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1. Motivated in part by connections with problems in transonic
gas dynamics there has been considerable interest in equations of
the form

1.1) W — K@), + bu, + eu, + du — h =0

where d, b,¢ and h are functions of (x,t) (see here Bers [4] for a
bibliography and discussion). In particular there arises the Cauchy
problem for (1.1) in the hyperbolic region with data given on the
parabolic line ¢ = 0 (see in particular Protter [20], Conti [9], Bers [3],
Berezin [2], Hellwig [12;13], Frankl [10], Weinstein [25], Krasnov
[15; 16], Carroll [8], Germain and Bader [11], and Barancev [1]). Protter
assumes that K(t) is a monotone increasing function of ¢, K(0) = 0, and
shows that the Cauchy problem for (1.1) with initial data u(x, 0) and
(%, 0) prescribed on a finite z-interval, is correctly set (under suitable
regularity assumptions) if tb(z, t)/V/K(t) — 0 as t — 0. Thus in particular
if b = 0 the condition is automatically true. Krasnov considers generalized
solutions and the equation

0 ou ou ou
1.2 U —)7—-< ; > b, —— — +du=h.
(1.2) W g By ) T e

Again the presence of first order terms b, complicates the matter and
(as with Protter for K(t) ~ t*) it is assumed that b, = O(t**'B(t))

where B(t) — 0 (additional assumptions are also made). Krasnov supposes
a—1+38,

Ya;,EE, = ct*IE with b/t P e L? (8, >0 is a number for which bounds

a+1+8

are determined in the proof) and finds solutions w such that w,/¢ -

€ I’ and umi/tkzﬂ e L*. Thus the growth of h appears to play an im-
portant role in determining a solution in this more general equation
(1.2). Slightly more general degeneracies for Ja,.£:&, are mentioned
by Krasnov but always in some comparison to a power of £.

It is one of the aims of the present paper to give a more precise
estimate of the allowable degeneracy in relation to the growth of &
and to give estimates for the solution. In particular we will not require
that K(t) be monotone. For simplicity we omit here first order terms
in Ou/ox;; this will be dealt with, in an abstract framework, in a
subsequent article. A summary of some of the present work was
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given in [8]. We remark that an operational treatment of the type
of degenerate problems considered by Tersenov [24] and Hu Hsien
Sun [14] is also contemplated (this involves an equation of the form
K(t)w,, — u,, + dbu, + eu, + du — h = 0 with data given for £ = 0). As
indicated above our results generalize in certain respects those of
Krasnov, however the methods employed here are quite different; for
example Krasnov relies heavily on a Galerkin type method for existence
whereas we employ an energy method based on work of Lions [17].
Further generalizations in our framework are clearly possible (see [16]).

2. Following Lions (see [18] for an extensive bibliography and
treatment of operational differential equations) we reformulate (1.2)
as follows. Let V and H, VCH, be Hilbert spaces, V dense in H,
with the topology of V being finer than that induced by H.* The
norms in V and H are denoted by || || and | | respectively. Let
(u, v) — a(t, u, v) be a continuous sesquilinear form on V x V for ¢ fixed,
0=t<b< o, with a(t, u, v)=a(t, v, u). Assume that t—a(t, u, v) € C*[0, b]
for (u, v) fixed. We recall (see [18]) that the form a(t, u, v) defines an
unbounded operator A(t): D(A(t)) — H by defining D(A(t)) to be the
set of we€ V such that v —a(t,u,v) is continuous on V in the topology
of H. Then we can write for w € D(A(Y)), (A®t)u, v)= a(t, u, v) for ve V.
Now let {B(t)} be a family of bounded Hermitian operators in H with
t—B(t) e £ (< H, H)) (here & ™G) is the space of m-times continuously
differentiable functions of ¢ with values in G and £(H, H) is the
space of continuous linear maps H— H with the topology of simple
convergence—see [5]).

