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DECOMPOSITION FIELDS OF DIFFERENCE SETS

KOICHI YAMAMOTO

1. Preliminaries from cyclotomic fields* In this paper we denote
the rational number field by Q, and its subring of all rational integers
by Z. All algebraic quantities are to be contained in a "sufficiently
large" cyclotomic field over Q. We also denote by ξm an unspecified
primitive mth root of unity.

If p is a prime ideal, a an integer ^0 of a cyclotomic field Q(ξm),
then the p-component of a is, by definition, the power of p which
exactly divides a. If α is an ideal =£0 of Q(ξm), then the α-compo-
nent of a is defined as the product of the ^-components of a extended
over all prime ideal divisors of σ.

Theorem 1 below will be frequently used later, and is essentially
based on the well-known theorem in the theory of cyclotomic fields:
The set of all integers of the cyclotomic field Q(ξm) is identical with
the ring Z[ζJ.

Let C be a number-theoretic function, whose values are contained
in the ring Z[ζm], We define the difference operator A{ρ) by

Δ{p)C{i) = C(i + p) - C{i) .

Here p is a rational number not necessarily an integer. But we
make the convention that C(p) = 0 if /O is not an integer, so —Δ(p)
will be an identity operator if p is not an integer. . We say that C
is a periodic function with a period n if Δ(ri)C(i) = 0 for all i.

THEOREM 1. Let n = p[* pι

s

s be the prime-power decomposition
of n. Let m be relatively prime to n, C be a periodic number-
theoretic function, with period n whose values C(i) are integers of
the cyclotomic field Q{ζm), and f(x) — Σϊ^i C(i)x\ Moreover let d be
a divisor of n and a be an integer of Q(ξm).

Then, in order that f(ζζ) = 0 (mod a) for all divisors r of d, it
is necessary and sufficient that

pi1 " pi'ΔinpT11-1) ^(npj^-^Cii) == 0 (mod a)

for all i and for all tl9 •••,*. such that p{i pls \ d.

Proof. (1) We can assume s > 0, so we first consider the case
8 = 1. Put n = p\ d = pu, and we proceed by an induction on u.
Now we have
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'Σ~' Σ C(i
i=0 j=o

by using the fact that ζi~λ = fp is a primitive pth root of unity, or
that Vj-0

1?ί = 0. The p 1 - 1 ^ - 1) integers &+*1"1'" for 0 ^ i < pι'\
l^j<P form a Z[£m]-basis of the ring Z[ζmn\ and we have f(ζn) = 0
(modα) if and only if C(i + j>l-1i) - C(i) Ξ 0 (mod a) for all choices
of i, j" above. This condition is equivalent to

A{np-x)C{i) = 0 (mod a)

for all i. This shows the validity of our assertion for u = 0.

(2) Assume therefore s = 1, w > 0 and assume the validity of
the assertion for smaller values of u. Now we have

t=o ΐ=i \ i=o

As was proved in (1) above, it follows from f(ζn) = 0 (mod a) that
C(i) = C(i + pι-y) (mod α). Thus if we define

then

/(a?*) Ξ βr(α ) (mod a, 1 - ^%) .

The condition /(f;*) = 0 (mod a) for all t such that 0 ^ t ^ w is
equivalent to /(?£*) Ξ 0 (mod α) and flf(?i*) = 0 (mod a) for all t such
that 0 ^ ί ί§ % — 1. The last is equivalent to, by the induction hypo-
thesis, that p'Δip1-1-1)^) = 0 (mod α) and p'+Mίp1-1-'-1)^) Ξ 0 (mod α)
for all 0 ^ t ^ % - 1, namely to pιΔip1-'-1)^) = 0 (mod a) for all t
such that 0 ^ t ^ u. This shows the validity of the theorem for
8 = 1.

(3) Now assume s > 1 and assume the validity of the theorem
for smaller values of s. Put n — n#ύ\ nλ = pi1, nf = p\2 p^, ώ =
did', dx = (nl9 d), dr — (nr, d). Any divisor r of d is written uniquely
as r = r^r' where rx \ dlf τ'\d'. For a given i there are j , k such
that

ί = nfj + nλk (mod ̂ ) ,

and j , k are determined (mod n^ and (mod n') respectively. Hence

f(x) = Σ ^ C(n'y + nλk)xnΊ+nιk (mod 1 - xn) ,
i=o jfc=o
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/(K) = " Σ Σ 1 C(n'j + nMΐriξn

n

irk

where

C*(y,j) = *Σ

Now ξT = £ is a primitive ^ t h root of unity and ζlι = 37 is a primi-
tive w'th root of unity. And the condition f{ζl) = 0 (mod a) for
some fw implies of course the same congruence for all primitive nth
roots of unity. Thus f{ζl) = 0 (mod a) for some ξn implies that

Σ C ¥ , i ) r ^ 0 (modα)
3=0

for all primitive n^h. roots of unity ξ and for all n'th. roots of unity
η. Note that C*()f', j) are integers of Q(ζm, η) = Q{ζmn) with (mn\ n) =
1. Applying the already established case 8 = 1 of the Theorem to
the polynomial Σ S ' C*(ηr\ j)xj, we see that /(?;) Ξ 0 (modα) for all
r such that r\d if and only if

