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1. Let f(x) be a function integrable — L over the interval (—mx, 7)
and periodic with period 27, outside this interval.

Let
(1.1) ¢(t) = 3{f(x + t) + f(=z — &) — 2s(2)},
and
1.2) ta, + i:]l(an cos nx + b, Sin nx)

be the Fourier Series of the function ¢(¢).

Norlund Summability of Fourier Series (1.2) has been considered
by Woronoi [6] and later on by Norlund [4]. These results have been
extended by Hille and Tamarkin [2], [3], and later on by Astrachan
[1]. Recently, extending a result due to Hille and Tamarkin [3],
Varshney [5] has proved the proved the following:

THEOREM. V. If the sequence {p,} satisfies the following con-
ditions:

(1.3) nlenl - o1p,),
log n

& k| P — Dia|
(1.4) = log (k + 1) <c|P,]
and

n Pk
(1-5) §0m<c|Prbl
and also if

_ _ t - 1

(1.6) B(t) = |/ 9wy | du = o(t/log )

then the Fourier Series (1.2) associated with the fumction ¢(t) s
summable by Norlund means t.e. summable (N, p,) to the sum zero
at the point t = x.

The object here is to prove the following:

THEOREM. If the sequence {p,} satisfies the following conditions
Received January 3, 1961.
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(1.7 —(’fo—[g@;—)'r <e|P,|
and
=k , D — Dy |

(1.8) E oGt Dy ¢l
and also if

_ t 1\
(1.9) B(t) = SO; () | du = O{t / <log—t—> }
and
et

then the Fourier Series (1.2) associated with the fumction ¢(t) is
summable by Norlund means t.e. summable (N, p,) to the sum zero
at the point t =x for all 0 < r £ 1,

2. The following notations will be used in the sequel.

We write S,(x) as the nth partial sum of the series (1.2) and the
Norlund transform of the partial sum of the series (1.2) we denote
by o.(x).

Also we write ; where P, = P(n) ,

2.1) N(t) = -~ 3 p,, S+ 1/2)t
P, =0 t

We recall that the conditions of regularity of the method of sum-
mation are

(2.2) Sim=Sinl<c|P
and
2.3) {P./P,}—0 a8 n— oo,

3. If we write
3.1) Sa) = 1"y St 120 gy

then we have
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i ). 0( pe R EE LD g

= "se)N.mat

= (1" + I+ [ sonwar
(3.2) =1+ I+ 1, say

o.(x) =

where 6 is fixed.
Hence

I TR PRPR
L=25m Sm T 2 (2 Sin (0 — kb + Piyde

= ———1—58 20 En] 0{Sin (n + L)t - cos kt — cos (v + 1)t - Sin kt}dt
wP(n) Jzm ¢ k=0
3.3 =1L,— I, say.

Now, if we write

—_1 [ 40 g 3 Kt - dt
I, =P @) Sm , Sin (n + )t {é py }p,, cos
—_ 1 [* @ g iy
) Sm : Sin(n + )t Zé cos ktdt
_1 " 80 g 1 :
(3.4) + Sm 2L Sin (0 + )t 3] o cos k- d
_ 1[0 gt s
=P Sm ; Sin (n + $)t2,
_1_[" 20 g DIt
=P () SKM . Sin (n + $)t2,
(3-5) = Iz.1,1 + I2,1,2 , Say.

4. We shall require the following lemma.

LEMMA. If we write

(4'1) 'pn':,"nv Rn:/"0+7'1+7"2+“‘+7‘n
and
(4.2) r(u) = T, R(u) = Ry,

where 1] denotes the integer (largest) =u, and

“43) V=0, Vi=XIp-pal,  Vi= TV
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then we have, from (3.4),

(4.4) 5, > Pcos1>3PE)
and
(4.5) 15,] = %{r(%) + r(n) + Vo) — VG— — 1)} .

This is known Hille and Tamarkin [3].
5. Now we shall prove the theorem.

Proof. Since

[I

ig $(t)N,(H)dt
T

Il

L1710ty ) 0mpat

= OWIBOK" by 0.
- owfof(os 21"
(5.1) =0Q1), as n— o ,

From (3.5) and Lemma, above, we have

P,

by the regularity of the method of summation.