Let now 4 >0 be a numerical function with 41 as t—0,
4 € C%0,b]. Here + does not necessarily approach . We assume ¢
is another numerical function such that ¢ > 0 on (0, b] with ¢ — 0 as
t— 0 (in what follows all limits such as ¢ — 0 will refer to t— 0).
Let f be given such that +.fe L*(H) (for the spaces L?(H) and the
integration of vector valued functions see [6;7]). We assume g € C*(0, b].
Let # be the Hilbert space of functions u on [0, s] such that u(0) =
0, vu' € L*(H), and wu e L(V) with

(2.1) i, = { Qloull + 1vut) dt

(w is a numerical function to be determined, w > 0, @ — ). Here
all derivatives are taken in the sense of vector valued distributions in
'(H)(see [23]) and .# may be proved complete by standard arguments.
Let now 257, be the space of functions » which satisfy h(s) =0,
ki€ LX(H), b'[4 € L*(H), and qhjwe L*(V). Set

* H is also assumed to be separable for simplicity in a later argument; this condi-
tion is not necessary however.
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@2 Bh =t u b + Bew, b — @, vt
and define
2.3) L.(h) = g( £, hydt .

We note that (2.2) and (2.3) are well defined for ue &, he 57, and
f as described. Thus assume o as indicated has been given; then we pose

Problem 1. Find s and u € & such that for all ke 57
(2.4) E,(u, h) = L,(h) .

Naturally we wish to find the best @ in some sense when posing
problem 1. Here best will be left vague for the present in remarking
only that @ furnishes a measure of how rapidly the solution » tends
to 0 as t—0. We define now .5 to be the space of functions k&

such that k = Stcphdé for h e 57, where @ is a numerical function to
0

be determined (in general @ C’[0,8],2 >0 on (0,s], and —0 as

t—0). Clearly ¥’ = ok and thus k'/@py = h/y € L*(H). For suitable

choice of the numerical function 6 > 0,0 — o, we define 9, as a
prehilbert space with norm

. . 8 . kl 2
(2.5) 1kl =\ {uomty + | L[ }a
LEMMA 1. Define v = @/q and assume
(i) py*e L~
(i)yw=o

(i) w**e L'
t
(iv) o? S odge L' with o, q, 0, 4, 0 € C°%0, s] all positive on (0, s].
(]
Then .9¢,C % algebraically and topologically.

Proof. The following estimates are straightforward

(2.6) k'] = Wk ‘<cl;«;r
@D foklr = || L wond| l = | wroae|

Thus by (2.7) for ke . %% and ¢ satisfying the hypotheses we have
‘ [0k |[*dE < oo; also by (2.6) and the fact w =< 4 it follows that ||k, =
Jo

¢||kllog,» From (2.7) we obtain also the result that [|[k|*— 0 as ¢ —0
which proves that in fact o7 c #.
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LEMMA 2. Assume (1)-(iv) and
t
) I/vS wvidge L*
0
(vi) o'y*elL”
(vii) 1/vo*e L~
(viii) —(/v) 1/o*e L=, v = 0. Assume also that a(t, u, u) = « ||ulpP,
then

2.8) QReE,(k, k) = S:H%H” {~a<%) 1_ i} dt

0? 0*
! ;%—! [Py — 28py?) dt

where, for k = Stqnhdf, E(u, k) = E(u, h).
0

Proof. Formally we have
(2.9) 2ReE,(k, k) = %a(t, k, k) ’ - S:{(%)'a(t, k, k) — (%) @', k, k)} dt}

+ 2Reg’l(3k', eyt — o |hlt| +
0¢ 0

Sagv’ |hJdt .
0

Noting that lim@ |h* =lim1/@ |k’ |* = 6* = 0 will exist if all the other
terms make sense we have

(2.10) % alt, b k) < <[k [P < < S:wzvzd;ﬁS:l I%l "ds

which vanishes ‘as t — 0. Note by the Banach Steinhaus theorem it
follows that (see [18])

(2.11) |a(t, u, h)| = cllull || h]|
(2.12) |a'(t, w, B)| = c)f|ul|l || R

[ 1 , , 8 kl 2 . o
(2.13) lSo;(Bk,k)dt' éBSOIEﬂ Pyt < oo
Moreover under the hypotheses above

* @' ’2 2

(2.14) Sozpﬂk Pdt = Ssv«/r
(2.15) ]S a'(t, k, k)dt‘ < cls - |lok|Pdt <o

(2.16) — So(_g) alt, k, k)dt < cS — (%) %_ (15K |fdt < oo
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Thus (2.9) is valid and (2.8) follows.