PϊMn&Γ'^CW, j) = 0 (mod α)

for all tx such that pi1 \ d1 and for all rf such that r ' | df. Here ^/i(io)
denotes the difference operator to apply on the argument j . The
above condition may be stated as

V^ΣΛjin^-^Cin'j + nλk)ψk = 0 (mod a)
k=0

for all tλ and r' such that p[ι \ dx and r ' | d\ Now we can apply the
induction hypothesis to the polynomial p^^ΐ^Δ^pϊ^^Cin'j + n1k)xk,
because the coefficients are integers of Q{ζm), (m, nr) = 1 and n' has
s — 1 distinct prime divisors. Thus we see that the last condition is
true if and only if

P'M2 - pl^A^iPΐ^^kin'p^2'1) Mn'PT'^Cin'j + njc)
= p[ι -. plsJinpϊ*!-1) J(w2>r'«-1)C(i) Ξ 0 (mod α)

for all i and for all tl9 ••-,*, such t h a t pί1 pls \ d.

COROLLARY. Under the same notations as in Theorem 1, let
furthermore S be a set of divisors of n such tnat reS and r' | r
implies r' e S. Then in order that f{ζr

n) Ξ= 0 (mod a) for all reS,
it is necessary and sufficient that

p[ι -" Pg^inpϊ^"1) A{np7ts-x)C{i) = 0 (mod a)
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for all i and for all p[ι pls = r e S.

2. Difference sets. Let D — {al9 , ak} be a (v, k, λ)-differenee
set. We denote the quantity k — λ by n. We associate with D its
generating polynomial gD{x) — g(x) defined by g(x) — Σ*=i χaty which
is determined (mod 1 — xυ). As is well known the condition

(*) g(x)g(xυ~1) = n + λ(l + x + + x9-1) (mod 1 - xυ)

characterizes the difference set property of the set D. The above
implies that

1 l ) g(ξ)g(n = n

for all ΐ th roots of unity ζ Φ 1, where τ denotes the complex conju-
gation of the field Q(ξυ)IQ. As is easily verified, the condition (1)
implies conversely the relation (*). This is the reason why the two
parameters v and n are the most fundamental to a number-theoretic
study of difference sets. If v is even, then n is a square as seen
from (1) for ζ = — 1. Also k is determined by the quadratic equation

(2) k(v-k) = n(v - 1) ,

and λ by

( 3) X(v — 2n — λ) = n{n - 1) .

From (3) follows that n + (n - 1) ̂  v - 2n ̂  n(n - 1) + 1 or

(4) in-l^v^n2 + n + l.

The two extreme cases v = An — 1 and v = n2 + n + 1 correspond to
the difference sets of Hadamard type and to the difference sets of
projective planes.

If we fix n then there are τ(n)τ(n — 1) ways of choosing parame-
ters {v, ky λ) satisfying the relations k(k — 1) = (v — l)λ and k — λ =
n, where τ(m) denotes the number of divisors of m. Similarly, if
we fix v, then there are 2ω{Ό~1] ways of choosing these parameters,
where ω(m) denotes the number of distinct prime divisors of m.

The difference set D will be called nontrivial if v > 1 and n > 1.
We consider nontrivial difference sets exclusively in this paper.

There are several difference sets closely related to a given
difference set D. If D is a (v, k, λ)-difference set, u and β are
integers such that (β, v) — 1, then D + u = {aλ + u, , ak + u} and
βD — {βau , βak} are (v, k, λ)-difference sets, similar to D. The
difference set ( — \)D will be denoted by —D. Furthermore the re-
sidual set JD* = {0,1, , v — 1} — D of D is a (v, v — fc, v — 2n — λ)-
difference set, which is called the residual difference set of D. Note
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that D* has the parameters v* = v, k* — v — k, λ* = v — 2n — λ,
n* = n, and that the relations (2) and (3) may be written as kk* =
n(v — 1), λλ* = n(n — 1) together with k + k* = v, λ + λ* = v — 2n.
As for the generating polynomials we note that

gD+u(x) = xugD{x) (mod 1 - xυ) ,

( 5 ) gβD(x) = gD(xβ) (mod 1 - xv) ,

02,0*0 + gU%) Ξ 1 + a? + . . . + af-1 (mod 1 - O .

In particular we see that for any 'vth root of unity ξ Φ 1 that

( 6 ) g-D(ξ) =

Besides the generating polynomial gD(x) = #(#), it is sometimes
useful to consider the d-generating polynomial gd(x) for a divisor d
of v. This is, by definition, the generating polynomial g(x) reduced
(mod 1 — xa), or

9d(x) = Σ Cί i)^ (mod 1 - xa) ,
* = 0

where C(i) is the number of elements a3- of the set D satisfying
a3- = ΐ (mod d). It is to be noted that

(7) 0^C(i )4
a

for all i. The congruences (5) are true when g(x) are replaced by
d-generating polynomials, and the modulus by 1 — xd. Similarly the
equations (6) remain true when g(x) are replaced by d-generating
polynomials, for any dth root of unity ζ Φ 1.

