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SOME THEOREMS ON PRIME IDEALS

IN ALGEBRAIC NUMBER FIELDS

G. J. RlEGEB

Let K be an arbitrary algebraic number field. We denote by n
the degree of K, by / an arbitrary ideal of K, by p, q, r prime ideals
of K, by μia) the Moebius function of the ideal a of Kf by Na the
norm of α, by (α, /) the greatest common divisor of a and /, and by
hif) the number of ideal classes H mod /. It is known that

Airy* ~{'\* — \ ^ 1 rv("f\fVt I 7?//V ~f\ ~π(/Yt T\ ι ) l / ¥* ̂ •ln\
ĵLleΛ/ / 1. / j JL / \ l ItΛ/ \~ J-l/\tΛ/f I I. J.K/\t\s j I t \Sytlu J j

j(f) = a Π f 1 - 4r) (a = aW > °)
p\f \ JNp '

According to [l], the proof of the generalized Selberg formula
for ideal classes H mod f in K:

(2) Σ log2 Np + Σ log Np log Nq - -A- x log x + O(x)

can be reduced to

(3) Σ ^ l o g ^ | ^
Na Na j(f)(α,r) = l

and (3) is established directly in [1], First, we generalize (3):

THEOREM 1. Let r > 1 be a rational integer; then

-^~ = ^— log'-'x + Σ ct(r, f) log'a? + 0(1)
^ Na y(f) «=i

the constants ct(r, f) resp. the constant in 0(1) depends on K, r, t, f
resp. K, r, f only.

The formula
fl for / = 1 ,

yields

LEMMA 1. Let fix) be a complex valued function (x Ξ> 1); then

Received July. 20, 1962. This work was supported by the National Science Foundation
grant G-16305 to Purdue University.



688 G. J. RIEGER

0(aO:= Σ / ( - # - ) implies f(x)= Σ μ(a) g(-£-) .

Using the Euler summation formula, we find

(4) Σ — logr~2 m = — logr a; + ar + θf— log7-1 αA (r integer,
mgίc m r \χ I

Because of

Σ - 4 - log^1 ΛΓα - Σ (A(m, /) - A(m - 1, /)) - 1 - log-1 m ,
(α,f)=l

(1) and (4) imply

(5) Σ - ^ - logr~x iVα - ^ log r a? + 6 r(/) + 0{%~1]n log- 1 a?)
(Γ/fi Na r

(r >

the constants 6r(/) depend on iί, r, f only. Because of

l 1 ^

= Σ (A(m, f) - ( , ))( ^

(1) implies

(6) Σ (4-Γ'n

By the binomial theorem and

(5) yields
Na^x Na Na

(α.f)=l
r-1

s=0
.(n f) log8 * + Oίa;-1"1 log1"-1 x)

the constants ds(r, f) depend on K, s, r, / only.

As shown in [1],

(8) Σ - ^ = 0(1), Σ - ^ log - £ - =
^ ^ iVα JV«̂ ^ Na Na
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Proof of Theorem 1. By (3), Theorem 1 is correct for r — 2.
Suppose r > 2 and

(9) Σ 4 ^ l o 2 s "57" = Σ c<(s> f ) l o ^ x + °( χ ) (Ks<r).
(ζaff~ι ^ a ^ a ί = : 1

In Lemma 1, let f(x): — x\ogr~1x; then

(10)

 7 λ
= 2112 x \ogr x + x 2 dβ(r, /) log8 x + O(^- 1 M log7""1 a?),

r β=i

by (7). Lemma 1, (10), (9), (6), and (8) imply

x log-1 x = Σ M«) ( ^ ^ logr - ^ - + -§- Σ d.(r, O log" *# + J Σ d.(r, O log Λrj ŝ  rivα Na Na =i ivα

JVα / iVα

let

Cίr, O: = - φj s Σ χ <*.(»", O c,(β, O (ί = 1, 2, , r - 2) .

This proves Theorem 1.
The fact that

was not used in the preceding proof.
Now we derive two consequences of (2). The well-known relation

(Landau (1903))

T(x):= Σ
Np&x

implies

(11) T(x, Hmoά f): =

By

p € Hmodf

Npigx
p € Hmodf

Σ log2 Np = Σ (^(m, Hmod /) - Γ(m - 1, Hmod /)) log m ,



690 G. J. RIEGER

(11) gives

(12) Σ log2 Np = T(x, Hmoά f) log x + O(x).
Np^x

pθHmoύf

According to Landau (1903), we have

(13) 8(α?): - Σ ° τ

P = log x + 0(1) .

Using

Np

(13) implies

(14) V

Σ l°ξP* = Σ (S(m) - S(m - l))logm ,

LEMMA 2. We have

Σ log2 Np log Nq = - ^ § ^ Σ log Np log Nq + 0(x log x) .
Npq<kx 2 Npq^x

pqS Hmodf pq e ffmodf

Proof. Denote by iϊ(g)mod/ the class of all ideals a of if with
aqeHmodf; then (12), (13) and the definition of T(x, Hmodf) in
(11) give

Σ lo&Np log Nq= Σ logNq(τ(J!L,H{q)moAf)log. "

= Σ 1°̂  Nq log Np (log x —

+ O(x log x) .

This proves Lemma 2.

THEOREM 2. We ftcwe

log x Σ log iVp log Nq + 2 Σ log iVp log Nq log.
Npqr<.χ

f pqEr Hmodf

h(f)

where the constant in the remainder term depends on K and f only.

Proof. We write (2) for x/Nr and H(r) mod / instead of x and
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H mod /, multiply by log Nr, and take summation over all prime ideals
r with (r, /) = 1 and Nr ̂  x. By (13) and (14), we find

Σ log2 Np log Nr + Σ log JVp log iNfa log Nr
Npr^x Npqr^x
effdf &Hdf

The application of Lemma 2 completes the proof.

THEOREM 3. If

Σ

/or the principal class HQ mod f, then

— Σ log2 Np — oo (a; -> oo)

/or all h(f) classes Hmodf.

Proof. Suppose

for a certain ideal class Hτ mod f. Then (2) implies

(15) Σ log JVp log Nq - - | - a; log x + O(α) ,
NpQSx h(f)

PQE Hi^aodf v '

and Theorem 2 gives

(16) Σ log Np log Nq log AΓr = O(a? log x) .
pgre fl^raodf

By (15) and (13), we get

Σ log iVp log Nq log ΛΓr ̂  Σ log Np Σ \ogNq\ogNr
Npqr^x Np^x Nqr^x/Np

pqrBHioiodf pEHQτnodf eHdf

= Σ ( ^ ^
(17) , e^4

2x logJV j
^ ΛΓn Np

= xlogx Σ

(17) and (16) imply the contradiction
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p€ J5r0modf ^

and Theorem 3 is proved.
The special case of Theorem 3 for the rational number field was

treated in [2].
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