The formula (2.8) indicates the properties desired of 6 and @ in
order to obtain an estimate ReE,(k, k) = 2||k|[},, thus enabling us to
apply the Lions projection theorem (see [18]). We will give here a
natural choice for 0, @ ete. without seeking the best possible result.
To this end set

1 _ (" dE
(2.17) @ =20 go? .
Then @ € C'[0, b], »—0, and since + is monotone /@’ = q;rzstdf/w < Nt.

Hence @y = ¢p/®’' — 0 also and thus 1/@y — . Next lét R 0 be
a constant and

(2.18) _<‘117>}3}2' =Rv= [51 + Sl;Razds]

where 6, > 0 is determined by v(s). Thus v — 0 corresponds to o ¢ L*
and in any case, noting v = Rv%?,

e19) Ll = L{vae = L1210

3, + | Rovde
v R u(t) ] =g _‘L_

Bl 5+ ESRBZd{;
N 0

(This shows that Sta)zvzdfg‘ < « and that 1/v S:aﬂv?d.f =< M. The last
term in (2.19) is takén to be zeroif § ¢ L? or v(0) =0, and v(0)/v(t) is seen
to be bounded by one in all other cases.) Thus (i), (ii) (by assumption),
(iii), (v), (vi), and (viii) hold. Also the ¢'y* term dominates in the
second integral of (2.8) for s small. Now for (vii) we note that 1/vd* =
/)R and v' = (@/q)’; thus

(2.20) ”_':&'_q,’zi'[l_q’w“y_@%].
v 9 @ g by

If we assume for example that (¢'v?/q) Stol‘f/«k2 =<1 —¢ for t small

then v'[v = €,9'[/p — o« gince @, 9" > 0 on 20, b] and @/’ — 0. In any
case if v'/v — o then v/v" — 0 and 1/vé*— 0 which means not only
that (vii) holds but that the —a(1/v) 1/6* term dominates in the first
integral of (2.8) for s small. Note here that  and hence v are defined
on [0, b] independently of s by say (2.17) whereas (2.18) determines 6*
on any interval (0, s] for v given. Finally with regard to (iv) there
are various hypotheses on @w and v which would work but we assume
simply that

(2.21) w="_,0<e<1
v
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Then if say ve C"[0, b]

| (lorwag) de = {5 (ae) a

1 LY 1
R + o) S = Rl +¢) ©

(2.22)

It should be noted that v € C"[0, b] now implies that @ < ¢d since w?*/6* =
Rv* and this would be a condition equivalent to (ii). We remark that

v — 0 implies w ¢ L? since st’df = Ssv'/vz‘*dé = 0(1/v*"%). This proves
t t

LeMMA 3. Assume a(t, u, u) = al|u|f’, v'/v— o, ve CY0, d], ®* =
VT, o = cS d&/y*, and v =1/0, + S Ro*de. Then o = c¢d and (i),
(iii)—(viii) hold with ReE(k, k) = Qllkll% for s sufficiently small.

Using the above lemmas and the Lions projection theorem (see [18])
there results

THEOREM 1. Under the hypotheses of Lemma 3 and the conditions
on a(t, u, v), B(t) stipulated above there exist functions w (w¢ L if
v — 0) such that for s small problem 1 has a solution.

Proof. We need only check that the map u — E,(u, k): & — C is
continuous for ke . 2% fixed and that the map k— L, (k) = L,(h):
9, — C is continuous. This verification is immediate.

Now since ¢ > 0 on (0, b] we can treat qa(t, u, v) as a nondegenerate
form on say [s/2, b] and apply Lions’ results for such problems (see
[17; 18]). We want to solve

Problem 2. Find ue % such that Ey(u, h) = L,(h) for all he 5%.

Thus suppose the problem has been solved for [0, s], that is suppose
problem 1 has been solved with solution u,. Then following [17] let
peC* with p=1 on [0,2/83s] and p =0 in a neighborhood of s. Set
U, = % — Pu,; then u, = 0 on [0, 2/3 s] and 4, = u for ¢t = s. The problem
2 for u becomes

2.23) By, b) = S:( 7, bydt — S:p'[(Bul, k) + (u, Byl

— {'taatt, w, 1) + (But, ph) — (u, (ohY )yt .
Now if he 57 we see that phe 57; hence
@.24)  Eyus, b) = S:(f, h— o)t — | (Bus, b) + (), )} .

