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CHAPTER III

9. Tamely Imbedded Subsets of a Group

The character ring of a group has a metric structure which is
derived from the inner product. Let 8 be a subgroup of the group
3E. The purpose of this chapter is to state conditions on 8 and X which
ensure the existence of an isometry z that maps suitable subsets of
the character ring of 8 into the character ring of 3£ and has certain
additional properties. If a is in the character ring of 8 and aT is
defined then these additional properties will yield information con-
cerning aT(L) for some elements L of 8. Once the existence of z is
established it will enable us to derive information about certain
generalized characters of X provided we know something about the
character ring of 8. In this way it is possible to get global infor-
mation about £ from local information about 8.

There are two stages in establishing the existence of r. First we
will require that 8 is in some sense "nicely" imbedded in 36. When
this requirement is fulfilled it is possible to define aT for certain
generalized characters a: of 8 with a(l) = 0. In this situation aT is
explicitly defined in terms of induced characters of various subgroups
of 3£. Secondly it is necessary that the character ring of 8 have
certain special properties. These properties make it possible to extend
the definition of z to a wider domain. In particular it is then possible
to define aT for some generalized characters a of 8 with a(l) =£ 0.
The precise conditions that the character ring of 8 needs to satisfy
will be stated later. In this section we are concerned with the
imbedding of 8 in BE. The following definition is appropriate.

DEFINITION 9.1. Let 8 be a subset of the group BE such that

(9.1) < l>S8s iV(8 ) = 8 .

Let 80 be the set of elements L in 8 such that C(L)S8, and let
® = 8* - So.

We say that 8 is tamely imbedded in X if the following conditions
are satisfied:

( i ) If two elements of 8 are conjugate in BE, they are conjugate
in S.

(ii) If ® is non empty, then there are non identity subgroups
©it • • > £>» of BE, n ^ 1, with the following properties:
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804 SOLVABILITY OF GROUPS OF ODD ORDER

(a)
(b) & is a S-subgroup of
(c) % = &(8 n %) and & n 8 = 1;
(d) (| & |, | CS(L) |) = 1 for L e 8';
(e) For 1 ^ i ^ n, define

= I U
Then $? is a non empty T. I. set in X and %

(iii) If Z/oe2D, then there is a conjugate L of Lo in 8 and an
index i such that

If 8 is a tamely imbedded subset of X then for 1 ^ i ^ n, each of
the groups & is called a supporting subgroup of S. The collection
{£>t. 11 ^ i ^ w} is called a system of supporting subgroups of 2.

In one important special case, the definition of tamely imbedded
subset of X is fairly easy to master. Namely, if 55 is empty, the
reader can check that S is a T. I. set.

If 8 is a tamely imbedded subset of X with 8 = iV(8) then in
this section ^ ( 8 ) denotes the set of generalized characters of 8 which
vanish outside 8 and '^(8) denotes the complex valued class functions
of 8 which vanish outside 8. Similarly, ^(8)(^o(8)) is the subset of
^(8X^(8)) vanishing at 1. R. Brauer and M. Suzuki noted that if
8 is a T. I. set in X then the mapping r from ^0(8) into the ring
of class functions of X defined by

aT = a*

is an isometry ([24], p. 662). They were then able to extend this
isometry to certain subsets of ^ (8) . Several authors have since then
used this technique and it has played an important role in recent
work in group theory.

In this chapter these results will be generalized in two ways.
First we will consider tamely imbedded subsets of X rather than T. I.
sets in X. Secondly we will show that under a variety of conditions
r can be extended to various large subsets of ^(8) . The results
proved in this chapter are important for the proof of the main theorem
of this paper. However it is unnecessary in general to assume that
X has odd order or that X is a minimal simple group.

The following notation will be used throughout this section.
For a tamely imbedded subset 8 of S let 8 = JV(8) and for
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1 <Z i ^ n let ft and 9^ have the same meaning as in Definition 9.1.
Define £>0 = 1 and

, ( ) 3 t , } for 1 ^ i ^ n .

For L G 8<, 0 ^ t ^ w let

(9.2) Slz = {LH\ LH = HL, He ft} = L{ft n C(L)} .

Since 8 is tamely imbedded in 3E it follows from (9.2) and Definition
9.1 that for L e 2if 0 ^ i ^ n

(9.3) |C(L)| = | C ( L ) n 8 |

For a G ̂ 0(8) and 1 g i ^ w define

Let a^ be the class function of 9!*/& which satisfies

Let ai2 be the class function of 9^ induced by aiu Define

(9.4) a* = a* +

If a G ^f(8) then (9.4) implies that ar is a generalized character of S.
It is an immediate consequence of the definition of induced characters
that f or 1 ^ i ^ n

a{1(A) = a(L) for L e 2it A e SHL

(9.5) ai2(A) = 0 for L e 2i9 A e 2I£, A *= L

ai2(L) = | C(L) n ft | a(L) for L e 8, .

LEMMA 9.1. Suppose that & is a tamely imbedded subset of I .
If ae <%($) let aT be defined by (9.4). Then aT(X) = 0 if X is not

n

conjugate to an element of Slx for any L e \J 8< , while
0

J
%=0

aT(A) = a(L) for U
t=0

Proof. If JVGJJ^ then a complement of ft in ft<A/> is solvable.
Thus ([28] p. 162) for 1 ^i ^n every element of % is conjugate to
an element of the form HL = LH with L e 8 n %f He ft. Suppose
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that L is not conjugate to an element of 8f; then since a e
(9.4) implies that aT(HL) = 0. This implies that aT(X) = 0 unless X

n
is conjugate to an element of 2IZ for some L e \J 2* .

t=0

Let A e 2tz, L e 8* for some i with 0 ^ i ^ n. Suppose that
X^LXetflj for some J G I and some j with 1 ^ j ^n,i =£ j . Then
(|£y | , | C(L) | ) ^ l . Thus i=£0 and L e ^ . Furthermore C(L) =
C2(L)C^(L). By assumption (| & |, | & |) = 1 and (| & |, |C£(L) |) = 1.
Thus (| C(L) |, | ̂  |) = 1 contrary to the choice of L. Since a e
^ii — ̂ i2 vanishes on 9ty — ̂ J. Consequently (9.4) implies that

a(A) = a*(A) for i = 0
1 " ̂  a r ( A ) a * ( A ) + (<xix - ai2)*(A) for l ^ i

Since % is a T. I. set in X with N(%) = 8^ we get that

(aix - ai2)*(A) = (aix - ai2)(A) .

Thus (9.6) yields that

(9.7) aT(A) = a*(A) + (aix - ai2)(A) for 1 ^ i ^ n .

Assume first that A = L. Then a*(L) = | C(L) n & I «(£). Hence
(9.5), (9.6) and (9.7) yield that aT(A) = a(L). UA^L, then a*(A) = 0
and 1 ^ i ^ %. Thus (9.5) and (9.7) yield that also in this case
az{A) = a(L). The proof is complete in all cases.

LEMMA 9.2. Suppose that 8 is a tamely imbedded subset of X.
If ae 9fo(8) let aT be defined by (9.4). Then for l^i^n

a*(N) = a{1(N) for Ne %[)&.

Furthermore aT \mi is a linear combination of characters of

Proof. If NetQi then by Lemma 9.1 and the definition of

cr(N) = 0 = aft(l) = aa

If Ne$iif and aT(N) =£ 0, then N is conjugate to an element A of
2tz for some L e 8<. Thus by (9.5) and Lemma 9.1 aT(N) = a^N) as
required.

Let 0 be an irreducible character of 9^ which does not have &
in its kernel. Then
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(9.8) {& I*,, 6) = ^l-I

By Lemma 4.3 6 vanishes on 5R< — % — & hence (9.8) and the first
part of the lemma yield that

Since a:ix is a linear combination of characters of 9t</$< this yields
that (aT |W|f 0) = 0. The lemma is proved.

LEMMA 9.3. Suppose that 2 is a tamely imbedded subset of 3£.
If ae ^0(8) and ax is defined by (9.4) then

Proof. Let Ĝ , E2, • • • be all the conjugate classes of X which

contain elements of 2*. Let Llf L2, • • • be elements in U 2̂  such that

Lj e Sy fl 2f. The number of elements in X which are conjugate to
an element of 31^ is easily seen to be

Thus by Lemma 9.1 and (9.3)

| 2 | i | C ( L i ) n 2 | <

By assumption Ex n 2*, Ea fl 2
f, • • • are the conjugate classes of 2 which

contain elements of 21. Since a e ^ ( 2 ) this yields that

Therefore (9.9) implies the desired equality.

LEMMA 9.4. Suppose that 2 is a tamely imbedded subset of I.
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n

Let 6 be a generalized character of £ such that for Le\JZi9 9 is

constant on 2IX. / / a,/3e ^(8) and if a\ /3T are defined by (9.4)
then

(or, 0)a = (a,

(or, 0% = (a,

n

Proof. Since 0 is constant on 2IZ for L e U S< it follows from
i=0

Lemma 9.1 that

Thus by Lemma 9.3

(or, 0)2 = (ar0,12)2 2 g 8 fi)fl

By Lemma 9.1 /Sr is a generalized character of £ which is constant

on Slz for L e \J Si# If now 9 is replaced by /3r in the first equation
i=0

of the lemma the second equation follows.

LEMMA 9.5. Suppose that 8 is a tamely imbedded subset of
3£. Let 0 be a class function of 3E which is constant on 2lz for

n

L G U 8<. Let 3E0 be the set of all elements in 3E which are conjugate
n

to some element of 2tz with L e \J 8*.
i=0

. . | 8 |

Proof. Define a e <£fo(8) by

By Lemma 9.1

ConseQuently Lemma 9.3 implies that
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Lemma 9.5 is of great importance. Even the special case in
which 9 = l s is of considerable interest and plays a role in section
26. In this special case, Lemma 9.5 asserts simply that | £Q |/| £ | =

18f I / I * |.