3 Decomposition field of a difference set Let p be a prime, p
be any prime ideal divisor of p in Q(ξυ)IQ. Then the set of all
automorphisms Θ of Q(ζυ)/Q satisfying pθ — p constitutes the decom-
position group gp of p. Because Q(ζΌ)IQ is an abelian extension, the
group 3p is the same for all p, called the decomposition group oi.p
in Q(ζv)IQ, and denoted by £*• It is generated by the set of all
Frobenius automorphisms F = (ξV —* ξ^) where v = pιvr (v',p) = 1,
the effect of F on ζpι being arbitrary. The subfield Kp corresponding
to SP is called the decomposition field of p in Q(ζΌ)IQ. If d is a
divisor of v, then it is known that the decomposition field of p in
Q(ζd)IQ is equal to the intersection Kp f] Q{ζd).

If D is a (v, k, λ)-difference set, then the intersection Q of all
decomposition groups gp in Q(ζυ)IQ with p \ n will be called the decom-
position group of the difference set D, the subfield of Q(ζυ)/Q corre-
sponding to it the decomposition field of D, Note that these concepts
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are completely determined by the parameters v and n, so are the
same for all difference sets similar to D, and also for D*.

THEOREM 2. Assume that there exists a (v, k, ̂ -difference set
D. Let p be a prime divisor of n, d be a divisor of v such that
d Φ 1, (p, d) = 1 and that the decomposition field of p in Q(ζd)IQ is
real. Then the exponent of the p-component of n is even.

Proof. The complex conjugation τ of Q(ζd)IQ belongs to the
decompostion group Qp of p by assumption. Namely pτ = p for all
prime ideal divisors p of p. This means that g(ζd) and g(ζd)

τ have
the same p-component for all these prime ideal divisors p of p, and
so they have the same p-component, say b. Since d Φ 1 it follows
from (1) that the p-component pe of n is =b1+τ = b2. Therefore b is
divisible by all the prime ideal divisors p of p with the same exponent.
But because p is unramified in Q(ζd)IQ, b is a power of (p) and e is
even.

COROLLARY 1. If there exists a (v, k, X)-difference set with real
decomposition field, then n must be a square.

Proof. The decomposition group Qp of p in Q(ζd)IQ contains the
complex conjugation τ for all prime divisors p of n and for all divisors
d of v. Thus if v has a divisor d such that (d, p) = 1, d Φ 1, then
it follows from Theorem 2 that the ^-component of n is a square.
If on the contrary v is a power of p, say pι, then from (2) or
(pι — l)w = k(pι — k) follows that k is divisible by p. Therefore if
pm is the p-component of k, then I > m and both k and pι — k have
the same p-component pm, so the p-component of n is p2m.

REMARK. The condition in the hypothesis of Theorem 2 is that
p is a prime divisor of n, d a divisor of v such that d Φ 1, and that
there exists an exponent h such that ph = — 1 (modd).

COROLLARY 2. Assume tfcαt there exists a (v, k, \)-difference set.
Define for an odd integer q, q* = ( — l)iq~1)l2q. If p is a prime, pe

the p-component of n9 and if q is an odd divisor of v, then

for all rational prime spots r, the symbol being the Hilbert norm
residue symbol. Or, then there exists a, nonzero solution for the
Diophantine equation
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pex2 + (-l){q'1)l2qy2 = z2 .

Proof. Because of the relation {qxq<)* = qtqt for odd integers
Qu Q2, and of the bihomomorphic property of the Hubert residue
symbol, we can assume that q is an odd prime divisor of v. The
symbol χ(r) = 1 except possibly r = p^ (the rational infinite spot),
r = 2, r = p and r — q. Now χ(Poo) = 1 since p > 0. Moreover
χ(q) = 1 or =(plq) with the Legendre symbol according as 39 = g or
not. The Legendre symbol represents —1 only for p which is a
quadratic nonresidue of q. But in this case p(q~1)l2 ~ — 1 (modg) and
e must be even by Theorem 2. We have seen that χ(ίλo) = χ(q) — 1.
Now if p = 2, then we have χ(2) = 1 by the product formula of the
Hubert symbol. If p Φ 2, then we have χ(2) = 1 since ^ * Ξ 1 (mod 4).
So we have (in case p φ q) that χ(p) = 1 by the product formula.

THEOREM 3. (1) Under the same assumptions as Theorem 2,
let furthermore pe and pι be the p-components of n and v. Then
we have pφ <Ξ {vjd)p~ι.

(2) Assume that there exists a (v, k, X)-difference set. Let p be
a prime divisor of n, pe and pι be the p-components of n and v. If
e is even, then we have pel2 ^ vp~x.

