which amounts to considering the Cauchy principal value for the inner
product. In the case of a singularity dzj(z — ζ±) — dz\(z — f2), we re-
place δ by disks about z = ξλ and z =f2, plus a narrow strip along a
cut joining z = ξ± to z — ζ2 and define in the same fashion the inner
product by a Cauchy limit.

The previous remarks may be extended to finite linear combinations
of singularities of the type

feΌ (z - ξ^ (z - ς,)

provided ΣfU dj = 0.

3* Extremal properties of the kernels* Let sdz = Σ£=i sjdz be a
singularity differential and ksdz,ksdz be the Bergman kernels corre-
spond to that singularity. We shall consider linear combinations

(hs + \ks)dz

which are normalized in the sense that they all exhibit the same ̂ sin-
gularity.

We recall that for l(z)dz e Γa, the Bergman kernels corresponding
to a singularity sdz, enjoy the following properties:

for sdz = — , m ^ 0 (Idz, k8dz) —% , m ^ 0 (Idz, k8dz)
(z - ξ)m+2 (m + 1)!

(Idz, hsdz) = 0

for sdz = — ^ ^— (Idz, ksdz) = - (Idz, hsdz)]^[2π [ Idz
Z — ξi Z — ξi J cZ — ξi Z —

where c is a path from ξΊ to fa.
For sdz = αsxcί0 + δs2cte, (α, 6 constant),
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k8dz — aksldz + bks2dz

hsdz — ahsldz + bhs2dz .

Such a linear property is a consequence of the uniqueness of the ker-
nels. Notice that in particular: (ldzf ksdz) — a(ldzf ksldz) + b(ldz9 ks2dz).
Let now asdz be a differential, analytic except for the singularity sdz.
We form

II a.dz - (hs + Xks)dz | | 2 - || asdz\\2 ~ II Kdz ||2 + | λ | 21| ksdz\\2

+ 2Re((hs - as)dz, hsdz) + 2ReX((hs - as)dz, ksdz) .

Assume now that in a disk about z —ζj

hsdz = sjdz + Σ H(z - ζjfdz

asdz — Sjdz + 2 a{(z — ξjYdz .

We then compute:

2Re((hs - αs)ώ^, hsdz) = - 4ττ

- αs)d^, ksdz) = 4π Σ ^βλΓf; (&* - ^i)c i + jy f ( Λ _α s)
i=i Lfc=i k+1 Jcj

using the linear property of the kernels, with respect to the coefficients
of the singularity. We now write (1) in the following form:

II a.dz ||2 - Aπ Σ Re \£ ψψL + (x _ ΐβS (as - 8)dz]= \\ hsdz ||2

- I λ |21| Ίe.dz ||2 - 4τr Σ i2e Σ - p * f + (λ - l)d' (Λ. - s ) ^
j=i L*=o /C + 1 J J

+ \\asdz - {hs + \ks)dz\\" .

We can now study the value of the bracket in the functional, and
prove that

Γ ^ g f + λd't (Λ. - s)^Ί =0 .
A + 1 J

We shall summarize our results in a theorem:

THEOREM III A. Let sdz = ΣjU S J ^ where

S j d z "

6e α^ analytic singularity with Σιf=i dj = 0.
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Let ksdz, hsdz be the Bergman kernels corresponding to sdz, and
let λ be a complex parameter.

Then the linear combination (hs + Xks)dz minimizes the functional:

II asdz ||2 - 4ττ Σ Be\± φ ^ i + (λ - l)d'[ (α. -
i=i L*=o k + 1 J

over the class of differentials aadz, analytic except for the singularity
sdz. The minimum is

II hsdz ||2 + 4ττ Σ Λedy ( (Λ. - s)dz + | λ | 2 1 | fcfcfe II2 ,

and the deviation from the minimum is

\\α8dz - (ha + Xks)dz\\2 .

Proof. hsdz + XeίΘksdz for 0 real is a competing function; therefore:

|| hsdz ||2 - I λ | 2 1 | ksdz ||2 - 4ττ Σ

^ 1 1 > , t f e II 2 - I λ |2 II k s d z II 2 - 4 τ τ Σ ΓΣ y
ί=ib=i k + 1

+ (λe~ίθ - l )d ' ( (Λ. - s)dz\ .
JC3 J

It follows that

Σ Re \± ^ L + xdλ (hs - s)dz]
3=1 Lk=0 k + 1 Jcj J

^ L [ (λ. - β)

Jcj

^ Σ \ Σ ^ +
i=i I Lk=o k + 1

which is only possible if the bracket is real. It cannot be real fer all
λ except if it is equal to zero.