1 SB“"/“ o(t + min) P< 1

) Sin nt dt + o(1)

B TP(n) Jo (t + mn) t+ wn
=_1 SS 20 Sinnt P (l> dt ; SB gt & win) Sin nt
2nP(n) Jxin t 27 P(n)

P <t—+—/—>dt + o(1)

= 22P(m) Jei

2nP(n)

1 S“’” ¢(tt) Sin nt P( l)dt Y gs_mi—

P(L)at - | 2T gin gy p( )

27 P(n) (t + m/n)

1 SS IIWM Sln/n,tP<b__.l_.,_
27TP('n) wn (E 4+ wn) w/n
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ZW;(n)S {¢(tt) (t> ﬂ;j ,f/if) P < ; +1ﬂ/n )} Sin nt dt

1 S Bt + 7/n) g mP( L at

27rP(n) t+ wn t 4+ win
1 [ $®p
+ 5B Ss_ B ( > Sin nt dt + o(1)

= g b P () - SR ()

{¢(t +t ) p < % > e +t /1) P( t +1ﬂ/n )}

RLELDNE +1n/n ) & :77;//3) P +1ﬂ/n>}] Sin ntdt

1 ¢t + 7/n) 1
~ 27P(n) S t+ win Sin ntP< + 7/n >dt

1 oe(t)
+ 5P SS_/ ) SmntP( >dt+o(1)

= T o (LR ()

[ - A s

+p<t___+ — Yot + mpmy T }Sinntdt

t(t + w/n)
- SO %SinntP( 1ﬂ/n it
+ S:_ " ¢(t) SmntP< 1 )dt)
+ o(1)

b.2) =P, + P, + P) + P, + Py, say.
By virtue of (1.10) we have

(5.3) P,=01), as n— o .
Also

27;—;(77)&8*/ ¢_(t_+t7r—/"){ <t> — P<t +1n_/n)}Sinntdt.

Since, for all 0 < 1/a < 1/8, we have

()~ () - [ of3) - o2}
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Hence
<P<m (e o
SBI | 4t + n/n)l'r( )‘l:)
(P( n) S |46 + 7| T( t +17r/'n >@t£>
(5.4) =P.,+ P,,+ P,, say.
Now
P, = O(P(ln) >{(§1(t + n/n)%ﬁfmm r(s)ds}:m
- 0(—;3%;)—) Si .(t + ﬁ/n)it- SU;H r(s)ds
+ )L, Bt + mm ()%
(6.5) = P11+ Py + Piy say.
We have

Pora= O( :(tn) >{0<(10g‘11/t) )SI:E +xin )‘r’(s)ds}j/n by (1.9)
)){ (logl e Sn fr(s)ds}
1

1 1/8
\Pw) >{(log 173y g . T(S)ds}
(5.6) =o(l), as n— o, by (1.8).

Y

Pova= O< Pln)w O<(logi/t) >dt S e T8 (19)
- P%n) > Si/n t(logtl/t)’ Sillzt%—x/n) r(s)ds
1

<W> S"’” r(s)ds S”s A o)
P(n)/ Juc+zm wro—=/n t(log 1/t)" ’

by change of order of integration.

. 1 = r(s)ds (Y dt
- O(P(’n)>§1/(8+xln) (log 1/s)" S(/) atw £ o)

- 1 " r(s)ds
= 0( P(n) > SI/(8+:r[n) (log 1/s)" (sm/n) + o(1)

I
o
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_ 1 ~ r(k)
) & o e 2y OO

5.7 =o(l), as n— o, by (1.8).

Finally, considering P,,., we have

s = O( SS ((logtl/t) )dt’(%)% by (1.9)

— ( & r(1/t) dt
n)

1
Pn )S/ (log 1/t ¢
— 1 r(s) 4
N ( P( ))Sn/r(log s)"
1 2 ,
= o ) 257 Wlog (s + 1)
(5.8) =o0(1) as m— o, by (1.8).
Thus from (5.5), (5.6), (5.7) and (5.8) we see that
(5.9 P,,=0(1) as n— o .

Estimating P,, we find that

P2_2=0(P:))S |¢(t+7r/n)]fr< >t

- of gt [ErD)2T, + T s )
SRS B

Here, the integrated part is o(1), by virtue of (1.7) and the fact
that P(n) — o« as n— o. The second part is

0(%) 58/0(66;—/0%(%)% by (1.9)

_ 1 U8 p(s)
- °< P(n)> S/ ogsy
—o(1), by (L8).