Proof. Put w = dp1 in (1) and put w = pι in (2). Denote the
generating polynomial of D by g(x). Then the decomposition group
of p in Q(ξw)IQ contains the complex conjugation τ of Q(ζw)IQ, be-
cause the restriction of τ in Q(ξd)IQ is a power of the Frobenius
automorphism F of Q(ζd)IQ, as was shown in Proof of Theorem 2.
This means that any prime ideal divisor p of p in Q(ζw)IQ is invariant
under τ, and the p-component b of g(ζw), being invariant under τ,
satisfies (pe) = b1+Γ — fa2 as seen from (1). I t follows from Theorem 2
that e is even under assumption of 1), and e is assumed even for (2).
This implies in particular that g(ζw) = 0 (mod pel2). The same is true
for all divisors r Φ 1 of w, because the decomposition group of p in
Q(ζr)IQ contains the complex conjugation. We have seen that g(ζ) =
0 (mod pel2) for all wth roots of unity ζ Φ 1.

On the other hand #(1) = k is not necessarily divisible by pel2.
But we see from (2) that k{v — k) = 0 (mod pe), or at least one of
the two numbers gD(l) = k and ^*(1) = v — k is Ξ O (modpe/2). Thus,
by replacing D by Z>* if necessary, we can assume that g{ζ) = 0
(modpe/2) for all wth roots of unity ξ.

Consider the ^-generating polynomial gw{x) = Σ S 1 C(i)af of D.
Since #«,(?) = (/(?) Ξ 0 (mod ^e/2) for all wth roots of unity ζ, we can
apply Theorem 1. Thus we conclude, if d = ql1 q*/ is the prime-
power decomposition of d in (1) that
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g{i q'/Δiwq^-1) Aiwq-'r-^Jiwp-^Cii) = 0 (mod pe<2) .

Because (d, p) = 1 and because Δ{wqjtj~ι) for j = 1, , r are all
identity operators, we have Δ(wp~1)C(ί) = 0 (mod pφ) for all i. In
the case (2) the last congruence follows immediately from Theorem 1.

Now I assert that there is an i such that ^(wp'^Cii) φ 0.
Indeed, if Aiwp-^Ciϊ) — 0 for all if then we would have

Δ(wq^) Δiwq-^Δiwp-^Ciϊ) = 0

for all i, which implies, again by Theorem 1 (by taking a = 0), that
Qw(ζw) = ΰ(ζw) = 0, and n = 0 by (1), a contradiction. This applies to
the case (1), and the same argument is applies to the case (2).

We have seen that C(i + wp'1) - C(i) Ξ 0 (modpφ), but ^0 for
some i. Then it follows from (7) that

Pφ S\C(i + wp) C(i)\^
w d

for the case (1), and we have only to take d = 1 in the above for
the case (2).

COROLLARY. The decomposition field of a nontrivial difference
set cannot be real.

Proof. This follows immediately from Corollary 1 to Theorem 2
and the assertion (2) of Theorem 3.

Similarly it is proved that if there exists a (v, k, λ)-difference
set, d is a divisor Φ\ of v, p19 , ps are distinct prime divisors of
n such that Pj\d and that the decomposition fields of p5 in Q(ξd)IQ
are real, then p{12 pe

s

sl2 ^ v/d, where py are the ^-components of n.

EXAMPLE. There does not exist a difference set for/ which both
v and n are powers of the same prime. For instance (16, 6,2)-,
(64, 28,12)- and (256,120, 56)-difference sets.

REMARK. If a and m are relatively prime integers Φ0, then the
order of a (mod m) is the smallest positive integer z such that az = 1
(mod m), and is denoted by z = ordw a. Theorem 2 implies in particular
that if there exists a (v, k, λ)-difference set, and if q is an odd prime
divisor of v, p is a prime such that ordg p is even, then p is contained
in n with an even exponent. The same is true if 41 v and if ord4 p =
2 or p = — 1 (mod 4). The criterion is useful for smaller v's since
we can use the tables in [4] for orάq p, q < 1000. The assertion (1)
of Theorem 3 may be stated as: If there exists a (v, fc, λ)-difference
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set, d Φ 1 a divisor of v, and if p is a prime such that ph = —1
(mod d) for some h, then pe / 2 ^ {vjd)p~\ where pe and pι are the
p-components of n and v.

Hall [2] listed 12 choices of (v, fe, λ) such that 3 ^ fc ^ 50, fc < v/2,
for which the existence of corresponding difference sets had not been
decided by the method of multipliers. For all of these Theorem 3
establishes the non-existence very simply.

4. Difference sets with imaginary quadratic decomposition fields*
In view of Theorem 3 and its Corollary, it would be a natural step
to consider next those difference sets whose decomposition fields may
be imaginary quadratic.

THEOREM 4. Let q be a prime divisor of v such that q = —1
(mod 4), qι be the q-component of v. Assume that any prime divisor
p of n satisfies

( i ) ord, p = 0 (mod 2),
(ii) ord^ p = i qι~\q - 1), or
(iii) p = q.
If there exists a (v, k, X)-difference set D, then the Diophantine

equation

qy2 , O^x , 0 ^ 2 / ^ 4 ' x + V = ^Γ

qι Qι
has a solution.