In particular we see that everything vanishes on say [0, s/2]; hence
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we pose the Cauchy problem with initial data given at s/2 as follows.
Let #,,,, be the space of u such that wue L’(v) and yu' e L(H) on
[s/2, s/2 + s;] with u(s/2) = 0. The space 5#,, corresponding to 57,
is defined similarly on [s/2, s/2 + s,]. We extend w and 6 to be constant
on [s, b]; then since , w, d etc. are positive and continuous we may
define say F,,,,, in terms of e Ly(V) and w’' € L(H). Let E,,, denote
the terms in E, integrated over [s/2, s/2 + sll’ and denote the right

side of (2.24) integrated from s/2 to s/2 + s; by IN,,,,2 s (h). Then consider

~

Problem 3. Find u,e.7,, such that E,,, (u, h) = L,p, (k) for
all he 27,5,

Problem 3 has a (unique) solution for s, sufficiently small by [17]
and the above extension procedure may be repeated in steps of length
8,/2. Thus w will eventually be determined on [0, b] satisfying problem
2. Hence

THEOREM 2. Under the hypotheses of Theorem 1 there exists a
solution of problem 2. '

3. Suppose now that E,(u,h)=0 for all hesz,. Let h=
—S‘Judg, W = Ju, J— . Then
t

LEMMA 4. Assume

@) T depye Lt

(b) Jloy e L

) Jﬂ/aﬂg:(qz/wz) decL'. Then he o7, if ue Zand h = — S:Judg.

Proof. Clearly b'[yr=(J|w)wu € L*(V)(hence certainly 2’/ € L*(H))
and h(s) = 0; also

o [A =}

‘s (L Lnoude) s L de [llouiras
"

3.2) S

lh' )ng < S L <S J dg)dt S“nwunﬁdg :

@ 0 W t @ 0

Using the Fubini and Tonelli theorems (see e.g. [19]) the lemma follows.

We note now explicitly the fact that if we L*(H) and %’ € L*(H)

(w' taken in =’(H) on (0, s)) then u may be identified with a continuous

function and %(0) = 0 makes sense. Indeed for u, determined almost

everywhere, we see that ' e L'(H) on [0, s] and clearly D% = ' in
t

<'(H) where % = S w'dee £(H) (see [23]). Thus D(#& — u) =0 and
0

by [21] for any he H, (& — u,h) =¢, in &2’. Hence (& — u, h) = ¢,
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almost everywhere as a function and thus « may be identified scalarly

with the continuous function #. Since H is separable we may then

identify # with a continuous function and #(0) = 0 is meaningful (see
t

[23], [22]). Hence u = #% follows. Thus setting u = S wdg, h = —S:h’dé
33) 1 )=~ e, e

s Y[y = 2 [ v + |2

gl;’{g (s — t) |y’ [ dE + ts |~| an} .

Thus (#, k) = 0 at ¢ = 0 and we note that (Bu h)dt = ——S (B'u, h)dt —
S (Bu, b')dt. Hence FE,(u,h) =0 becomes, with & as above
0

3.4) SO{% alt, i, h) — (B'w, h) — J(Bu, u) — J@, u)} dt = 0.

Set now §* = lim ¢/J a(t, h, h) which will exist if everything else makes
sense in the following. Then we have

LEMMAe 5. Assume (a)-(c) from Lemma 4 and

@) Jgodg/w e L~

(e) —J'|w*eL~; J' <0

() Jo oo; S —0

(g) (9/I)Y[(qlJ)— . Then if h = ~83Jud§, ue 7, and if a(t,h,h) =
al||h|? it follows that ‘

09 [fo(3) £ -u(2) 2} |2

e [

Proof. By (d) we have
2 Yo AE Y daE 2
< ad —0
Tt = ([ w1 L) < 7| L5 | 1vwrde
whereas from (e) there results —J'|u[* = —J'/w*|wu|*€ L'. Next by

(f) and (e) it follows that lim Jg/w? = lim (J/—J') (—J'q/®’) = 0; hence
Jglw*e L~ and

@6 (L) niede = [(L) ((Tlulae) o

= [(4) (1, 5 cenonir ae)ac = ([ i ae) [ S ae




SOME DEGENERATE CAUCHY PROBLEMS 479

Note here g/J—0 and g/J = S”(q/J)' dg; also by (g) surely | ¢/J || 1| d& <

w. Now by (f) it follows that J|u|* = (JJJ") J'|ueL* and finally
we remark that

60 |2re[ (B nyde|< B[ |70 (uor + @ deat
< e (&Lt + [ 2 or ).