10. Coherent Sets of Characters

Throughout this section let 2 be a tamely imbedded subset of the
group X. Let 8 = JV(8) and let ^ ( 8 ) be the set of generalized char-
acters of 8 which vanish outside 8. Let z be defined by (9.4).

DEFINITION 10.1. A set S? of generalized characters of 8 is
coherent if and only if

(i) ^h(^)^0.
(ii) It is possible to extend z from ^(Sf) to a linear isometry

mapping ^F(£f) into the set of generalized characters of X.
(Hi) ^ ( ^ ) £ ^ f ( 8 ) .
It is easily seen that if £? is a coherent set and _ ^ ~ £ ^ with

^(y) jz 0 then also ^ is a coherent set. It is more difficult to
decide whether the union of two coherent subsets of ^ ( 8 ) is coherent.
Examples are known in which Sf consists of irreducible characters of
8 and is not coherent though ^(S?) ^ 0 [25]. In these examples 8
is even a T. I. set in X. The main purpose of this section is to give
some sufficient conditions which ensure that a subset S? of ^ ( 8 ) is
coherent.

LEMMA 10.1. Suppose that 8 is a tamely imbedded subset of X.
Let £* = {\ 11 ^ i ^ n} with n ^ 2. Assume that for 1 ^ i ^ n, Xt

is an irreducible character of 8. Furthermore Xf(L) = X^L) for

L e 8 — 81. Then £f is coherent. Furthermore, if zx and ra are
extensions of z to & then either zx = ra or \ Sf \ = 2 and XI1 = — Xl±if

Proof. For 1 ^ i, j ^ n let a o = \< - \ i f then a o e
Thus ^o (Sf) =£ 0 since n ^ 2. Furthermore a\j is defined. Since
is an isometry this yields that

(10.1) (a[if a,V) = (*„, a r i 0 = 5«, - »$i. - diS. + *„. .
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In particular (10.1) implies that if i=£j then ||a<j||a = 2. By Lemma
9.1 aljil) = 0, therefore az

{i is the difference of two irreducible charac-
ters of X.

If n > 2, then it follows from equation (10.1) that (aT
u, al5) = 1

if 1 < i, j and i =£ j . It is now a simple consequence of (10.1) that
there exists a unique irreducible character of X which is not orthogonal
to any aT

u for 2 ^ i ^ n. Furthermore if Ax is chosen to be plus or
minus this character then it may be assumed that

(alu Ax) = l for 2 ^ i ^ n .

Now define A{ by

aT
u = Ax — Aif 2 ^ i ^ n .

This implies that

Hence (10.1) yields that the generalized characters Aifl^i^n are
pairwise orthogonal and that they each have weight one. It is easily
shown that a rational integral linear combination of the characters
Xi of degree zero is a rational integral linear combination of the
generalized characters au. Hence if &x is the set of generalized
characters Aifl^i^nf then the linear mapping sending X{ into A{ is
an isometry. Thus, £? is coherent and the extension of r to y is
unique in this case.

If n = 2, define A{ for i = 1, 2 by a\2 = Ax — A2, where A{ has
weight one. Any rational integral linear combination of \ and A,2 of
degree zero is a multiple of au. Thus, if rx is any extension of r to
£f9 XI1 = Ai or XI1 = —A3_i for i = 1, 2. The proof is complete.

Before proving the main result of this section, another definition
is needed. The following notation is introduced temporarily.

Let y be a subset of ^ ( S ) which consists of pairwise orthogonal
characters. If ^ t E £f9 let x(Si) denote the smallest weight of any
character in £{ of minimum degree. If Sf and Jf are coherent
subsets of & and z1 and r2 are extensions of r to SA and Jf re-
spectively, define

( i )
(ii) ar = 4 + d2, where

(a) 4e^(yr2),
(b) Ax is not orthogonal to
(c)
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DEFINITION 10.2. Let ^f be a coherent subset of & and let r*
be an extension of r to £/[. The pair (&{, r*) is subcoherent in &
if the following conditions are satisfied: If &~ is any coherent sub-
set of £f which is orthogonal to ^f and if zx and r2 are extensions
of z to ^ t and ^ " respectively, then

( i ) ^fri is orthogonal to ^ r j J .
(ii) If a e J^C^f, zx\ ^~t r2), then ar is a sum of two generalized

characters, one of which is orthogonal to S4T* and the other is in

If (£?, *"*) is subcoherent in ^ , we also say that S^ is subcoherent
in S^9 which causes no confusion in case r* has been designated.

Hypothesis 10.1.
( i ) 8 is a tamely imbedded subset of the group Hi.
(ii) For l^i^k,£( = {ki8 \ 1 g s ^ n j is a ŝ 6sê  o/ ^"(8).

(iii) i$^ = U -5f consists of pairwise orthogonal characters.

(iv) -For cms/ i wî fe 1 ^ i ^ fc, ^ is coherent with isometry zim

£f is partitioned into sets S^u such that each S^u either consists of
irreducible characters of the same degree and \ <&*, \ ^ 2 or (S^j, tu)
is subcoherent in &* where zi3- = zt on <5(j.

(v) For 1 ^ i ^ k, 1 ^ s g nif there exist integers si8 such that

(vi) Xn is an irreducible character of 8.
(vii) For any integer m with 1 < m ^ k,

(10.2)

THEOREM 10.1. Suppose that Hypothesis 10.1 is satisfied. Then
£f is coherent. There is an extension r* of z to ^F(£s) such that
either z* agrees with r4 on £^ or &? = {\lf X2} and \y = — M-y for
3 = 1, 2.

Proof. The proof is by induction on k. If k = 1 the theorem
follows by assumption.

It is easily seen that U ^satisfies the assumption of the theorem.
fc-i

Hence by induction it may be assumed that U S^ is coherent. Let

r* denote an extension of r to (J ^?f with the property that for
i
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1 ̂  i ̂  k — 1, T* agrees with ri on ̂ J, or 3^ = {Xu X2} and X)* = — XIL,,
3 = 1, 2.

Choose the notation so that Xkl has minimum weight among the
characters in Si of degree sklxn(l). Let S^x be the subset Sfki which
contains Xkl. For 1 ̂  s ̂ nk define

Thus P.e^iS*) and # is defined. Define the integer y by

(10.3) <X£\ fl) = • „ - * .

If (*, *) =£ (1,1) and 1 ̂  i ^ k - 1,1 ̂  t ^ w^ then by (10.3)

(10.4)
= ^.(4i - 2/) - ^*4i = - y / « .

Since \ u is irreducible and r is an isometry on ̂ |

(10.5) || tf |P = 4. + IIX*. II8 for 1 ̂  * ̂  nk .

By (10.4)

(10.6) fl = 4iXJT - V'"'"*

where ( ,̂ \J*) = 0 for l ^ t ^ f c — 1,1 ̂  8 ̂  n{ . Equations (10.5)
and (10.6) now yield that

(10.7) 42! - 2/kly + y> E S T T T ^ + ||J IP = 4S + || Xtt ||
a .

If 2/ =£ 0 then since /̂ is an integer (10.2) and (10.7) imply that

0^2/kl(y>-y)<\\Xkl\\>-\\J\\>.

Therefore

(10.8) ||J||'<||A, fc l | |' i f y * O .

We will show that y = 0. By Hypothesis 10.1 (iv), r can be ex-
tended from ^(Si) to a linear isometry zk on ̂ ( ^ f ) . For 1 ̂  s ^ wfc

let AB be the image of Xk8 under this extension. If (^y, rfci) is sub-
coherent in £f, then f̂/*̂  is orthogonal to \Ji=l<5fT\ Suppose that
Sij consists of irreducible characters of the same degree. If S^)ki

is not orthogonal to Ui^-^T** then there exists XeSij and X1e%9fm

for some i and m with 1 ̂  i ^ k — 1, such that (V*J, X[*) ̂  0. Assume
first that £fim consists of irreducible characters of the same degree.
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Then it may be assumed that X = Xkt, \kt, e Sijf Xkt =£ \kt, and Xx =
X<., **.' e f̂m, X<. =£ X*./. Thus Xjf = ex£ for suitable e = ± 1 . Hence

0 = (XJ, — XJa/, XAt — Xfct/) = e + (XJ,,, X]fct/) .

Hence Xfr = — sX^. Therefore

o = (xi; - xj;,)(i) = «(x;f
w + xif/)(i) = 2ex^(i),

which is not the case as ||XT*y ||a = 1. Suppose now that &\m is sub-
coherent in £fm Then f̂j[* is orthogonal to ^ r * by definition. There-
fore, for 2 ^ s g nfc,

(10.9)

Thus, A is not orthogonal to ^A(SSkl)
T. If ^ consists of irreducible

characters this yields that || A ||a ^ 1. Hence, y = 0 by (10.8). Suppose
that G5&, zkl) is subcoherent in ^ If y ^ o, (10.8) implies that

, ^ - A - J.) = (l3[9 ^Ax -A.)=-*s-\\ Xkl ||».

(10.10) # = A + A

where A e ±S^kl
kl and Ax is orthogonal to S^Z*1. By changing notation

if necessary it may be assumed that

(10.11) A = ±AX

by (10.9). Now (10.9), (10.10) and (10.11) yield that

Hence, (10.8) and (10.12) imply that y = 0 in all cases. Thus, (10.3)
becomes

For 1 ^ s ^ nk,

Therefore, (10.13) implies that

(10.14) (Xi;, 01) = 4 . , 1 ^ s ^

For 1 g s ^ nfc, define XJ*. by

(10.15) ft = 4AV - x j ; ,

and extend the definition to ^P(Sf) by linearity. This implies that
\\\ = \\k

a or ^ = {Xx, X2} and Xf = -xj* 4 for i = 1, 2. Hence, ^ r * is
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orthogonal to (J *$?r* and thus r* is an isometry on F(Sf). The
lt = l

proof is complete.