Proof. Denote by σ a generator of the Galois group of Q{ξqί)IQ,
and by g(x) the generating polynomial of D. Denote the p-component
of g(ζqι) by bv. If p satisfies (i), then it follows from Theorem 2 and
Remark to it that bp is rational, bp = (p)e for some positive integer
e. If p satisfies (ii), then p is decomposed into a product of two
different prime ideal divisors p, pz in Q(ζqι)IQ, and the decomposition
group of p in Q(ζqι)IQ is equal to {σ2}. Thus σ2 leaves p and pτ fixed,
and so bp fixed. The last statement is true for the case (iii), too.

Summarizing we have that bf = bp for all prime divisors p of n.
This means that if we put 7 = g(ζqi) then (7)σ2 = (7), or 71~σ2 = f) is
a unit of Q(ζqι). We have ψτ = 7<1-*s><1+*> = 7(1+0(1-̂ ) == wi-σ> = ^ o r

1571 = 1. Because Q(ζqι)IQ is totally imaginary and abelian, this im-
plies that η is a root of unity in Q(ζqι), or η = εfjΊ for some y, where
ε = 1 or = — 1 .

Now I assert that ε = 1. Indeed if we put N= qι~\q — 1) then

-L — V — £ ς g ^

shows firstly that ε7^2 = ε since | N is odd, and secondly that ε is a
qιth root of unity, therefore ε = 1. Moreover if ζσ

qι = ζs

qι for an
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integer s, then the above shows also that (1 — sN),l(l — s2)j ΞΞ 0 (mod qι).
This implies that there is an integer u such that — j = (1 — s2)u
(mod qι). In fact 1 — s2 Έ£ 0 (mod q) if q Φ 3, and if q = 3 then the
3-component of 1 — s2 and 1 — sN are 3 and 3* respectively, so j = 0
(mod 3) and there is an integer u such that — j = {1 — s2)u (mod 3*).

Replace the difference set D by D + u. Then ^ = {g{ζqι)y~σ2 is
replaced by {ζu

qιg{ζqί)f-σ2 = D(1~σ2)>7 = ^Γ s 2 ) w + y = 1. Namely we can
assume that g(ζqι)

σ2 = #(£>)> by replacing Z> by Z) + u if necessary.
Then g(ζqι) = 7 is an integer of the quadratic subfield QiV^q) of
Q(ξV) and w = y1+τ is the norm of an integer 7 of Q O l / ^ ) .

More precisely there exist integers α, 6 such that 7 = α + δω,
where α> = (—1 + τ/^g)/2, so we have 4w = (2α — b)2 + qb2. Note
that g&(ξqι) = —a-bω, g-D{ζqι) = a + bωτ = a - b - bω, g-D*(ζqι) =
—α + 6 + δft), as seen from (6). Thus we can assume α Ξ> 0 and
6 ^ 0 , by replacing D by Z)*, —1>, or — D* if necessary. We know
that ω is a Gauss's sum

where α/r(i) = 1 or 0 according as i is a quadratic residue or nonresidue
of q, ζq is a suitably chosen primitive qth root of unity, and the sign
± is that of UlQ) for the j such that ζfΓ1 = ζJ

q. If gqι{x) = Σ ? ^ 1 Cίi)^'
is the g21-generating polynomial of D, then sfgz(x) — (α ± b Σί=i ^(i)^^"1*)
has a zero point x = fffi, so applying Theorem 1 (by taking α = 0),
we obtain

C(0) - α = Cfa1-1*) + δ^(i) (ΐ = 1, , g - 1) .

In particular C(0) — a = Ciq1'1) + δ = C(—g2"1). Comparing this with
(7) we find α ̂  ^~*, δ g vg"1. Note that a similar treatment on
tf-u ίS'βO — — α + δ + δω yields | a — b \ ̂  vq~\ The Theorem is now
proved by taking x ~ \ 2a — δ |, # = δ.

REMARK. The condition (ii) in Theorem 4 is the same as ord? p =

i (ί - 1) if P9" 1 Φ 1 (mod g2).

COROLLARY. / / v = gz, g δemgf α prime with q = — 1 (mod 4),
i/ an?/ prime divisor p of n has an even order or the order

i(q — 1) (mod q), pq~ι φ 1 (mod q2), then a nontrivial (v, k, X)-difference
set exists only if I = 1, q > 3, i.e., v = g > 3. In this case there
are exactly two difference sets with the parameters v = q, n = i(q + 1),
namely the set of all quadratic residues of q, and its residual set,
in the sense of similarity.

Proof. The Diophantine equation in = #2 + qy2, 0 g a;, 0 1 1 / 1 1,
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x + y ^ 2 has only one solution x = y = 1, and w = i (g + 1). Then
q > 3 from w > 1. From (4) follows that qι = v^n2 + n + l = 1/16
(g2 + 6g + 23) < g2, or Z = 1. Also if g(ζq) = a + bω as in Proof of
Theorem 4, then there are four possibilities for α, 6, of which we
have only to consider the case a = 0, δ = ± 1 such that we would
have g(ζq) = ±ω = ΣtΛ Ψ(i)ζ^ Then C(0) - C(i) - ψ(i) for i -
1, , q — 1 or C(0) = 0, C(i) = ψ(i), since C(i) and o/r(i) are non-
negative. Thus D is the set of all quadratic residues of q, and any
difference set with the parameters v — qy n = \ (q + 1) is similar
either to ΰ or to ΰ * .