Here the Jt/w* term makes sense since Jt/w* = (J|—J')(—J't/w*) — 0
by (e) and (f). Then we note that

o V.79 = () (27 (7))

but by 1’ Hospital’s rule lim 1/J Sstf = lim J/—J* = 0 (here note that
t
J' #0,J+# 0 for ¢t > 0). Hence we may write

3.8) g + S{(7> alt, h, h) +< Lyae, b, h)} dt

+ 2Reg’(3'u, h)dt + 2Res J(Bu, w)dt
0 0
. S’J'|u|2 dt + Jlu(s) =0 .
0

The lemma follows immediately.
Now let @* = v'/v* as before and consider the following choice
for the function J

(3.9) J=j+|ods L=
t [0}

It follows that (e) holds (we assume w, v ete. are as before) and since
v = @[q (d) is a consequence of the fact that

(3.10) S ’déS 77<c§DSb‘2d§—-c¢S (i)d_g

=¢% [fv(lt) v(ls)] R [q( ) — o) q((Z; ]

Note now that with the above choice of w we can write J in the

form J=j+¢ S V[t dE =7 — (¢[1 —¢€) (A/v(s))~t + (¢/1 — &) (1/v(t)).
t

If j is taken to be 7 = (¢/1 — ¢€) (1/v(s))'® then

e N ar=C)

Thus if v/+' — 0 then J/—J’ — 0. Moreover since @’ = (v'[v) (1/v)'™® it
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follows that @ — o if v — 0 and v/v' — o and also by (8.11) J—
if v— 0. Hence if v'/v — o and v — 0 then (f) holds and @ — .

Consider now condition (a); using (d) we have J*/®* ‘df/w <c¢Jlw*=
0
—¢éc J|J' — 0 which implies (a). For (¢) we note

0 (2 (Gt

_ S{a + 246 2djz+< SdeéE)a}(S:Z)—ZdE)dt‘

However 1/ Ssaﬁd‘g‘ = vy g’v'/vﬂ—e dg = (11 — &) {v)v/ — ¢jw?} and if
i t

v/v' — 0 and @ — o it follows that the first two integrals in (3.12)

exist. The last integral in (3.12) is bounded by

o [ Vorae ] [1ovae [ G-

The first term in the integrand vanishes as ¢ — 0 by the above remarks
and using 1’ Hospital’s rule on the second term we note that

lim g a)zdég dnjw?* = lim (Ss wdE ’ ®* which is zero by the above (note

here if we L* (3.12) is seen immediately to exist and no recourse to
the preceding argument is intended). Thus if v'/v —> «© and ®w — «
(c) surely holds.

Now since J/wy = (¢[]1 — €) 1wy~ it follows that (b) holds if
W V*% > [y or (V'[v)e > c[y®. It is not necessary that v | o« in general;
when v — 0 (b) will hold if v > ¢/¥*. Thus (b) holds if v — 0 and

(3.18) 1- (L) :’lf > &q

since v = @’'[q — 9q'[q* and @ = € Std{f‘/n}ﬂ In particular (3.13) holds
if for example (v¥%¢’/q) S dé[y* =<1 —¢, since ¢—0 (see here also
equation (2.20)). This proves

LeMMA 6. Assume (h) (¢'v*q) S‘dé/qjﬁ <1 —¢ fort small. Then
of J = (61 —e)1jv' (J' = —iw?) and v— 0 it Sfollows that v'[v — oo
and (a)-(f) hold.