If £f is a coherent subset of ^ ( S ) , then r will be used to denote
an extension of z to

Hypothesis 10.2.
( i ) 2 is a tamely imbedded subset of X and & is a supporting

subgroup of S. % = JV(&).
(ii) If 0 is any non-principal irreducible character of £>< and

d is the character of ?}< induced by 0, then 8 is a sum of irreducible
characters of 3lif all of which have the same degree and occur with
the same multiplicity in 9.

LEMMA 10.2. Suppose that Hypothesis 10.2 is satisfied. For any
character a of & let 6^ be the set of irreducible characters of 9^
whose restriction to £>< coincides with a. If G is a generalized
character of X which is orthogonal to <J*o(£^)* for all a with
(a, 1^) = 0 then 6 is constant on the cosets of ^ which lie in

Proof. We first remark that by Lemma 4.3 characters in
vanish on 91* — SR< — &, and so generalized characters in
vanish on 9l< — 9?<. Suppose that 0U 02 are distinct characters in S^,
with (a, l$f) = 0. By assumption (0, (d1 - 02)*) = 0. Thus by the
Frobenius reciprocity theorem (@m , 01 — 02) = 0. Hence by Hypothesis
10.2 @m = y + j3, where 7 is a class function of 3lt induced by a class
function 7 of & and /5 is a generalized character of 3lJ^i. Thus
e(N) = /3(N) for Ne%- &. The proof is complete.

LEMMA 10.3. Suppose that Hypothesis 10.2 is satisfied. Let S^
be a coherent subset of ^ ( 2 ) which consists of pairwise orthogonal
characters of 8. Assume further that £f contains at least two
irreducible characters. Then if Xe £f, V is constant on the cosets
of & which lie in Sflt — $4.

Proof. Suppose that 0l9 02 are distinct irreducible characters of
% which do not contain §4 in their kernel such that 0llft = 02,~ . We
will show that

(10.16) (X^t, 61-0t) = O.

By Lemma 4.3 0x and 02 vanish on 9^ — SR€ — £>*. Since 3li is a

T. I. set in £ and Sft* = N(3li) the mapping sending 0x — 62 into
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(Pi — #2)* defines an isometry on ^({0U 0,}). By Lemma 10.1 this
can be extended to an isometry of ^?({0lt 02}). Let 0u 02 be the
respective images of 0lf 02 under this isometry. By assumption S^
contains two irreducible characters \ and X2. Since

for 3 = 1, 2, Lemma 9.2 implies that if (10.16) is violated then

(M,Ri, 0, -02)*O for j = 1, 2 .

Thus by the Frobenius reciprocity theorem

(X5, »i ~ »0 = (*•!. (»i - W) ^ 0 for i = 1, 2 .

Thus by changing notation if necessary it may be assumed that
X) = ±®J for j1 = 1, 2, where the sign is independent of j . Hence

(10.17) (\(1)XZ - X,(l)Mf ©, - 02) = ±(X1(1) + X,(l)) ^ 0 .

Since \ i ( l ) \ s — \(l)\e^(S^) Lemma 9.2 implies that

((Xi(l)M - X,(l)Xf),R|f *! - 0J = 0 .

Thus by the Frobenius reciprocity theorem

i - X2(1)XI, 9, - 6>2) = (X.ajXJ - X2(1)X1, (0, - 02)*) = 0

contrary to (10.17). Therefore (10.16) must hold. The result now
follows from Lemma 10.2.

LEMMA 10.4. Suppose that the assumptions of Lemma 10.3 are
satisfied. Let a be the least common multiple of all the orders of
elements in S. / / X is an irreducible character in £f% then &?*
contains all the values assumed by XT.

Proof. By assumption £f contains another irreducible character
Xlm Let a be any automorphism of ^ 2 , whose fixed field contains &?a.
Then since \(1)\ - \(l)Xle^(S^) it follows directly from (9.4) that

Therefore

As || V ||2 = || XI ||a = 1, this implies that a(Xx) = X\ As a may be an
arbitrary automorphism of <^S| whose fixed field contains <̂ a the result
is proved.
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LEMMA 10.5. Suppose that 2 is a tamely imbedded subset of X.
Let SJX have the same meaning as in (9.2) and let 8 be a generalized

n

character of X which is constant on 2^ for L e (J 2iu Let £f be a
t=0

coherent subset of ^(2) consisting of irreducible characters. Then
there exist rational numbers b, c, and generalized characters /3, 7 of
2 which are orthogonal to S/7 such that if Le2* then 8(L) = b/3(L)
if 8 is orthogonal to £fT, and V(L) = \(L) + cy(L) if & = V e &>\

Proof. It is an immediate consequence of Lemma 9.4 that if 8
is orthogonal to £fx and if £ = £<X<(l)\t, where X{ ranges over S^9

then

(10.18) 8(L) = b£(L) + bAlL) for L e 8*

where 6lf b2 are rational numbers and A is a generalized character of
2 which is orthogonal to £f. If 8 — V, then Lemma 9.4 yields that

(19.19) \T(L) = X(L) + erf(L) + c,7i(L) for L e 8*

where cl9 c2 are rational numbers and 7i is a generalized character of
2 which is orthogonal to £SL There exists a generalized character £'
of 8 which is orthogonal to & such that

Since pK(L) = 0 for L e S* (10.18) and (10.19) imply respectively that

6ySx(L)
- Clf (L) + c,7x(L) .

The lemma follows by a suitable change in notation.

It is worth noting that if the hypotheses of Lemma 10.3 are
satisfied for every subgroup in a system of supporting subgroups of
8, then that lemma implies that V satisfies the hypotheses of Lemma
10.5. This fact will be used later in this paper.

11. Some Applications of Theorem 10.1

In this section we are concerned with the problem of finding
conditions under which it is possible to apply Theorem 10.1. That
theorem will then allow us to conclude that certain sets of characters
are coherent. To clarify matters the main Hypothesis is stated
separately. This also serves to introduce the notation.
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Hypothesis 11.1.
( i ) 20 is a tamely imbedded subset of the group X and So =

N(20) has odd order. £>0 < 80 and 20 is a union of cosets of §>0. Let
8 = 2o/§>o and let 2 be the image of 80 in 2.

(ii) §> and ® are normal subgroups of 2 such that § is nilpotent
and

(n.i) £s u c^nsskfigs.

(iii) & is the set of all characters of 2 which are induced by
non principal irreducible characters of S, each of which vanishes
outside 2. Then £/* consists of pairwise orthogonal characters.

(iv) There exists an integer d such that d j 8:581 | X(l) for X e S^.
Furthermore £f contains an irreducible character of degree d|S:5B|.

(v) Define an equivalence relation on Sf by the condition that
two characters in £f are equivalent if and only if they have the
same degree and the same weight. Then each equivalence class of
£f is either subcoherent in £f or consists of irreducible characters.

(vi) For any subgroup 21 of §> which is normal in 2 let ^(21)
be the subset of £f consisting of those characters which are equiva-
lent to some character in &* that has 21 in its kernel.

In the application to the main theorem of this paper (11.1) will
always be augmented by one of the following conditions.

(11.2)

(11.3)

(11.4) £S U

THEOREM 11.1. Suppose that Hypothesis 11.1 is satisfied. Let
be a normal subgroup of 2 which is contained in § such that

(11.5)

If ^(§>i) is coherent and contains an irreducible character of degree
d 18: $ | then £f is coherent.

Proof. Let £>2 be a normal subgroup of 8 which is contained in
£>! and is minimal with the property that ^(£>2) is coherent. Suppose
that &a ̂ 6 <1>. Choose £>3 c £>2 such that §>2/£>3 is a chief factor of 8.
Let S^ifei) = Si = {Xu 11 ̂  s iS n^j where \ u is irreducible and
\u(l) = d|S:ft | . Let ^t, - . - ^ be the subsets of ^(£>3) - ^ ( A )
consisting of all characters of a given weight and a given degree. For
2 ^ i ̂  k let <iXn(l) be the common degree of the characters in £*.
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By Hypothesis 11.1 all the assumptions of Theorem 10.1, except possibly
inequality (10.2), are satisfied for ^ ( ^ 3 ) . We will now verify that
also inequality (10.2) is satisfied.

Let 0lf d2, - • • be all the irreducible characters of S which do not
have £> in their kernel. Let Sj denote the character of 8 induced by
0j. Then each B5 is in £f by Lemma 4.3. Furthermore if 0, ranges
only over characters of $/£>2 then

Therefore

(11.6) 2

If Si ^ 8j then (9if $,) = 0. Suppose that for a given j there are a,
values of i such that 95 = Sim Then (11.6) implies that

(11.7) i^ l )a ; } 2 l | 0 ; l l a = | 8 : & | - |8:©I

where the summation in (11.7) ranges over the distinct ones among
the SJm Since

{OiiDatf || 9,. |p = 0,(1)' 18: A | a, = ^(1)^(1)^- = ML
\\0j\\

(11.7) yields that

where «5f = {\lt} or equivalently

n i g )
( }

Since $? is nilpotent §2/^s is in the center of §/&$. Every irreducible
character of $ is a constituent of a character induced by an irreducible
character of §. Thus for 2 ^ m ^ fe, Lemma 4.1 implies that

or equivalently

(11.9)

Suppose now that inequality (10.2) is violated for some value of m.
Then (11.8) and (11.9) yield that

d
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Thus

or

Since every term is an integer this implies that

(11.10) |ft:fti| - 1 ^4d2 |fi:S?|2 .

However £>2S&i, thus |©:&| ^ |$:©i| . Now (11.5) and (11.10) are
incompatible. Therefore inequality (10.2), and thus all the assumptions
of Theorem 10.1, are satisfied. Hence by that theorem *5*(fQ3) is co-
herent contrary to the minimal nature of £>2. This finally implies
that £>2 = <1>. Therefore Sf = ^(£>2) is coherent. The proof is
complete.