In the following two Theorems, n is necessarily a square.

THEOREM 5. Let q and r be distinct prime divisors of v, qι and
rm be the q-components and r-components of v respectively, and let
q = — 1 (mod 4), (φ(qι), φ(rm)) — 2. Assume that any prime divisor
p of n satisfies one of the conditions:

( i ) orάqp = 0 (mod 2) and ordrp = 0 (mod 2), Ξ£0 (mod 4),
(ii) ordqip = iφ(qι) and orάrmp — φ(rm),
(iii) p = q and ordrm p = φ{rm).
If there exists a (v, k, xydifference set D, then there is a solution

for the Diophantine equation

4n = x2 + qy\ 0 ^ x , 0 ^ y ^ - ^ - , x + y ^ Av

qιrm qιrm

Proof. (1) Denote the generating polynonial of D by g(x) and
put w = qιrm. Then Q{ζxυ)IQ is the direct composite of Q(ζqι) and
Q{ζrm) over Q, and the Galois group of Q(ζw)IQ is generated by two
automorphisms σ and p such that σ is a generator of the Galois group
of Q(ξqι)IQ acting as an identity on Q(ζr™), and p is a generator of
the Galois group of Q{ζrm)IQ acting as an identity on Q(ξqι). Now if
p satisfies (i), then pz = — 1 (mod w) for some z, and the ̂ -component
hp of g(ξw) is rational by Theorem 2. If p satisfies (ii), then ordwp
is the LCM of ordqιp and ordrmp, which is =iφ(w) by assumption.
The decomposition field of p in Q(ξw)IQ is the quadratic field Q(ϊ/—g).
This means that any prime ideal divisor p of p in Q(ξw) is originated
in QiV^). Finally if p satisfies (iii), then p == g = q*(ffI) in Q(ξw)IQ
for the prime ideal divisor q of g in Q(ξw)IQ. The g-component bg of
g(ξw) is rational, since it is a power of q and the g-component of n
is a square by Theorem 2.

(2) Summarizing we see that for any prime divisor p of n, bp is
an ideal originated in Q(~)/—g), and so is the ideal (g(ζw)). If we put
7 = 0(fw) then T1""2 = η and 7^p = θ are units of Q(fw). Then ηι+τ =
@1+τ = 1, or 37 and 0 are roots of unity in Q{ζw), just as in Proof of
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Theorem 4. Hence ΎJ1~P is a g*th root of unity and θλ~σ2 is an r w t h
root of unity. But both are ^ T 1 1 " ^ ' 1 " ^ , and we see that rf~? =
θ1-^ = 1, or that rj is a root of unity in Q(ζqι) and θ is a root of
unity in the subfield K fixed by σ2. K is the composite of Q(ξrm) and
Q(V — q), of absolute degree 2φ(rm), and # is a root of unity in Q(ζrm)
except for the case q = 3; θ if g = 3, may be a 6r m th root of unity.
We have seen that ΎJ = εξ>, 0 = ε'ξ'm (for g ^ 3) or θ = ε ' ξ t ^ (for
# = 3), where i, j , α are integers and ε, ε' are either 1 or — 1 . Just
as in Proof of Theorem 4, we verify that e = 1, and that by replacing
D by D + urm for some u if necessary, we can assume Ύ] = 1. This
process does not affect 0, and again by replacing D by D + tcV for
some %' if necessary, we can assume also that θ = ε' (for g =£ 3) or
0 = e'ft (for q = 3).

(3) First consider q Φ 3. I assert that e' = 1. Indeed from

7i-σ* = l y 7 I - P = e> = ± i follows that τ 2 belongs to Q{V^q). If we
put O = Z[SVI, o = Z[ω], α> = ( - 1 + τ/^?)/2, then τ θ = cθ for
some ideal c of o, since 7O was originated in Q(i/—#). On the other
hand 72 e 0 and so c2 = 72o is a principal ideal of 0, which implies that
c itself is principal, because the class number of Q{V—q)9 an imaginary
quadratic field of a prime discriminant, is odd. Thus if c = τ0o, 70 e 0,
then 72 = 7o% for a unit % of Q(l/—g). Such a unit must be ± 1 .
But r]Q = —1 is screened out, since otherwise 77JΓ1 = τ/—l belongs to

> which is impossible. So % = 1 and 7 = ± 7 0 belongs to

(4) Next let q = 3. Then 72 satisfies 72(1~σ2) = 1, 72(1~p) - ξ1α. I
assert first that a = 0 (mod 3). Indeed otherwise 72 determines a
subfield if over Q(V — q) of degree 3. Note that this is possible only
for r = 1 (mod 3). Moreover K is uniquely determined as the subfield
of Q(ξw)IQ(ξB) of relative degree 3. A relative basis of integers of
K with respect to Z[ξ3] is furnished by the three integers ξ, ξ?, ξp2

where ξ = Σ^^""" 1 ?? 8 *- T h e condition (72)1"' = ξTα implies that 72

has the form 72 = ao(ξ + ζlξσ + ζfξ*2) - a0Λ, a0eZ[ζ3], where J -
ξ + fϊl0" + SI"!'2 is the Lagrange resolvent of Q(ζ,r)IQ(ξ,). It is known
that Λ1+τ = r. Thus we would have n2 — y2{1+τ) = αj+ τr, which is im-
possible because (n, r) = 1 was assumed in (i), (ii), (iii).