We recall that @ and v are defined independently of s (see (2.17))
and our constructions and proofs have shown that for ¢ small
enough the (¢q/J) w¥q® and —J'/w® terms will dominate in the first
and second integrals respectively of (3.5). It remains to check only
a few terms in order to see whether by suitable choice of s thig
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domination prevails over [0, s]. Now by (3.11) J/J’ is independent of
s as is J/w? (indeed a priori ®* and ¢* depend only on v). Now since
—J' = ¢w* > 0 we have J monotone decreasing and clearly

1

55 S JEdE<s—t<b.

Hence referring to the proof of Lemma 5 we can establish domination
over an interval [0, s] in the second integral of (3.5). There remains
the (q/J) term for which we may write

(5
3.14 — l1—¢)—=-"1—¢|1l—-""|r,
(3.14) ( 7 ) p Ly ) s g
J
Thus in particular the ratio in (3.14) is a priori independent of s and

the desired domination may be obtained on an interval [0, s] by choosing
s sufficiently small. Thus we have proved

LeEMMA 7. If the hypotheses of Lemma 6 hold and (g) is true it
Jollows that for suitably small s, S low*dt < 0.
0

Clearly the condition (h) in Lemma 6 is much stronger than is
necessary but it gives a manageable criterion. We note now that if
q' = 0 then by (h) ¢, < [1 — ¢'?/gp’] <1 and from (8.14) it results that
@qJ)@lJ) = (1 — &) p'|/p — . Thus if q is monotone, for any ¢, 0 <
£ <1, (g) is a consequence of (h). Another case of interest would be
if 1—qolqp’ =<@Q; then if ¢ <1/Q (g) holds. A somewhat better
result may be obtained as follows. We note that

g _ gy’ S‘ ¢ _ (loqq)

q@’ q Jovy* (10q S dé)

Then assume that @ = lim (¢’v?*/q) Snclé/«/r2 exists as ¢t —0. We note
0
that the conditions needed to apply 1’Hospital’s rule hold and thus @ =
lim log gq/loq S dé/y*. Therefore for ¢ small (h) implies that
0

t dg
logg/log) == <1—¢,, 0<e<e5¢.
0 At
But for ¢ small the logarithms are negative and thus log ¢ =

loq<gtd§/"lf2>1—52 or ¢ = <Std§/"lf2>l—€2 = cp'~=.  Conversely if ¢q = cp'™
0 0
and if Q = lim ¢’p/qp’ exists then @ < 1 — ¢, for some &, 0 < & < &,
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Hence if @ exists as defined and g = ¢®'~*2 then (h) holds and moreover
v = @lqg £ Plep*™ = (1/c)Pp* — 0. We note that by construction if @
exists then @ = lim loq ¢/loq S d&[y* = 0; hence ¢[1 — ¢'p/qp'] < e(1 + &,)
for ¢t small enough and ¢, >0 ga“iven. Choose now ¢, such that (1 +¢,)<1
or ¢ < (1 — ¢)/e then from (3.14) (¢/J)'[(q/J) = ¢®'|® for t small. This
proves

THEOREM 3. Assume Q = lim (¢'v?*/q) S d&|y* exists and that q =
<S dé/a,lr’) ,0<¢e <1. Then (h) holds, v— 0, and (q/J)/(g/J) — o for
= ¢/v*"® as above. Hence for s small enough the solution of problem

1 18 unique.
Again using [17] we conclude

THEOREM 4. Assume a(t, u, u) = a ||u|l’, t — a(t, u, v) € C*[0, b], ¢t —
B(t) e £(<(H, H)), a(t, u, v) = a(t, v, u), g€ C*(0,b],q >0 for t >0,
qg—0 as t—0,veC°(0,0],v>0,v1 as t—0,yfecl¥(H),q=
(S dE[? ) 0<e <), and Q =lim (¢’ «W/q)gt d&[4* exists. Then there
exists a unique solution of problem 2 for spaces %, 57, based on
Sfunctions w ¢ L* (w e C° (0, b]).