The remainder of this section consists of applications of Theorem
11.1. Lemmas 11.1 and 11.2 are closely related to Theorem 2 of [8].
By using the argument of that theorem the assumption that | S | is
odd in the following lemmas can be replaced by suitable weaker as-
sumptions. However the stronger results are not relevant to this
paper and will not be proved here.

Hypothesis 11.2.
( i ) Hypothesis 11.1 and equation (11.2) are satisfied. Thus

d = l.
(ii) | 8 | is odd and 8/£>' is a Frobenius group with Frobenius

kernel £>/£'.

LEMMA 11.1. Suppose that Hypothesis 11.2 is satisfied. If

then £f is coherent.

Proof. By Lemma 10.1 and 3.16 (iii) &*(§') is coherent. The
result now follows from Theorem 11.1.

LEMMA 11.2. Suppose that Hypothesis 11.2 is satisfied. Then
£f is coherent except possibly if ^ is a non abelian p-group for some
prime p and
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Proof. If $ = & x ft,, where & and & are proper normal sub-
groups of 8, then

I ft*:©*'I = 1 (mod|S:ft|) for i = 1, 2 .

Since | S | is odd, this implies that

lft*:ft{| ^ 2 | 8 : § | + 1 for i = 1, 2 .

Hence | ft:ft' | > 4 18:ft |a + 1 and & is coherent by Lemma 11.1. As
£> is nilpotent this implies that Sf is coherent if § is not a p-group
for any prime p. Since | 8 | is odd

, c~x > 1ft:ft* | — 1 > o

Thus by Lemma 10.1 Sf is coherent if § is abelian. The result now
follows directly from Lemma 11.1.

LEMMA 11.3. Suppose that Hypothesis 11.2 is satisfied and 8 is
a Frobenius group with Frobenius kernel fp. Assume that § is a
p-group for some prime p and | ft:D(ft) | = p2. Then £f is coherent.

Proof. If & is abelian Lemma 11.2 implies that S^ is coherent.
If £> is not abelian then the second term of the descending central
series modulo the third is cyclic. Thus

p = 1 (mod|8:ft |) .

Therefore (p - 1) ̂  2 18: ft | as 181 is odd. Hence

and the result follows from Lemma 11.1.

LEMMA 11.4. Suppose that Hypothesis 11.2 is satisfied and 8 is
a Frobenius group with Frobenius kernel £>. Assume that & is a
p-group for some prime p and |ft:D(ft)| = p\ If

(11.11) p3-l>2p|S:ft|

then S^ is coherent.

Proof. If ft is abelian Lemma 11.2 implies that £f is coherent.
If § is non-abelian let ftx be a subgroup of JD(&) such that D(ft)/fti
is a chief factor of 8. As § is nilpotent Z)(ft)/fti is in the center of

Thus by Lemma 4.1 the degree of any irreducible character of
is either 1 or p. Hence the degree of any character in
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is either | S: & | or | S: § | p. Let &[, S^ be the subsets of Sf(&d con-
sisting of all the characters of degree | 8 : § | , | S : $ | p respectively.
Let /, = 1, ^ = p. By (11.11)

w > 2 2 ) = 2 ^
Thus by Theorem 10.1 ^(§1) is coherent.

If |D($):$i| = P or pa, then p = 1 (mod|S:$|) or

p a - l = 0 (mod|8:$ |) .

As (p3 — 1, pa — 1) = p — 1 this yields that in either case

p s l (mod 18:$ I).

Therefore p - 1 ^ 2 18: § |. Hence

and ^ is coherent by Lemma 11.1. Suppose that |D($):$i|
Then by (11.11)

Since SSQQJ is coherent the result now follows from Theorem 11.1.
The next two lemmas involve the following situation:

Hypothesis 11.3.
( i ) Hypothesis 11.2 is satisfied.
(ii) There exist primes p, q and positive integers a, b such that

18:£| = p\ | § : § ' | = |§:#(&) | = ga. Ttos \§\ is a power of q.

LEMMA 11.5. Suppose that Hypothesis 11.3 is satisfied and a ="2c~
is even. Then £f is coherent except possibly if qc + 1 — 2pb

f q
e is

the smallest degree of any non linear irreducible character of § whose
kernel contains [£>, £>'] and for no subgroup & of & with & =£ £>',
£>i < S is 2/^! a Frobenius group.

Proof. Suppose that S^ is not coherent. Then by Lemma 11.1
ip2b + l^qa. As (qc + 1, qc - 1) = 2 it follows that 2p61 ̂ c + 1 or
lph | qc — 1. If 2p6 =̂ gc + 1 this implies that 4p26 + 1 < qa contrary
to what has been proved above. Therefore qc + 1 = 2pb.

Let ^ 7 = {0u} be the set of non principal irreducible characters
>f &/[£>> §'] of degree g\ Lemma 4.1 implies that ^ 7 is empty for
J > c. Let ^ t = {̂ »i} be the set of characters in Sf of degree qlph.
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Since \S4\ = 2(qc - 1) > 2qc~\ it follows from Hypothesis 11.1 and
e—1

Theorem 10.1 that U £* is co
t=0

empty. Then 3.15 implies that

Theorem 10.1 that U £* is coherent. Suppose that U _^7 is non
t=0 t=l

Therefore

Thus by Theorem 10.1

is coherent. Since

Theorem 11.1 implies that £f is coherent. Thus it may be assumed
that qc is the smallest degree of any non linear irreducible character
of *&/[§> *&']•

Suppose now that £>' contains a subgroup & =£ £>' such that i?/£i
is a Frobenius group. Then & may be chosen so that £>7&i is a chief
factor of 8. Thus [£>, &'] ̂  fe and by the earlier part of the lemma
every irreducible character of £>/£>! has degree either 1 or qc. As
qc + 1 = 2ph, q2c is the smallest power of q which satisfies q2c = 1 (mod pb).
Since &7&1 is a chief factor of 8 this implies that £>7£i is in the
center of £/£>! and | §': ^ | = q2c. If 0 is an irreducible character of
£>/§! of degree q\ then the orthogonality relations yield that 0{H) = 0
for He §/& — §7§i. As every non linear character of §/& has degree
gc the orthogonality relations may once again be used. They impljr
that

(11.13) \C(H)\ = q2c for He

However

which contradicts (11.13). Thus £>' contains no subgroup & =̂  §' such
that £/£>! is a Frobenius group. All statements in the lemma are
proved.

LEMMA 11.6. Suppose that Hypothesis 11.3 is satisfied. Assume
further that a is odd and p = 3. Then Sf is coherent.
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Proof. As a is odd and qa = 1 (mod 3), it follows that q = 1 (mod 3).
Define the integer c ̂  1 by

q = 1 (mod 3C) , g * 1 (mod 3C+1) .

If 6 ̂  c, then q ̂  2.3* + 1. Thus if a =£ 1, 4-325 + 1 < ga and S* is
coherent by Lemma 11.1. If a = 1, then § is cyclic. Therefore £f
is coherent by Lemma 10.1.

Suppose now that b > c. Then since qa = 1 (mod 36) we must
have a = Sb~cx for some integer x. Therefore

qa ^ fa*1—1)8.

Since g3*-6-1 = 1 (mod 36"1), this yields that

<11.14) qa ̂  (1 + 2-36-1)3.

If 4.326 + 1 < qa then Sf is coherent by Lemma 11.1. Thus if ^ is
not coherent (11.14) implies that

4.326 + 1 ̂  qa ̂  (1 + 2.3*"1)3 > 8.33(6-1} + 1 .

Therefore 33 > 2.3*. Hence ft = 1 or 6 = 2. In either case this implies
that qa ̂  4.34 + 1 < 73. As a = 0 (mod 3) we get that q < 7. How-
ever q = 1 (mod 3). This contradiction arose from assuming that Sf
is not coherent. The proof is complete.

12. Further Results about Tamely Imbedded Subsets

In this section a fairly special situation is studied. Our purpose
here is to get some information about certain sets of characters which
may not be coherent.

Hypothesis 12.1.
( i ) Let q be a prime and let Q be a Sq-subgroup of the group

3L. Assume that O = 8 is tamely imbedded in X and 2 = iV(O) ^ Q
has odd order. Let 0 ^ 8 , 0 ^ 0 and let £ = O/QlfS = S/JQL

(ii) J*f is the set of all characters of S which are induced by
-non-principal irreducible characters of O. Define an equivalence
relation on & by the condition that two characters are equivalent
if and only if they have the same degree and the same weight. Then
each equivalence class of J*f is either subcoherent in <& or consists
of irreducible characters.

(iii) Let 1 = qfo < qfl • • • be all the integers which are degrees
of irreducible characters of O. Let n > 0 be a fixed integer. For
0 ^ i ^ n — 1 let £* be the set of all characters in £f of degree
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g / f |S :£ l | . Assume that each S^ consists of irreducible characters.
Let S^n be an equivalence class in Jtf consisting of characters of
degree g'« 18:Q |. Let £>* = U?=o ^

In case Hypothesis 12.1 is satisfied the following notation will be
used.

(12.1) | O : O ' | = <f , | 8 : Q | = e>l .

Since 181 is odd, | S^ \ ^ 2 and ^ ( ^ 1 ) =£ 0 f or O^i^n. Thus by
Lemma 10.1 £* is coherent for 0 ^ i ^ n — 1.

For 0 g i < n let a< be the number of non principal irreducible
characters of D of degree qf\ By Hypothesis 12.1 S/O acts regularly
as a permutation group on the non principal irreducible characters of
degree qfi for 0 ^ i < n. Since 181 is odd, no non principal irreducible
character of D is real. Thus a< is even. Therefore

(12.2) a , = 0 ( m o d 2 e ) , \Si\ = ^- for 0 ^ i ^ n - l .
e

Let j0 — 0. Define j8 inductively to be the largest integer not

exceeding n + 1 such that U •£? is coherent. Suppose that

o = io < • • • < it < i«+i = n + l .