4* Particular cases*apρlications» Assume now that adz = {d/pjdz)dz,
where p is a single-valued harmonic function on W, except for a sin-
gularity Re S(z) = Σί=i -Be Si(s), with

a

where dj is real. The singularity of (dp/dz)dz is then sdz = Σf=i Sj cẐ ,
with

_ κ.
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Moreover if p = Re {Sό{z) + Σ?=o A{(z - ξ3)*) near z = ζs and

22-dz = 8jdz + Σίaί(z-ξs)*9

OZ k=Q

it follows that Aj

k+1=aίlk+l for k ̂  0. We notice furthermore that

|| adz ||2 = 2(B(p) - A(p)), where 5(2)) = ί pdp* (β the ideal boundary of

S Jβ
(αs — s)dz . The functional to be minimized

b
S

becomes:

>\ (as - s)dz\\ .2πΣiRe\± ] \ +
j=i Lfe=o /C + 1

We notice that the differentials adz = (dpldz)dz with p single valued
harmonic function generate a subspace Γp c Γ α . If kspdz and λ,pc&? are
the Bergman kernels for Γp, they correspond to two functions Ks

harmonic and Hs harmonic except for the singularity ReS(z) and such
that:

kspdz = ̂ ^ dz
dz

hspdz = - ds .

We can write the value of the minimum as:

2B(HSP) + |λ | J | | fc.pcfe| | 2.

We now shall prove the following theorem.

THEOREM IV A: Let (dpjdz)dz and (dpjdz)dz be the analytic dif-
ferentials with singularity sdzf corresponding to the principal functions
p0 and pλ. Then

x - po)dz = kspdz

id/dz(p1 + po)dz = hspdz ,

where hspdz and kspdz are the orthogonal and reproducing kernels for
Γp Π Γase, corresponding to the singularity sdz.

Proof. First, we know from the definition of p0 and p19 that
(dpjdz)dz and {dpljdz)dz are elements of Γp (Ί Γase. Second, from (1.
Chapter III. Theorem 9E where only the notation is different), (dp0/Θz)dz
minimizes the same functional as hspdz — kspdz (which corresponds to
λ = — 1), and (dplldz)dz minimizes the same functional as (hspdz + ksp)dz>
(which corresponds to λ = 1). The theorem follows.

We shall consider here a family of functions P harmonic, except
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for a singularity of the type ReS(z); the periods of P vanish along all
dividing cycles. It follows that the differentials (dP/dz)dz are elements
of ΓP n Γase, except for a singularity s(z)dz.

We shall call Hs the function corresponding to hspdz, and Ks the
one corresponding to kspdz. The following results are consequences of
the main Theorem.

THEOREM IV B: Among all functions P with singularity lftz — ζ),
Hs + \KS minimizes the functional B(P) — 2πRe\A1.

THEOREM IV C: Among all functions P with singularity log | (2—ξΊ)/
(z - fa) I, Hs + \KS minimizes B(P) - 2πRe\{A\ - Al).

THEOREM IV D: Among all functions P with singularity ReS(z)f

H8 minimizes the functional B(P).

We shall now consider exact differentials, analytic except for some
singularity s(z)dz = Σf=i Sj(z)dz, which may be written ff(z)dz = df(z)f
where / is a function analytic except for a singularity S(z) = Σί=i Sj(z)
such that S'{z)dz = s(z)dz; then f=Sj(z) + Σ Γ = o ^ — ζ3)

h near z = ξim

We proved [II] the existence of a non-zero reproducing kernel if W& 0ΛD.
We shall now find a sufficient condition for the existence of an ortho-
gonal kernel. We recall that in the case of a planar Riemann surface

rh = rhe + n. n Γt.

We shall consider here Riemann surfaces on which

We call such surfaces type WE. On a surface of type WE

rh0 n rt - [rhe + rteY = o.

We then get the following lemma:

LEMMA IV E: On a surface of type WE, given a singularity
s{z)dz = dz\(z — ζ)m+2

f m ^ 0, there exists a differential analytic exact,
except for the corresponding singularity.

Proof. Let Θ be constructed as in [1, Chapter V. 18.19]. The
differential Θ — iΘ* is square integrable and hence has the decomposi-
tion?.

Θ - i§* = a)h + ωe0 + ft>* = ωhe + ωt + ωe0 + ωf0 .

It follows that

η = Θ - ωe0 - ωhe = i0* + ω?β + ω*
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is harmonic exact except for the singularity and so is η*. We may
write v) = Φ + ψ where ψ is analytic and Φ is analytic except for the
singularity. It follows that Φ is the differential mentioned in the lemma;
Φ = dFm where Fm is an analytic function except for the singularity

and from [2] there exists an orthogonal kernel dHm for Γae on WE.

Note. An analogous proof works for differentials with s(z)dz~
dzftz — ξΊ) — dz\(z — f2); we have only to discard the periods about
z = ξ1 and z = ζ2.

From the existence of orthogonal kernels for Γae we can state the

following theorems; here B{f) = J 1 fdf; H8 and iΓs are analytic func-

tions whose differentials are respectively the orthogonal and reproduc-

ing kernels for Γae, corresponding to the singularity.

THEOREM IV F: Among all functions f analytic except for a
simple pale at z = ζ with expansion f = cx\{z — ξ) + aλ{z — £ ) + . . . in
a neighborhood of z = ξ, Hs + \KS minimizes the functional B(f) +
2πReXc1a1.

THEOREM IV G: Among all functions f(z) analytic except for the
singularity

ύ W - h h (z - ζ^i- k -l) *

the function Hs minimizes B(f).
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