The third term is
) eg ) 125

_ 1 o7y ey
- °< P(n)> = (log (k + 1))
=o0() as n— o, by (1.8).
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Thus we see that

(5.10) P,,=0(1) as n— oo,
Similarly, we can show that

(5.11) P,,=00Q1) as n-— oo .
Hence by (5.4), (5.9), (5.10) and (5.11) we get

(5.12) P,=0(1) as n— oo,

Evaluating P, we have

Wttt miml ()

P, = 0(
t+xn/ Ut + w/n)

P(n)
= o(L)[} 1ot + mpmy (2L

oGl{oe s mmg) +2f, o+ am]

= o<—71;) + o<-m—> by (1.9)
(5.13) =o0(1), as n—o oo,

H

And
P, = 27;119( ) S $(t + m/n) Sin nt P( ; +17;/n ) : _:ltn/n
B 27r113(n) Si n $(t) Sin nt p( )cltt
= (i) [ 160 0y p(L) &

. 0(n>§ | 4(t) | dt
=o(—), by (L9)

(log m)
(5.14) =o0(l) as m— oo,
Also
1 8 dt
B = (5, 101 P()
(5.15) =o(1),

by the regularity of the method of summation and since the interval
(0 — w/n, 0) tends to zero as % — .
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Consequently from (5.2), (5.3), (5.12), (5.18), (5.14) and (5.15) we
have

(5.16) L..=01), as n— o,

Now

Ly, = 7[731(7)5; ?(ti) Sin (n + 3)t5.dt
- o) e =
+ %[V(n) _ V(% - 1)]}01:: , by (4.5)

(.17) =Q +@+Q, say.

We have

@ =055\, (3 et

= M (D)2 L Ll (D)%
o) w ()} @

Here the integrated part is o(1), by (1.7) and the fact that P(n)—
o a8 n— oo, Also the second term is

"(%n)) S 8/’"<%> % (1og11/ty
1/8
- O( P%n) > Sn/x (lZéS;)T ds
0( P%n) ) kio Z(],gka: fkl—)l)'l
—o(1) by (L.8).

The third part is
1 U sdr(s)
0< P(n) > Sn/x (log s)
_ 1 5k Dy — Dies |
= P) & tos e
=o0(l) as n— o, by (1.8).

Thus we see that

{5.18) Q. =0(1) as n— oo,
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Now

o~ o521,

- o). + 2l o 0%)

= 5ay) + \opiear)

r(n) \ (° dit

"( P(n) > S = (log 1/t)"

+
oo}y of e

+ 235/ %Z[V(n) - v(L- 1)]dt
- Si/nqj—;(?dv(% - 1>} )

The integrated part is o(1), by (1.7) and the fact that

_ o k|pn— Dl . W, =0
" &S (og (b + 1) o

Then, by (1.8) we have

V.= kf;)pk — Ppt]

— ,é‘o {log (kk-l- Y (W, — W)

= g A { A[ {log (7;7c + 1 ]} + W.ilog q(@n + 1}

= o{R(n)} .

Now the second term is
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5 V7 = V& =)} g 17

- O[ P%n) S://:(log s)” [Vim) = Vs — 1)]]

Il

0{ P%n) S {log (ss+ T V(S)}

+o[R( (V) = Vs = D} gt +1>}]

_ 1 k| pp — Dl 1 %Py — Pl
%Hvaw®+m}+%PW&gm+mJ

which is o(1), by virtue of (1.7), (1.8) and the fact that V, = o{P(n)}.

The third term is
of P%n) Sa, . V(7 - 1))} by (1.9)

- O{ Pz.n) } S: 8{{5;;23; 1];;’l

which is o(1), as in the case of second term.
Thus we have

(5.20) Q;=0(1) as n— oo,
From (5.17), (5.18), (5.19) and (5.20), we have

(5.21) Li,=0(1) as n— o,
From (8.4) (3.5), (3.16) and (5.21), we see that

(5.22) L,=01) as n— oo,
Similarly, we can show that

(5.23) L,=01) as n— o .
From (3.3), (5.22) and (5.23) we get

(5.24) L=0() as m— o .

Lastly by Riemann Lebesgue Theorem and the regularity of the
method of summation, we have, as 7 — o

(5.25) L =o0().

Collection of (3.2), (5.24) and (5.25) as n — oo, completes the proof
of the theorem.
I am much indebted to Professor M. L. Misra for his valuable

guidance during the preparation of this paper.
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