For 0 ^ s ^ ,̂ define

(12.3) jr. = j'\jls*

and let m, = / , , . Define

(12.4) c . = '£liaiq
i«i-m') for 0 ^ 8 ̂ t ,

where i ranges from j , to j , + 1 — 1. Define

(12.5) d, = g»»+i-"f for 0 ^ 8 < t .

Then by Theorem 10.1 applied to ^ U S^,+l

(12.6) c. ^ 2ed, for 0 g s < t.

By (12.2)

(12.7) e, = 0 (mod 2e) for 0 ^ 8 < t .

By 3.15

(12.8) 1 + jiCifl1"' = 0 (mod 9J)"'+1) for 0 ^ s < t.
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LEMMA 12.1. Suppose that Hypothesis 12.1 is satisfied. Assume
that

| O:G' | = go^4e2 + l .

Then

d&<e + l for O^s<t.

Furthermore if a is odd, c, < e2 and c$ ^ 0 (mod g),

Proof. We will first prove that

(12.9) 1 + 2 c^2mi < eq2m* f or 0 ^ s < £ .
i=o

This is true if s = 0 since 1 < e. Suppose that s > 0. Then by (12.5)
and (12.6)

3=0 j=0

1 + 2e(l + g + . . . +

(Q ~ 1)
eq

2m*

Assume now that the lemma is false and choose s minimum tc
violate the result. Let c = ca, d = dB.

By (12.8) and (12.9)

gram*+i < eq2m* + cq2m* .

Hence by (12.5)

(12.10) d2 < e + c.

Inequalities (12.6) and (12.10) yield that d2 < e + 2ed or d2 - 2ed - e < 0
This implies that

e — Ve2 + e ^ d ^ e + Ve2 + e .

Consequently

(12.11) d ^ e + V¥Te < Se .

Suppose that
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Then by (12.9)

3gJ"«+i < (e + c)q2m> .

Hence by (12.7) U\< e + e g. 3c/2. Thus

c 2

since e > 2. This contradicts the choice of s. Hence

3=0

As c3 is even for 0 ^ i ^ s, (12.8) implies that

(12.12) 1 + S <^2w; = ?2w*+1 •

The group Q contains a normal subgroup Q, of index g2m*+i. Every
irreducible character of Q/QQ has degree strictly less than qms+1 and
the sum of the squares of the degrees of these characters is equal
to g2m»+i. Hence (12.12) implies that every character of S whose
degree is strictly less than qm*+1 has QQ in its kernel. Thus QQ is a
normal subgroup of 8 and S/QQ is a Frobenius group with Frobenius
kernel O/Qo. Therefore

(12.13) g*-+i = *?"•• = 1 (mod e) ,

and the center of D/Qo has order at least qa. Thus by Lemma 4.1

(12.14) qa^d2 .

Define the integer k by

(12.15) c + k = d2.

By (12.10) & < e and by (12.12) 0 < k. Thus

(12.16) 0 < k < e .

Define the integer 6 by

(12.17) q2m' = qa~h (mode), 0 ^ & ^ a - l .

Equations (12.7), (12.13), (12.15) and (12.17) imply that

(12.18) k = d2 = qh~a = qb (mod e) .
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If b = 0, then by (12.16) and (12.18) k = 1. Thus by (12.15) c =
d1 - 1, hence by (12.7)

c c c

If c < e2 and a is odd, then

d2 = c + 1 < e2 + 1 < g20 .

Thus by (12.18) d2 = ga. However this is impossible as a is odd.
Assume now that 6 ^ 0 . As d2 is a power of g, (12.14) and (12.18)

imply that either d2 = qa+b or d2 ^ q2a+b. Since 6 ^ 0, the latter case
leads to

d2 ^ gaa+6 = g^g6 > 4e2q > 9e2 .

Hence d > 3e contrary to (12.11). Thus

(12.19) d2 = qa+b, 2 ^ a - 6 .

The inequality follows from (12.17) and the fact that a + 6 is even.
Now (12.11) and (12.19) yield that

q < e .
H qa~b qa~b q2 ~

Thus 1 S qb < e. (12.16) and (12.18) imply that

(12.20) k = qb , b > 0 .

Equation (12.15) now becomes ds = c + g \ Hence

c = 0 (mod g) .

Furthermore by (12.19)

c = d2-qb = qb(qa - 1) .

Consequently

d2e _ qa+be ___ gae _ , e

- »(- i) - ^ z r " + lirrr
THEOREM 12.1. Suppose that Hypothesis 12.1 is satisfied. Assume

that for some j with 0 ^ j ^n — 1, XleS^ and \2 e S^+i. Define

a = q'J+i-nXi - x2 .

Suppose that S^S^ and

aT = A+ Ax
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where A1eKJr(x^
r
9

T) and A is orthogonal to ^F(^T). Then

Furthermore if a is odd, c = c, < ea and c ^ 0 (mod q) then

Proof. Let 3~ = &~%. If ^ + 1 g ^ then tfTe^(JHT and
J = 0. Thus the result is trivial in this case. Hence it may be assumed
that c^+i^^T In particular, £f is not coherent, hence j£f is not
coherent, so by Lemma 11.1 | Q: G' | ^ 4ea + 1. Consequently Lemma
12.1 may be applied. Furthermore fj+1 = mf+1 and s < t. Thus J7~
consists of irreducible characters. Let &~ — {X8i \ 1 ^ i ^ nt}, where
the notation is chosen so that \ =£ X,fl and Xai(l) | X, i+i(l) for 1 ^ i < n8.
Suppose that X1 = Xtk. Define the integer x by (a% XT

91) = — x. Then
since a e J ^ ( y ) Lemma 9.4 implies that

(a\ XT
9i) = -x "'**' + dikq

n'+i~f> for 1 ^ i ^ n. .

Then

Ax = g"f+1"7^XiI* — a; \

Therefore

(12.21)

where c = c, is defined by (12.4). Let d = d, be defined by (12.5).
Since \.1(1) = qn> and X,t(l) = g-̂ ' (12.21) yields that

(12.22) | |J |r= | |X l | |» + 2 ! B d - ^ .

As a function of x, 2xd — (x*c/e) assumes its maximum at * = ed/c.
Thus (12.22) implies that

(12.23) I t^H 1 ^ ||\,||' + 2 ^ 1 - ^ = Ijx.lf + f * .
c c c

As HJH1 is an integer Lemma 12.1 and (12.23) imply that || A\\* £
+ e. Furthermore if a is odd, c < es and c 3= 0 (mod q), then
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The proof is complete.

13. Self Normalizing Cyclic Subgroups

Hypothesis 13.1.
( i ) SB is a cyclic subgroup of the group £ with | SB | = w odd.

Suppose that SB = SBX x 3B2, where w{ = 12Bt-1 and w< =£ 1 for i = l,2.
Let

2B = SB - SB2 - SB2 .

For any non empty subset 2t of SB

(13.1) C(«) = N(%) = SB .

(ii) Let co10f o)01 be faithful irreducible characters of 3B/3BS, SB/SBX

respectively. Define

for 0 S i ^ wx - 1, 0 ^ j ^ w2 - 1.
If t0lf w, in Hypothesis 13.1 are both primes then (13.1) follows from
the assumption that JV(SB) = 3B. Thus the situation described above
is a generalization of this case.

LEMMA 13.1. Suppose that Hypothesis 13.1 is satisfied. Then
2B is a T. I. set in £. There exists an orthonormal set [7]^ \ 0 ^ i ^
wx — 1, 0 ^ y ^ î 2 — 1} o/ generalized characters of £ sttc/i that for
0 ^ i ^ w± — 1, 0 ^ j ^ w2 — lf the values assumed by rjih yiQ9 7]Qj lie
in &W9 £2^ 0^ respectively. r]m = l x and

for
- G)i0 - 0)oj ^*

Furthermore every irreducible character of £ distinct from all ±
vanishes on 2B.

Proof. It follows directly from Hypothesis 13.1 that 2B is a T. I.
set in 3E. Define the generalized character a{i of SB by

Clearly a^ vanishes on SB — 2B. Thus

a?,(W) = au(W) for
(13.2)
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for 1 ^ i, s ^ wx - 1,1 ^ j , t ^ w% - 1. Therefore || a£- ||a = 4 and
(ati9 aft) = 2 for i, j , t ^ 0,j i± t. It follows directly from the definition
of ai5 that the values of afs lie in ^ .

For any algebraic number field ^ and any generalized character
a of a group let ^"(ot) denote the field generated by J^~ and all the
values assumed by a. Since ^(a4y) = ^(a**) we see that <£?(aZ) =
^ for some v with v\w. If i, i =£ 0 then v = t̂ t;,, where v, | w, and
v. > 1 for s = 1, 2. By (13.2)

at* = i2 ± e1 ± e2 ± 93,

where 9U @2, ®3 are distinct irreducible characters of X.
Suppose that ^(9k) £ ^ for k = 1, 2, 3. Let

u 919 93) = a>(9» 92, Gz) .

Let © be the Galois group of &~ over O^m For fc = 1, 2, 3 let @fc be
the subgroup of © whose fixed field is <£?Vl(9k).

Assume first that © = ©! U ©a U ©3. By (13.2) ©, n ®t = 1 for
1 ^ s < t ^ 3. If © = ®k for some k then &(9k) S ^ contrary to
assumption. Let |© | = g and \®k\ = gk for k = 1, 2, 3. Then it may
be assumed that g > g^g^ g3. Since g = gi + g* + g3 — 1 — 1 — 1 + 1
we must have gx = flf/2. Therefore

1 = | ©! n ®31 ^

Hence

g 3 - 2, g2, g3 ^ 2

Therefore flf ^ 4. © is not cyclic as it is the union of proper sub-
groups. Hence © is the non cyclic group of order 4 and \®k\ =2
for k = 1, 2, 3. As v2 is odd this implies that v2 = 3. For k = 1, 2, 3
let ©* = <#*>, where the notation is chosen so that ^ = ^ ( ^ i ) .
Therefore 0i(a*j) = a*j. Hence o^a) = 93. Consequently &Vl(92) =
^(^a) as © is abelian. This implies that a3 = az which is not the
case. Thus © =£ ©x U ®a U ©3.

