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Introduction. Let S(t) denote the class of functions @ analytic
in the unit disk U with center 0 and satisfying

(1) [Jle@1@ =12y dedy < o (2 =0+ i)

for ¢ real. In this paper we shall prove that for A and v properly
restricted, || < 1 and @€ S(¢), the following formulas are valid:

- A+ 1 PR) A — |2) pva (1 — 2
(@) oo="CEL ] [2OC 1D, (F=Er)awan,

and

gy = MHL ([n PR@ = |2 & ppons( 1 —F
(3) o=@ =211 [z (L JEL 3 o <1_lzlz)dxdy,

where the a; are suitably chosen constants (with respect to ¢ and the
variables z and (). Finally, if

= (=D [ px) A — [2[)*
Fn(Cr U, )") - T SS En(l . Ec))\+2—-n

. N+ 1) vin—a( 1 —2C
(4) [F(u+n—1) tn <1—|z!2>
1 n—1 1-— EC
+ i <_—_1 — [)] dady
then F,({, v, \) has the property that
ar .
(5) WFn(Cyvr)")_¢(C)°

Formula (2) reduces to the well known results of Ahlfors [1] and
Bergman [2] for particular choices of the parameters ¢, », and v. The
author is indebted to Professor Ahlfors for suggesting this problem.

Notation. Define
Nz, N) =1 — [z,
D(Z, C’ 7\’) = (1 - EC))‘ ’

Lz, ¢, v) = <1—1_;li—cl?>

Received May 15, 1963. This work was done while the author was a NAS-NRC
Postdoctoral Fellow.

177



178 G. S. INNIS, JR.
where the principal values of the functions on the right are used.
Reproducing Kernels. In this section we shall prove

THEOREM 1. If @€ S(t) for some t, then
(a) for Rev =1 and Rex >t, (2) is satisfied and
(b) for Rey =1 and Rex =t, (2) is satisfied.

REMARKS. If

Kz, ¢, v, ) = i’}-g:—)j% Nz ) Dz, €, —\, —2) Lz, G, v)

then because |z| < 1, |{| < 1 and principal values were used in defining
N, D and L, K, is unambiguously defined. Thus (2) can be written

(2) 920 = | |20 Kz, ¢, v, Man dy .

Also, if e S(t) and @ # 0, then ¢ > —1 as is easily seen by considering
(1) in polar coordinates.

The proof of Theorem 1 will be preceded by the statement and
proof of three lemmas.

LemMMA 1. For e S(t), and for Rexn = t, (1) implies

lim,_, (1 — ro)Rer+t §2"| P(re?) | do = 0 .
0

Proof. If f(r) = Sle @(re®®) | dd, then f is a nondecreasing function
0

of r for 0 < < 1 (the trivial case of » =0 is excluded in the sequel).
Suppose now that lim sup (1 — 7°)®*f(r) = ¢ > 0 (¢ may be infinite).
Let 0 < b < a. Then there exists a sequence {r;} of real numbers,
0< 7o, < r; <1, converging to 1 such that f(r) = b(1 — r})~ & for
r>r,and 1 —r?< (1 — ri_)/2. Then (1) becomes

S:S:wr(]_ — ) | p(re’d) | drdf = éf(/ri—l) S"i r(l — r)Erdy

Ti—~1

i:zbﬁ%—T[l — (_11__*—/:%:)&)\“]
2 St -@) =

This contradiction implies

lim,_, (1 — ro)Rer+s 82"| P(re) | do = 0 .
0
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LemMMA 2. If @€ S(t) for some t, Rex >t and Rey = 1, then
6) | le@K@ ¢ v, ndndy = | [o@Kiz & v+ 1, 0d0dy .
28 24
Proof. Let K(v) = K(z,¢& v,\). Then

K\() =[K\(() - K+ D]+ K@+ 1)
and if

__(+1)y P2 £ a—
f(z,C1v’)“)'— F(V"‘l)ﬂ' z_c N<Z;N+1)D(2,S7 7\‘ l)L(Z, Cy””{'l)’

then

Y~ (&) ~ K + )2 -
We are, therefore, in a position to apply Green’s formula since the
singularity of f at 2 = { is only apparent (lim,_.(z — {)™* L(z, {, v + 1) = 0).
Thus for 0 < r <1,

1) &,,Jg’(z)Kx(V)d% dy = —21—@— S _f@ L v, Ndz

|z

+ SlzmS@(z)Kl(v + Vdwdy

and the lemma will be proved if we establish that the line integral in
(7) vanishes as » — 1. To show that this is the case, let ¢ >0 and
t + ¢ < Ren. Then

1
= — A
L= ety

=C S”_____g)(;re“’)c N(r,x + 1)D(re®, {, —\ —1)L(re®, L, v + 1)rei®dd ,
o re’ —

(8)

and for » near 1,
(9) L1 5 G =y (7 o(re) | do
0

where the factor (1 — 7%)%* was used to suppress the logarithm near
r=1. On applying Lemma 1 in (9) we get

| L] = GA — r)",

and the result follows.