We note now that if @ + 0 then ¢’ < 0 for ¢ small is not possible.
Moreover if log g/log S:dg/w =¢e >0 then ¢ = (S:dél«;ﬂ)u and we may
assume ¢, <1 since if g < ¥, 7 =0,v— 0, theng < v* forany ¢, <1
when t is small. In fact ¢, < 1 is necessary if we are to have q =
cp' ™ and thus the case @ # 0 with ¢ = (Scdé/«/ﬂ)l_gz amounts to an
estimate of the form (S:dg/w)l_” <g¢< (S:dg‘}w)“, 0<e, <1l6+ex=
1. Finally we remark that under the hypotheses of Theorem 4 if
lim ¢’y exists then by I’Hospital’s rule limg¢'¢* = lim q/ Stdf/nﬁ2 =
lim é /¢ = . This implies that | « if ¢’ is bounded but na case
such as ¢ = %, 4 | o is not required.

4, Let now ﬁff, be the complet;.\ion of 97, for the norm || ||=.
Then we may pose problem 1 for .9, instead of & (call this problem
1) and repeating the procedures of §§ 2 and 3 there will exist a function
% E j‘z“ solving problem 1’ if s is small enough. It may be easily seen
that the elements adjoined to ., by completion correspond to functions
k such that BIEGL”(V), k' |pyr € LA(H), and 13(0) = 0. Moreover the
injection %: .94, — % may be extended by continuity to a continuous
map 1: 5% — Z,.

LEMMA 8. .57 C.Z algebraically and topologically.
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Proof. We need only show after the above remarks, that 7 is an
injection. Let k, — kin L%{,, k,e 2%, and assume that i(k,) =k, —0=
1(k). We want to show that ¥ =0 in % First k, = i(k,)— 0 in
%, means in particular that wk, — 0 in L*(V). Hence (see [6], p. 133)
there is a subsequence ||wk,,|[’— 0 almost everywhere. Therefore
|[0k,,||* — 0 almost everywhere and by the assumption %, —Fk in 2%
we know ok,, — ok in LX(V). Theorefore we must have (see [6], p. 133
again) ok,, — 0 in LXV), and 0k = 0 in LA(V) (s1m11arly k'py =0 in
Lz(H)), thus in particular £ = 0 which shows that z(k) = 0 implies
k=o.

Let now # € % be the solution of problem 1’ above. Then @€ Z
by Lemma 8 and by the uniqueness Theorem 3 we must have % = u
for s small where u is the solution of problem 1. Hence

THEOREM 5. Let the hypotheses of Theorem 4 hold. Then there
exists a unique solution w of problem 2 which belongs to 7%.

Now consider the proof of the Lions projection theorem given say
in [17] (see also [18]). We have ReE’(lc k) = .QHkHA for ke .o
and wish to solve E,(u, k) = L,(k) for uwe 5% (the equatlon holding for
allke 2). Then we write, following Lions, L,(k) = ((, k))% L€ %,
and E,(u, k) = ((u, Lk))%g Lke 9%,. Here L: 9% — % is a densely
defined linear operator in % But ke o

4.1) 21kl%, < 1k, L)z, | < 1klig, | Lkliz,

which implies L is one-to-one. Moreover if R, = L(.9%;) then L™ is
a bounded operator on R, and may be extended by continuity to £,
deﬁmng LR, — % LetP: 5% — R, be the projection and set R=
L—P which is thus everywhere defined and continuous on % Then
we want to find w such that ((u, Lk)) = ((x, L Lk)) = ((x, RLk)) =
((R*yx, Lk)) for all ke 2%, Thus a solution is w = R*y and by the
subsequent uniqueness result v = R*y is the only solution. Using this
sketch of the proof of the projection theorem we can bound w. Indeed
lulls, = 1R*Xlg, = cllxllg, since B* is bounded. Moreover

1 iyl = || (s, —’:{:)dt} = (Vwsras |, &

B ([rwrrae (iowrar)” = ([lwreae) “lielg, = Filklg, -

This means (Isee [5], p. 111) since . %%, is dense in L%{ that ||[x||= F =
8 1/2

(S |f |2dt> . Therefore we have proved
0

THEOREM 6. Under the hypotheses of Theorem 4 and for s suf-
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fictently small the (un/'ique) solution of problem 1 satisfies the estimate
lulig, < o 1w at)”.

The estimate can clearly be extended to [0, b] which given

COROLLARY. Under the hypotheses of Theorem 6 the un'i(%ue solution
b 1/2
of problem 2 satisfies the estimate ||ullg, = c<§ (f Pdt) .
- 0
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