We have seen that 72 belongs to Q{V—3). But in fact 7 itself
belongs to QiV^S). Indeed if we put 0 = Z[ζ3], Ό = ^ [ f j , then
we know in (2) that 7© = cθ for some ideal c of 0. But c is a
principal ideal because the class number of Q(V—3) is 1. Thus we
have 7© = 70© for 70 e 0. On the other hand 72 e 0, and 72 = 72% for
some unit % of 0. η0 is a 6th root of unity, and ηl12 — 77-1 is a root
of unity in Q(ξw). This is possible only when % is a third root of
unity. This means that 7 = $ / 27 0e V^l
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(5) We have seen that 7 = g(ζw) is an integer of Q(l/—q). If
7 = a + bω, where ω = ( — 1 + V^q)\2 is the Gauss's sum, and if
9w(x) = Σ^o 1 C(i)x* then the polynomial gw(x) - (a ± b Σ?rJ f(i)xql~ir7ni)
where ψ(i) — £ ((i/q) + 1) has a zero point x = ζw, and it follows from
Theorem 1 that

C(0) - a - C(ql-Xrmi) + δf (i) - C{qιrm-λj) - CiqW^j + gι-Vmi)

for i = 1, , q — 1; j = 1, , r — 1. By comparing with (7) we see
that I a I ̂  2i;/w, | δ | ^ 2v/w;, and also | a — b \ S 2v/w by a similar
consideration on —D. Thus we have An = 471+Γ = x2 + #2/2, 0 ^ a?,
0 ^ y ^ 2vjw, x + y ^ Av/w for x = 12α — δ |, ?/ — | δ |.

COROLLARY. // m particular v — qιrm in Theorem 5, then we
have only one possibility v — 21, n = 4. D is similar to {1, 2, 4, 7,14}
or i£s residual set.

Proof. If we consider that n is a square ^ 4 , the Diophantine
equation in Theorem 5 implies x = 3, y — 1, w = 4, q = 7, v — 2λ.
We may assume α = — 1 , δ = l in Proof of Theorem 5 above. Thus

g(ξ21) = 7 = _ i + α> = _ i + ζΊ + ξ-2 + ^ f r o m w h i c h i t follows that

JD - {1, 2, 4, 7, 14}.

THEOREM 6. Let q and r be prime divisors of v such that q =
- 1 (mod 4), r = 1 (mod 4), (q/r) = — 1 αwd ίfcαί (φ(qι), φ{rm)) = 2 /or
£Ae q-component qι and the r-component rm of v. Assume that any
prime divisor p of n satisfies either (i) ordg p = 0 (mod 2) αwcί ordr p =
0 (mod 2), ^ 0 (mod 4), or (ii) ord^ p = 9?(gι) α^d ordrm 39 = φ(rm).
Then, if there exists a (v, k, X)-difference set D, there is a solution
to the Diophantine equation

An = x2 + qry2 , O g x , 0 ^ y ^ - ^ L , x + y S - ^ - - 2 .

Proof. (1) Let #(x) be the generating polynomial of D and put
w — qιrm. Then the ̂ -component bp of flf(?«,) is rational for p satisfying
(i), by Theorem 2. If p satisfies (ii) then the decomposition field of
p in Q(ζw)IQ is Q{V—qr) by the assumption. The Galois group of
Q(ζw)IQ is generated by σ and p such that σ generates the Galois
group of Q(ζqι)IQ acting as an identity on Q(ξrm), and p generates
the Galois group of Q(ζrm)IQ acting as an identity on Q(ζqι). Thus if
we put 7 = g(ξw), then η = 71-CΓp satisfies η1+τ — 1 and hence is a root
of unity in Q(ζw). Moreover we can assume rj = ± 1 by replacing Z)
by Ώ + πg* + ^Vw if necessary. By the same argument as in Proofs
of Theorems 4 and 5, it is easy to verify that 71""2 = 7x"p2 = 1. This
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means that 72 belongs to the subfield of Q{ζw)IQ fixed by {σ\ ρ\ σp),
i.e. to Q(l/—qr).