If a G © - ©! U ®2 U ©3, then by (13.2) (afjf o{at5)) ^ 2. Hence by
choosing the notation suitably it may be assumed that a{92) = 03. If
(fffii #2) =£ (#t*, (̂̂ 2)) then replacing a by o1"1 and 92 by 03 if necessary
we get that

By (13.2) a(92) ± 9U 92. Hence also a(92) ^ a\92). Therefore
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2 ^ = 1 — 1
= (01 +
^ (01 +

+
02,
02, GiBX) ̂  1

5>0 - a\9t))
+ B2, a\9x

since 0lf 02,0(9,) and 0"2(02) are all characters. This contradiction
establishes that (afjf 92) = (afj9 o(92)). Since a^(1) = 0 we see that

(13.3) af, = 12 ± {02 + <x(02) - 9,} .

Furthermore ®2 = ©3 and if 7 e © - ®i U ®2 then 0X =£ 7(02). By
definition 9, =£ T(02) for 7 e ©x U ®2. Therefore

f o r 7 G ® .

Suppose that 7(#2) = 92 for some automorphism 7 of ^ 7 Then
yo(0J = o(92) and (13.3) implies that (afjf 7(at5)) ^ 3. Thus by (13.2)
7(ct*j) — a*3. Consequently 7(9?) = 9, and so

(13.4)

If now 7 e ®*, 7 ^ o, 7 ^ a-1, then (13.3) yields that

2 ^ (at,,

Therefore 7(00 = 9, and 7 e ®,. Thus | ®2 [ ̂  | © | - 2. Since ®! ̂  ®
and | ®x | 11 ® | we get that | ® | ^ 4. If | ® | = 2 then j r g ^ . Thus
(13.2) and (13.3) yield that 2 = (afjf o(afj)) ^ 3. Since | tfj: ̂  | is
even we get that | ® | = 4 . Thus either v2 = 5 and ̂ * C ̂  or v2 = 3.
In the latter case (13.2), (13.3) and (13.4) imply that 0(9,) = 9,. Thus
© = ©! or equivalently g?(9,) S ^ contrary to assumption.

Suppose now that v2 = 5. Thus v, ^ 5 and the previous argument
with v, and v2 interchanged yields that <£?(9k) g ^,2 for k = 1 or k = 2.
Thus by (13.4) ^(Ojsa^. By (13.2) and (13.3) © = <(T>. Thus
o-2(0!) = 9, since (o\a*5), afj) = 2. Let 7 be in the Galois group of tf;
over < ,̂2. Then 7O"2(0i) = 0i and 7 can be chosen so that

(ati9

Hence (13.3) yields that

(02 + o(92) - Ou 7O\92) + 7O\92) - 9,) = 0 .

Since 9, is not conjugate to 02 this implies that

(02 + o(92), 7O\92) + 7o\92)) = - 1

contrary to the fact that 02, o(92), 7o\92) and 7o\92) are all characters.
Thus in any case there exists a non principal irreducible character
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X of X such that (9lf a?y) =£ 0 and 0(81) S ^ . Suppose that
^ = &% Since w is odd

(afif a*) = (aii9 a^) = l .

Therefore

1 = (la ± 9, ± 92 ± 0 3 ,1 2 ± 9, ± 82 ± 65) = 2 + (02 ± 03, 02 ± 03) .

Hence

(92±9z,82±&i)= - 1 .

Since 92 and 03 are characters this yields that 9k =£ Bk for fc = 2, 3.
Hence 02 = 93 and so 03 = 92. Consequently (92 ± 93, &2 ± 03) = ±2,
which is not the case. Therefore

(13.5) a9 * a*(9d s a^.

Similarly there exists an irreducible character 92 of X with (92, a?j) ̂  0
and & * ^(92) S ^,2. Thus by (13.5) 9X ̂  92. Now (13.2) yields
that

(13.6) at; = I3 - rjio - VOJ + Va

for 1 <L i -g. wx — 1,1 ^ 3 ̂ w2 — 1. The ±^y are distinct irreducible
characters of £ whose values lie in the required field. Suppose now
that

^oiga = g a>no>ii + dpn

with aoo = 0. Then by the Frobenius reciprocity theorem it follows
from (13.6) that

—a i 0 — aoj + aiS = — 8it ,
irj—1 W2

= % aiocoio + £
i

3=1

!—1 »2—1 v2—1 »i—1

Consequently for We 2B

In a similar way it can be shown that Vot(W) = o)ot(W). Then it
follows from (13.6) that y]Bt{W) = Q)8t(W) for We$2>.

This implies that if WeSS then



13. SELF NORMALIZING CYCLIC SUBGROUPS 833

The orthogonality relations for the irreducible characters of X now
yield that every irreducible character of X distinct from all ±7]^

vanishes on 2B. This completes the proof of the lemma.

LEMMA 13.2. Suppose that Hypothesis 13.1 is satisfied. If A is
a generalized character of X which vanishes on 2B then

IOI-I w a - l

A = a ^ + g ai0 g 7<y
W 2 - 1 « ! - l W!-l w 2 - l

+ S <*oi S ft; - aoo S S 7ii + ô
i=l i=0 »=1 i=l

= 0 for 0 ^ i S> Wi - 1,0 ^ j ^ w2 - 1.

Proof. Let
loi-l w 2 - l

^ = ô + S S ««?« .
»=o i=o

where (Jo, ^ y ) = 0 for 0 ^ i ^ ^ - 1, 0 g i ^ w2 - 1. By Lemma 13.1

(A, l s - ft0 - Vos + Va) = 0 for 0 ^ i ^ wx - 1, 0 ^ i ^ w;2 - 1 .

Hence

Goo — <lio ~ Go; +
 a<i = ° f o r ° = * ^ wi ~ 1» ° = J = wa "" 1 •

This implies the desired result.

Hypothesis 13.2.
( i ) The group 8 = X satisfies Hypothesis 13.1.
(ii) 2 contains a normal subgroup S such that

8 = £35$!, S n 2Bi =

and if $1 is a non empty subset of 2B — 3B2

= SB .

Since SŜ  is a S-subgroup of SDB, Hypothesis 13.2 (ii) implies that
is a S-subgroup of 2. Also, if We SBff then C(T7) n « = 2Ba.

LEMMA 13.3. Suppose that 2 satisfies Hypothesis 13.2.
SB — 2S2 is a T. I. set in 2 . For 0 ^i ^ Wi — 1,0 ^ j ^ w2 — 1 there
exist irreducible characters [X{j of 2 such that
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where {at} is a set of integers depending on j and the sign depends
only on j .

Proof. Hypothesis 13.2 implies that 2B - 282 is a T. I. set in 8.
For 0 ^ i, k ^ wx — 1,0 ^ j ^ w3 — 1, o)i5 — cokj vanishes on 2Ba. Define

£« = {o)iS | 0 ^ i ^ wl - 1} for 0 ^ i ^ w2 - 1 .

Then by Lemma 10.1 S^ is coherent for 0 ^ j ^ w2 — 1. Let /*o- =
±coT

ij9 where the sign is chosen so that /J<y(l) > 0. Then

((Oij - O)kJY = (O)i5 - COkj)* = ±{[li5 - fikj)

for 0 ^ i, k ^ w1 - 1, 0 ^ j ^ w2 - 1 .

The Frobenius reciprocity theorem now implies the required result
since {o)^ — cokj)* vanishes on 2B2.

LEMMA 13.4. Suppose that S satisfies Hypothesis 13.2. Let X be
an irreducible character of 8. Then there exists an integer a such
that

or

/or some i, i with 0 ^ i ^ wx — 1, 0 ^ j ^ wa — 1.

Proof. Let /Ĵ - be the characters defined in Lemma 13.3. If
X = /î - for some i, j with 0 ^ i ^ ^ — 1, 0 ^ j ^ w2 — 1 then the
result follows from Lemma 13.3. Furthermore Lemma 13.3 implies
that

I f*u(W) |J = w = | C(W) | for We SB?.
;=o i=o

Hence if X =£ [xi5 for all i, j we have that X( W) = 0 for TFe SQBf. This
completes the proof of the lemma.

We will use the fact that Lemma 13.4 is valid over fields of
characteristic prime to | 8 | , provided that X is absolutely irreducible.

LEMMA 13.5. Suppose that 8 satisfies Hypothesis 13.2. For
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0 g i ^ w1 — 1, 0 ^ j ^ w2 — 1 let Pa be the characters defined by
Lemma 13.3. Define

f i = £ Ay /or 0 ^ i ^ w2 - 1 .
i=0

Then £,- is induced by an irreducible character ft, of 5?. Further-
more

= ft for 0 ^ i ^ Wi — 1, 0 ^ i ^ w, — 1 .

Proof. By Lemma 13.4 the characters /*<,•, 0 g i ^ ^ - 1, 0 ^
j g w2 — 1 are the only irreducible characters of S which do not
vanish on 2B}. Since each [ti0 agrees on 85̂  with a suitable linear
character of S/ffl it follows from Lemma 13.1 that {fti0 \ 0 ^ i ^ ^ — 1}
is the set of irreducible characters of 8/51. Therefore ftnfty agrees
with fty on SB. Hence Lemma 13.1 implies that ftioftOj = /iiim Con-
sequently if ft = jMoiift then

= ft for 0 g t ^ wx - 1, 0 ^ i ^ w, - 1 .

