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Let K be an arbitrary algebraic number field. We denote by =
the degree of K, by f an arbitrary ideal of K, by p, @, r prime ideals
of K, by p(a) the Moebius function of the ideal a of K, by Na the
norm of a, by (a, f) the greatest common divisor of a and 7, and by
h(f) the number of ideal classes H mod f. It is known that

A, f): = 3 1=1(f) + B, 1), R, £) = 0@ "),
(1) (a,f)=1 1
v(f):aﬂ@—m) (@ = a(K) > 0) .

According to [1], the proof of the generalized Selberg formula
for ideal classes H mod f in K:

2 S lg'Np+ 3 logNplogNg=-2sloga+ O@)
Npsz Npgsz h(f)

p€ Hmcdf p@ € Hmodf
can be reduced to

Ma) s L 2 1
3) = " Na log Na W(f)longrO(),

(a,f=1

and (3) is established directly in {1]. First, we generalize (3):

THEOREM 1. Let r > 1 be a rational integer; then

D) 1o T — T o = £) log* .
(5%:1 Na 0% w7, e og och;1 c(r, ) log'z + 0Q1) ;

the constants c,(r, f) resp. the constant in O(1) depends on K, r,t,f
resp. K, r, f only.

The formula

1 forf=1,
ZMD =10 gor 1

yields

LemMMA 1. Let f(x) be a complex valued function (x = 1); then
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o@): = 3 f(NLa) implies f@) = % a) g(—N”%).

Using the Euler summation formula, we find

“@ > 1 log"™'m = 1 log"x + a, + O(—l- log™* x> (r integer, >1).
m r 2

msz

Because of
s L ojogt Na= S (Am, £) — A(m — 1, 1)) L log™'m |
Ao Na = m

(1) and (4) imply

5) s L 1ogi Na = %f) log”  + b.(f) + O(@" log" )
g Ve
(r>1);

the constants b.(f) depend on K, r, f only. Because of

€T 1-1/n B T
5 () g
Nasz a

(a.f)=1

= 3 (A(m, f) — A(m — 1, f)) (%)1"”” logrt &

m=sz m

(1) implies

1-1/n
6 = log' —¥_ = O() .
© i, () e g =0

By the binomial theorem and

Bew (et

(5) yields

1 log™* 2

ggzgzl Na Na

(a.f)=

(7) r—1
=) 1og 5 + S d(r, £)log® z + O(w'" log™ ) ;
r s=0

the constants d,(r, f) depend on K, s, r, f only.

As shown in [1],

8 _F‘(L):01, 2D 100 T 0(1) .
® (N.%)gﬁl Na g (clzv%:I Na ¢ Na )
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Proof of Theorem 1. By (8), Theorem 1 is correct for r = 2.
Suppose r > 2 and

HMa)y . T
9 N{f-‘);, Na log® N an(s f)log'z + OQ1) 1<s<7r).

{a,f)

In Lemma 1, let f(x): = x log" ' x; then

1 x
) =2 >, logm*
9(=) Hazs Na € Na

- ’YI(rf) xlog"x + x El d,(r, f)log® x + O(xlqln log™ ) ,

by (7). Lemma 1, (10), (9), (6), and (8) imply

1 v(fye, ., = z S s X
xlogrtex = Né ﬂ(a)( log Na + Na s;,ds(fr, f) log Na

(a,f)=

+ 0((7%,—)1_”” g™ 7))

=M 5 Biog 245 4,0, NS e, ) log' s + 0@)
a s=3 t=1

r Nasz Na
let

e, f): = — (f) :Z,;d(r £) eds, ) (t=1,2, -, r—2).

This proves Theorem 1.
The fact that

¢oi(s, F) = ( 7

was not used in the preceding proof.
Now we derive two consequences of (2). The well-known relation
(Landau (1903))

T(x): = N}_;, log Np = O(x)

implies

11 T(w,Hmod f): = 3, log Np = O(x)
Pegmﬁdf

By

> log’Np = 3, (T(m, Hmod ) — T(m — 1, Hmod f)) log m ,
Np=z mEz
P E Hmodf



690 G. J. RIEGER

(11) gives
a2 >, log*Np = T'(x, Hmod ) log  + O(x) .

Np=«zx
PE Hmodf

According to Landau (1903), we have

(13) sy = 3 8NP 0044 0(1) .
¥psz  Np

Using

s lo%v Np _ s (S(m) — S(m — 1)) logm
N =z p msx

(13) implies

(14) 5, el

1 1502
22 " Np 5 log* ¢ + O(log %) .

LEMMA 2. We have

S log? Np log Ng = 1°§ ® 5 log Nplog Ng + O log @) .

Npg=z Npg=zzx
pPQE Hmodf pg€ Hmodf

Proof. Denote by H(q) mod f the class of all ideals a of K with
ag € Hmod f; then (12), (13) and the definition of 7T(x, Hmod f) in
(11) give

Npass Ngsz
PYE Hmods (g,f)=1

log*Np log Nq = log N (T(-2  H d f) log -2
S, log’Nplog Ng = 3, log q( (Nq, (g) mo )oqu

= 3, log Nglog Np (log z — log Ng)

Npg=z
DPIE Hmodf

4+ O(x log ) .
This proves Lemma 2.

TurorREM 2. We have

loge >, logNplogNg+ 2 3 log Nplog Nqlog Nr
Npg=z Npgrsz
rQ€E€ Hmodf PQErHmodf

2%
k()

log? ® + O(z log )

where the constant in the remainder term depends on K and f only.

Proof. We write (2) for /Nr and H(r) mod f instead of % and



SOME THEOREMS ON PRIME IDEALS IN ALGEBRAIC NUMBER FIELDS 691

Hmod 7, multiply by log Nr, and take summation over all prime ideals
r with (, f) =1 and Nr < x. By (13) and (14), we find

St log Nplog Nr+ 3,  log Nplog Nglog Nr

Nprz Npgrsu
pre Hmodf pgre Amodf

h(f) —_log*x + O(x log x) .

The application of Lemma 2 completes the proof.

THEOREM 3. If

Np=z  Np
PEHymodf
Jor the principal class H, mod f, then
1 2
— 5, log’ Np— ( — o)
X Np=x
PE Hmodf

for all h(f) classes Hmod 7.

Proof. Suppose
>, log’ Np = O()

Np=x
pe IIlmodf

for a certain ideal class A, mod #. Then (2) implies

(15) >, log Nplog Nqg = ———x log  + O(z) ,
ke 1(F)

pgc€ Hymodf
and Theorem 2 gives

(16) >, log Nplog Nqlog Nr = O(x log ) .
pqlryglg.lxénf)df

By (15) and (13), we get
> log Nplog Nglog Nr= >, logNp 3>, logNglogNr

Npgr=z Np=2 Ngr=z/Np
par€ Hymodf P E Hymodf gr€ Hymodf
2 x x
— % log Np< —log <7+ 0( ))
17 LS nf) N, Np Np
2 log Np log
O(x 1
) Jop, Np Np + O(x log )

— wlogx log Nb | o1
h(f) Np%\/x— No + O(z log %) .

PE Homodf £

(17) and (16) imply the contradiction
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Jog Np _ o1y,

¥p=vz  Np
p€ Hymodf

and Theorem 8 is proved.
The special case of Theorem 3 for the rational number field was
treated in [2].
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