(2) I assert that 7 itself belongs to Q(λ/—qr). Indeed otherwise
Ύi-crp = ___-̂  a n ( j 7 = i ( c V / — + ^ y ^ ) for s o m e rational integers c, d

such that c = d (mod 2). Then An = 4τ1 + τ = q& + rd2, which is im-
possible since n is a square and (g/r) = — 1 by assumption. Now 7
belongs to Q{V—qr) and 7 = α + bω for some α, 6 where ω =
i(-l+ V^qr). Note that ω is the Gauss's sum Σά-Ί1 ψ(i)ζir for
^(Ό — 2 ((i/Qr) + 1) where (i/gr) is the Jacobi symbol, and ζqr is a
suitably chosen primitive grth root of unity. If we denote the ^-gener-
ating polynomial of D by gw(x), then gjx) - (α ± δ Σ ^ 1 ψ(i)xql~lrm"u)
has a zero point x = ζw. We can apply Theorm 1 by taking a — 0.
Note that the coefficients of the last polynomial are not necessarily
integers, and we must apply Theorem 1 to the twice of this polynomial,
but the conclusion is of course the same because a = 0. We have

C(0) - a -

= C{qlrm-Xj) - i - {C{qι-λrmi + qιrmj) + bψ(ri + qj))

or

C(0) - a + 1 - C{qι-WH)

™-1!) - C(qι-ιrmi + qW^j) + bψ{ri + « )

for i = 1, , <? — 1; j = 1, , r — 1. Comparing with (7) we see
that |α — 11 ^ 2v/w, |δ | ^ 2v/w, By considering D* we have also
I -a — 11 ^ 2v/w, or | α | ^ 2v/w — 1. Similarly | a - 6 | ^ {2v\w) — 1
by considering — D. Thus 4w = 471+Γ = ίc2 + g7/2, x = \2a — b\, y =
16 I, for which 0 ^ a?, 0 ^ 7/ ^ 2v/w, a? + y ^ 4^;/^ — 2.

COROLLARY. / / in particular v = gVm w Theorem 6,
r are twin primes, I = m = 1, ami ί/ie difference set D is similar

to the Stanson-Sprott difference set [5], consisting of all i such that
0 < i < qr, (i\qr) = 1 and of all multiples lying between 0 and qr — 1
0/ £Λe larger of the twin primes q, r, or to its residual set.

Proof. (1) The only solution of the Diophantine equation in
Theorem 6, for which n > 1 and (n, qr) — 1, is given by x — y = 1,
An = qr + 1. In view of the fact that n is a square, say v2, the
above is pssible only when q and r are twin primes qγ — 2v — 1,
rx = 2v + 1 in some order.

Now I assert that qr is the only value of v, which is a multiple
of qr and for which (3) has integral solutions. Indeed v =
2n + λ + w(w — l)λ~x ΞΞ 0 (mod q^) implies that λ = n (mod qj or
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X = n — 1 (mod g^, and similarly X = n (mod rt) or X = n — 1 (mod n).
Then we must have λ = n (mod g^) or λ = n — 1 (mod g^), i.e.,
X = norX = n — 1. For λ = n (mod gj and λ == n — 1 (mod rx) im-
plies that λ == n + i (n + l)q1 (mod g^) hence X > n, and similarly
λ* > n, which is impossible since λλ* = n(n — 1). We have seen that
λ + λ* = 2n — 1, v = 4w — 1 = qxrl9 i.e., Z = m = 1.

(2) Besides x — y = 1, we can even assume that a = 0, b — ± 1
in Proof of Theorem 6 in such a way that #(O = ±ω = Σ S f (i)^,
or that

(8) C(0) + 1 + Cί^i + ̂ i ) - fini + qj) = Cfoΐ) + Cί^i)

for i = 1, , ?! - 1; i = 1, .. , rx - 1. Define C*(i) - Σ?^ 1 C(ΐ + gj),
C *̂(i) — Σ ί ^ 1 C(i + rΛ) These are the coefficients of the qx- and rx-
generating polynomials of Z). Applying Theorem 2 we find that
(9qi(ζqι)) is rational and hence (gQl(ζQl)) = (y) or ^(ξ^) Ξ 0 (mod y).
By Theorem 1 it follows that C*(i) = C*(0) (mod v) for all i. Similarly
C*(j) = C*(0) (mod v) for all j . By making summations of (8) over
i = 1, , q1 — 1 or over i = 1, , n — 1 respectively we find that

= (n - lJCίrxi) + C*(0) - C(0) ,

1) + (C*(9lj) - C(Qlj)) - i (g, - 1)

= (g, - l)C(Qlj) + CM - C(0) .

Recalling rx - 1 = 0, gx - 1 = - 2 (mod v), and C*(i) Ξ C*(0), C^CJ) Ξ
C*(0) (mod v), we have that

C(nί) = C(0) (mod v) , CiqJ) = C(0) + 1 (mod v) ,

from which it follows immediately that C(0) — 0, C(qJ) — 1, C(r{i) =
0, C(ni + g '̂) = ̂ (r xi + qj) for i = 1, , qx - 1; j = 1, , rx — 1.
This means that the set JD consists of all i such that {ilqλr^ = 1 and
of all nonzero multiple of gx, the smaller of the twin primes. The
Stanson-Sprott difference set is precisely — D*.

NUMERICAL DATA. There are 373 choices of v, n such that 2 ^
n <g 50, and that (2) has a solution. In 273 of these, Theorems 2 to
6 establish the nonexistence of the corresponding difference sets, and
in 58 of these examples of the corresponding difference sets are
known. The remaining 42 case are not convered by our Theorems,
and in fact have decomposition fields of higher degrees than 2.
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