Thus the Frobenius reciprocity theorem implies that fii3- is a constituent
of fif for all values of i, j . Since

^ = fid)
t=0

the lemma is proved.

LEMMA 13.6. Suppose that 8 satisfies Hypothesis 13.2, p is a
prime, and ft is an extra special p-group with ft* = 2B2. Let
15B:5t' | = p2n. Then wx divides either pn + 1 or pn — 1.

Proof. It is easily seen that a faithful irreducible character of
5? has degree pn. Thus by Lemmas 13.4 and 13.5

Vn = /*nd) = awx ± 1 .

This proves the result.

LEMMA 13.7. Suppose that 8 satisfies Hypothesis 13.2. Let fth fy
6e defined by Lemma 13.5. TAew aw irreducible character of $t
either induces an irreducible character of 8 or it induces f y /or some

0 ^ j ^ w2 — 1.

Proof. The group 2Bi acts as a permutation group on the conjugate
classes of 5?. If We 2Bi and TT leaves some conjugate class of St fixed,
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then since 2Bi is a Hall subgroup of 8, Wmust centralize, some element
of this conjugate class. Hence by assumption the only conjugate
classes of ® which are fixed by any W'eSBJ are those containing an
element of 3B2. There are at most w2 of these. The group 2Bi also
acts as a permutation group on the irreducible characters of 5?. There-
fore by 3.14 there are at most w2 irreducible characters of $ which
are fixed by any element TFeSBJ. By Lemma 13.5 the w2 distinct
characters pJf0^j< w2 are fixed by every We SBj. and these induce
£/, 0 ^ j < w2. Thus every other irreducible character of ® induces
an irreducible character of 8. The proof is complete.

Hypothesis 13.3.
( i ) 8 is a tamely imbedded subset of the group X and 8 = iV(S)

has odd order.
(ii) 8 satisfies Hypothesis 13.2, and X satisfies Hypothesis 13.1

with the same group SB.
(iii) 8 contains a normal nilpotent subgroup § such that

2BaS$S U

(iv) There exist subgroups tQl9 • • • ,&* such that {§, 11 ^ s ^ n)
is a system of supporting subgroups of 8 and 8^ Let 5ft, = iV(&.)
for 1 ^ s ^ n.

(v) -For 0 ^ i ^ Wi - 1, 0 ^ i ^ w2 - 1 let rjiit fiijf £y 6e defined
respectively by Lemmas 13.1, 13.3 and 13.5.

(vi) Let Sf be the set of characters of 8 which are induced by
non principal irreducible characters of Si, each of which vanishes
outside 8.

LEMMA 13.8. Suppose that Hypothesis 13.3 is satisfied. Assume
that for some i, j , k with 0 ^ i ^ wt — 1,1 ^ j , k ^ w2 — 1, fti(l) =
/*iJfc(l). Tfrew /jeo- — /iifc vanishes in 8 — 8f and

Proof. By Lemma 13.3 /î -, j«<fc do not contain 2B2 in their kernel,
thus they do not contain § in their kernel. Hence by Lemma 4.3

Pa, f*ik vanish on $ — 8. By Lemma 13.3 Pu^ = Pum^ T h u s
Pa — Pik vanishes on 8 — Sf. Hence || (p^ — pik)

T ||a = 2. By Lemmas
9.1 and 13.3
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{(ft; - ft*)r MVa - Vik)}(W) = 0 - for We 2B . • .

Thus the result follows from Lemma 13.1. "}

LEMMA 13.9. Suppose that Hypothesis 13.3 is satisfied. Choose
k with 1 ^ k ^ w2 — 1. Let

? is coherent and

t=0

is an extension of z to S^ where either e = 1 or e = — 1.

Proof. Since 181 is odd Si =£ Si* Hence ^(S^) ^ 0. By Lemma
13.5

W l - 1

» = 0

Hence Lemma 13.8 yields that

(Si ~ SkY = "S ± tin - Va) •
t=0

By Lemma 9.1 (£, — SkY vanishes on SBL Thus Lemma 13.2 implies
that

(13.7) (Si - SkY = ± S (Va - Vik) .
i=0

Now define

where the sign is the same as in (13.7). It is easily seen that z is a
linear isometry on S^. Thus £^ is coherent.

LEMMA 13.10. Suppose that Hypothesis 13.3 is satisfied. Let &[
have the same meaning as in Lemma 13.9. Then (S^f r) is sub-
coherent in £f where z is defined on Si as in Lemma 13.9.

Proof. By Lemma 13.9 S4 is coherent. Let &~ be a coherent
subset of Sf which is orthogonal to £fx. Let r2 be an extension of
z to ^.

Every generalized character in Sf vanishes on 5B. Thus by Lemma
9.1 every generalized character in ^(S^Y vanishes on 2B. If X is
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an irreducible character in ^ then \ ^ X as | S | is odd. Further-
more (X — xyeU^i^Y and thus vanishes on 2B. Hence V2 =£ ±Tjif

for 0 ^ i ^ wx — 1, 0 ^ j" ^ w, — 1. Therefore V2 is orthogonal ta
^t r . If f, G ^ 7 then since (£?, (f, — f ,)r) = wlf £;2 is a linear combination,
of 3?i8 and ^ , with 0 ^ i ^ wx — 1. Hence fJ2 is orthogonal to ^tT-
Consequently ^~T2 is orthogonal to S^T.

Suppose now that a e ^(S?) with aT = Al + Aa, where A2 e <ST(̂ "T2),
Ax is not orthogonal to ^(SiT) and H ^ H 2 ^ ^ . Let ar = T + J,
where A is a linear combination of the generalized characters 7)^ and
(r, ^,) = 0 for 0 ^ i ^ wx - 1, 0 ^ j ^ w2 - 1. Let a be the set of
integers s such that £, e ^ Lemma 13.8 implies that every gener-
alized character in ^"r2 is orthogonal to r)i5 for 0 ^ i ^ Wi — 1, i g tx.
Let A = Ao + J(, where Jo is a linear combination of yi$ with s e a and
(A'x, Vu) = 0 for 0 ^ i ^ wx - 1, s e a. Then

(13.8) H j n r ^ w i .

By changing notation it may be assumed that f lf £a e Si and
(A'Xf f[ - f0 > 0. By Lemma 9.4

(A[, ff - fi)a = («% fl - «>3B = («. fi - « f i •

Hence (JJ, ff — f2
r) is a non zero integral multiple of wx. By (13.8)

(Af A r ^ r \ a < II A* I I 2 II £ r £ r I I 2 < 9 i / ? 2

Therefore

(13.9) (A'l9 fI - fi) = Wl .

By Lemma 13.2

(13.10) A[ = e "s ai0^0 + 6 "s {(a* + aol)^x + (ai0 + aO2)?ia} + A[9 ,
0 0

where 6 is as in Lemma 13.9 and where (AXf 7]it) = 0 for 0 ^ i ^ wx — l r

* = 0,1, 2. Now (13.9) yields that a01 - aM = 1. Thus (13.8) and
(13.10) imply

" V aol)
a + (ai0 + a01 - 1)'} ^ w1 .

Every term in the second summation is non zero. Thus ai0 = 0 for
O ^ i ^ ^ - 1 . Hence a01 = 1 or a01 = 0. Hence (13.8) and (13.10)
yield that A[ — ff or JJ = — f2

r. This shows that (£{, z) is subcoherent
in £f and completes the proof of the lemma.

In the proof of the main theorem of this paper we will reserve
the letter z to denote the extension of z to £fx defined by Lemma
13.9. Thus (,_9f, z) will always be subcoherent in £fm
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DEFINITION. A Z-group is a group all of whose Sylow subgroups
are cyclic.

Hypothesis 13.4.
( i ) 2 = 935B with 93 n ft = 1, ft < 8 and ft solvable. Furthermore

33 is a cyclic S-subgroup of 8 and | 8 | is odd.
(ii) For B e 93f, C^(B) = (^(93). Furthermore 6 (̂93) is a Z-group

and ft ^ C^(93).
(iii) 8 is faithfully and irreducibly represented on a vector space

y over a field of characteristic not dividing | 8 | . y contains a
vector space yi of dimension at most 1 such that if B e 93f, v e y
tfeen vB = v if and only if ve 2^.

LEMMA 13.11. Suppose that Hypothesis 13.4 is satisfied. Then
ft is nilpotent. Furthermore | 931 is a prime and the representation
of 8 on y is absolutely irreducible.

Proof. Let X be the character of the representation of 8 on y.
Let 5̂ be a Sp-subgroup of R which is normalized but not centralized
by S3. Then either CU93) = 1 or ^33 satisfies Hypothesis 13.2. Thus
by Lemma 13.4 only one absolutely irreducible constituent of X^ is
not linear. Hence X is absolutely irreducible. Furthermore Lemma
13.4 and 3.16 (iii) imply that X^ has p% as a constituent. Thus 193 |
is a prime.

The nilpotence of S is proved by induction on |A| . We assume
without loss of generality that the underlying field is algebraically
closed. If 93gF(S) then $gC(93) contrary to assumption. Thus by
3.3 93g£C(F(S)). Let g be a minimal nilpotent normal subgroup of
2 which is not centralized by 93. Then g is a p-group for some prime
p. Furthermore g' = D(%) and 93 S C(JD(g)). By Lemma 13.4 there
is exactly one non linear irreducible constituent of X^. Let

where each fa is a linear character of g93. Assume first that n =£ 0.
If v is an irreducible constituent of 0,g, then (v, 0,̂ ) = 1. Since
v jz fa^ for 1 ^ i ^ n, we have (X,̂ , fa^ = 1. Since X^ is a sum of
conjugate characters this implies that % is abelian and the fa are
distinct. Thus g33 = g0 x 3x93, where | g01 = p and &9S is a Frobenius
group. For L e 2 let /if(X) = fa(L~lXL). If L 6 8 such that tf = fa
for some i, j then L e JV(Si) since gi is the kernel of each /i<,g. Since
S permutes the constituents of \ , g transitively this implies that iV(gi)
acts transitively on {fa, • • •, /*„}. Hence w is odd. Thus X(l) = w + 1931
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is even contradicting the absolute irreducibility of X. Therefore n = 0
and A;|ĉ  is irreducible.

By Lemma 13.4 this implies that X(l) = 1931 or X(l) = 2 | SB | - 1.
If Ml) = 1331 then \ l f t is reducible since (|SB|f |ft|) = 1. As 1331 is a
prime this implies that X,,ft is a sum of linear characters and 58 is
abelian. Thus we can suppose that X(l) = 2 | SB | — 1. By Lemma 13.4
i,g is irreducible. Thus if £> is any proper 33-invariant subgroup of
5? with g^£> then 33£> satisfies the induction assumption and § is
nilpotent. If £> = P̂ x & with g £ P̂ then since X{^ is irreducible,
&SZ(8) . If g i s n °t a Sp-subgroup of 8 then g5?i is a proper sub-
group of ft where ftx is a 33-invariant p-complement in ft. Thus
fti£Z(ft) and ft is nilpotent. Suppose now that g is a Sp-subgroup
of 8.

Since B(g )£C(8) , Z>(g) is cyclic. Let & be the subgroup of
index p in Z>(5). Then g/gx is a p-group of class 2 and hence is a
regular p-group. If g/gj does not have exponent p then there exists
a characteristic subgroup of g of index p which is normal in 8 but
is not centralized by 33 contrary to the minimality of g. Thus g/g t

has exponent p. Therefore 33 acts without fixed points on S/-D(S) as
Cs(33) is cyclic and Z>(g)SC(8).

Let ffl/© be a chief factor of 8 with g ^ § . Suppose first that
33 does not centralize $/£>. Then 33$/£> is a Frobenius group which
is represented on S/^CS)- As 33 has no fixed points on 3/D(f$) Lemma
4.6 implies that ft/© acts trivially on S/Z)(g). Thus ft = gC®(g) is
nilpotent. Assume now that 8/£> is abelian. Then | f t : $ | = g for
some prime g =£ p. If 335J/& is represented faithfully on g/Z>(3), the
minimal nature of g implies that 33®/£> is represented irreducibly on
3AD(3). Let « /§ = <Q§>. Then Q acts without fixed points on
g/Z)(g). Since X,s is irreducible, Z(g) S Z(8). Thus Q e C J f l ^ ) ) ) .
Hence Q e C(Z)(g)). We will now reach a contradiction from the fact
that Q $ C(g). Let § = g x &. Then & £ Z(8). Thus 8/g is abelian.
Let ft be the linear character of 8/3 such that X(H) = X(l)fi(H) for
He &. Let \0 = x/i-1. Then \0(l) = x(l) = 2 1331 - 1 and Xo is an
irreducible character of 8/$i. The group 8/fe satisfies Hypothesis 13.2
where g&/©i is the normal subgroup. Thus by Lemma 13.4 no
irreducible character of S/& has degree 2 | SB | — 1. This completes
the proof of the lemma in all cases.

DEFINITION. Let 21 and 33 be subgroups of a group 8 with 33 £5
iV(2I). We say that 33 is prime on 21 if

for

If j 331 is a prime then 33 is necessarily prime on
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LEMMA 13.12. Let 2 = 2193 with 21 < 8, 21 solvable, 93 cyclic,
(| 211, (331) = 1 and |3RB| odd. Suppose that 93 is prime on 21 and
CffiB) ts a Z-group. If (^(93)^21' tfon 2I/F(2l) is nilpotent. If
furthermore | 93 | is not a prime then 21 is nilpotent.

Proof. Let 8 be a counter example to the result for which 1211
has minimum order. Since (| 81 |f | S31) = 1 the hypotheses are satisfied
by all 93-invariant factor groups of 21.

Suppose that | S3 | is not a prime. Let 9Ji be a minimal normal
subgroup of 8. Then 9JJ is a p-group for some prime p and 5Di^2I.
By induction 2I/5K is nilpotent. If O is a 93-invariant S,-group of 21
for q e 7r(2I), q =£ p, then 2RG < 2193 and 93 has no fixed points on
£} — Q'. If 21 is not nilpotent then it is possible to choose g so that
2RO is not nilpotent. Let d = Cc(2ft). Then 93G/G! is faithfully
represented on 2JJ. Hypothesis 13.4 is satisfied with 2JI in the role
of 3̂ r Thus by Lemma 13.11 1931 is a prime contrary to assumption.

Assume now that |93| is a prime. Suppose that 8 contains two
distinct minimal normal subgroups SSlx and 2ft2. For i = 1, 2 let g*
be the inverse image of F^SHl^ in 21. By induction 2I/& is nilpotent
for i = 1, 2. The result now follows from the fact that F(%) =
Si PI $2- Thus it may be assumed that 8 contains a unique minimal
normal subgroup 2Ji. Then 3K g OP(2I) = F(2l) for some prime p. Let
® = Z)(Op(2t)). Then F(2l/®) is a p-group. Thus the result follows
by induction if © =£ 1. Assume now that S) = 1. Then Cĝ aft) = OP(2I).

Let 2IX be a 93-invariant Sp,-subgroup of 21. Then 2̂ 93 is faith-
fully represented of 2JI. Hypothesis 13.4 is satisfied with 2Ji in place
of 2̂ ~ unless 2l1EC9r(93). Thus by Lemma 13.11 % is nilpotent or

Let 2l0 = 2I/OP(2l) and let P̂o be a 93-invariant Sp-group of 2l0. If
3̂o £ ^(2I0) then 2lo/̂ Po is nilpotent since it is a p'-group and the result

is proved. Assume that ^o §s ̂ (2I0). By induction 2lo/F(2lo) is nilpotent.
Hence 93 does not centralize P̂o by assumption.

Let $ be a p-group in 2I0 which is minimal with the property
that 93 normalizes ^ but does not centralize 5̂. Since F(2I0) is a pf-
group there is a prime q =£ p such that ^ D contains no normal p-sub-
group, where D is a Sg-group of F(2l0). Thus 93̂ 5 acts faithfully on
Q. Let 9J?! = C^(93). As D93 is faithfully represented on 2ft Lemmas
4.6 and 13.4 imply that 2^ =*= 1. Let Ox = Cc(93). As ^93 is rep-
resented faithfully on Q/Z7(D), Lemmas 4.6 and 13.4 imply that
Ox=3fcl. Thus Cgj(93) is a Z-group, 2Jlx < ^(93) and pq\\C^8)\.
Therefore

f 13.11) ^ '^1 (mod (7) .
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By 3.11 *$ is a special p-group and D(?)SC ? (8 ) . Thus D(^) is
cyclic. By Lemma 13.11 the representation of $P33 on Q/Z)(Q) has a
unique faithful irreducible constituent and this constituent is absolutely
irreducible. Let ft be the character of this constituent. If D(ty) =£ 1
then by Lemma 13.4 fi^ remains absolutely irreducible. Hence
q = 1 (modp) contrary to (13.11). Therefore P̂ is an elementary
abelian group and 33̂ 5 is a Frobenius group. Thus /*(1) = 1331 is a
prime. If sp is not cyclic then /i,^ is reducible in the field of q
elements as /i,^ is faithful. Thus q = 1 (mod p) contrary to (13.11).
Therefore s$ is a cyclic group of order p and 33̂ P is a Frobenius group.
Hence

(13.12) p = 1 (mod 1331) .

Let Do be a 33̂ 5 invariant subgroup of O which is minimal sub-
ject to spgCg^Qo). Thus the representation of 33$ on Q0/Z)(Q0) is
irreducible. Therefore £ioS(£yP)'. Since OP(2I) is elementary and
C (̂33) ^ 1 we get that the hypotheses of the lemma are satisfied.
Thus the minimal nature of SI implies that 2I0 = £}$ and O = Do-
Therefore the representation of 33D$ on 2Ji is irreducible. Let Ox
be a minimal normal subgroup of 33£}̂ 5 which is not centralized by
33. Thus SX^£L. Then QJ = ZKd) and 33 £ CWE^)- Hence Z^d)
is cyclic. Let X be the character of the representation of 33d on 2Ji.
By Lemma 13.4 A, has exactly one irreducible constituent which does
not have (33d)' in its kernel. Let 6 be this constituent and let

X = £ A* + * .
t = l

Since each X{ is a character of a group of exponent q \ 331 it follows
from (13.11) and (13.12) that each \ is absolutely irreducible. Thus
Xi(l) = 1 for 1 ^ i ^ n. By Lemma 13.11 0 is absolutely irreducible
in the field of p elements. By Lemma 13.4 0(1) ^ 2 1331 - 1. Since
1331 p is odd (B) and (13.12) yield that

(13.13) |3Ji| g r p ' ^ p W .

Thus n ^ 0. Let 0|C = £r=i vjf where each v, is an irreducible char-
acter of £\. Thus

(13.14) X = g \,1Di +

Since d < Q^^P, {\ i |Q, Vj} is a set of conjugate characters. Since
n ^ 0 they are all linear. Thus Q{ = 1. Hence £^33 = Da x
where £^33 is a Frobenius group and | O, | = q. Furthermore
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(13.15) m = 0(l) = | S31

Since OgSkerX* =£ £k for 1 ^ i ^ n we see that X<|jQ =£ i>y for all
i, j . Since v< =5t Vy for i 3= j we get that no constituent of X,IDi occurs
with multiplicity greater than one. Since { \ Q } is a set of distinct
linear characters of O2 we get that n ^ q. Now (13.13), (13.14) and
(13.15) yield that

P ^ Ml) = m + n^\S8\ + q .

This contradicts (13.11) and (13.12) since | S31 pq is odd. The proof is
complete.
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