LEMMA 2'. Lemma 2 s valid for Rex =t if Rey = 1.
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Proof. The proof of this lemma is similar to that of Lemma 2

except that the factor of (1 — 7%)¥® is not needed to suppress the
logarithm and, therefore, the range of A can be extended.

LEMMA 8. If Rev = k, Rex > —1 and p is a positive integer, then
Slrw—l N(r, \) L(r, 0, v — k -+ 1)dr
0

_ S (e _I'(v—-Ek+1)
=2 1)< i >2(x+i+1)v—k+l'

10)

Proof. Induction on p will be used. If p =1, (10) reads

1 _I'v—k+1
So'rN(r, N) L(r, 0,y — k + 1)dr = 200 F 1y

Substituting

t =+ DL 0,2), dt=(+1) 12772 dr

in the left hand side, we get

! —_ 1 = —t Yl

SorN(r, WL, 0% — b+ Ddr = 5ot Soe et
where the path of integration in the right hand member is the half
line through the origin inclined at the angle arg (A + 1). That integral
is I'(v — k + 1), and the result is established for p = 1. Suppose that
(10) has been proved for p» — 1. The left hand side of (10) can be
written in the form

S:fr'“’““N(r, ML, 0,y — k + Lydr — S‘w-aN(r, A+ 1)L, 0, v — & + Lydr
Ty —k+1) , 2\, (p—2\] I'v—k+1)
T 200 A 1R +Z( 2 [<@+l>+< ( )] 200 4+ 1 4 )+

Lo —k+1) _ ((p—1\ _Iv—k+1)
+ ey PR - Sy (P ) i

Proof of Theorem 1. This proof will be accomplished by showing
that the mth derivative of @ evaluated at 0 is given by the mth derivative
of (2) evaluated at 0. Induction will be used.

It is clear that (1) implies the absolute convergence of (2), and
that if ReX is large enough, differentiation with respect to {, A, and
v will commute with integration. Differentiating (2) m times with
respect to £, one gets
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an  em@ =211 [eeNe VDE, ¢ —n 2 - m)
i::(l’ aiL(z’ C; Y — /’/)dx dy

if Reyv = m + 1 and the a; are properly chosen constants.
Let F(¢) = SUSq)(z)Kl(v)da; dy. Then F(0) :S SCP(z)KI(z, 0, v, \d dy
178
which by (1) can be written
1

F(0) = %{;_)}EL XO’/‘N(’I‘, NL(r, 0, v)dr g:"gv(rew)da

= 2D o) [ rNer, LG, 0, )
I'(v) 0
By Lemma 3 this last integral is I"(v)/2(\ + 1), and the desired result
follows.

Suppose now that Rey > 1. Because of a complication in the
inductive hypothesis, it will also be necessary to show that F’(0) =
®'(0). Notice, however, that if we differentiate F with respect to ¢
two terms arise, and in one of these the exponent of In is v — 2. If
Rey < 2, this would cause trouble. This difficulty is avoided if we

first apply Lemma 2 to F' to write it in a form for which Rey = 2.
Then

)=+ SS- NGz, »

0 = G52 @G,y
[+ 2)L(2,0,v) — (v — 1) L(2,0,v — D]dz dy .

By splitting this into two integrals and proceeding just as above, we

derive

F'(0) = #(0) .

Suppose now that it has been established that F*="(0) = @*~(0).
Use Lemma 2 to write F' in a form for which Rev = p + 1.
Let the following be taken as the inductive hypothesis:

(12a) F@=2(0) = ¢71(0) ,

S (» + 1)} — (p —
(12b) aﬁ%at D -2 .00 (p — 1),
and
(12¢) %+ S a; O+ k) ~0

==Y —2) (v —1)
for k=2,8,+++,p. When p =2, (12a) was proved above. In this
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case @y =N+ 2 and a, = —(v — 1) so that both (12b) and (12c) are
satisfied. Consider now F'(0) when F*=9() is given by the right
hand side of (11) with m = p — 1.

( O § A
F@o) = 22T =2\ |Z°9(2) N(z, \)
(13) I'(v)r SUS

[(x +1+ p) Zla,-L(z, 0,y — i) — gla,.(v — )Lz, 0,y — i — 1)]dm dy .

After some algebra (13) becomes
a0y — 20 + 1) I'v) D I'(v)
F®0) = 22 F 2 oug)| g2 —p L ) -
© T ()[°2(x+1)” ‘<1)2(x+2y

e (1) I'(v)
+ ( 1)bp2()n+p+1)“]

where
bo=a+ 140 +2E a0+ 14 ) — a@ - 1)
O+ 1) I
+ O—-1)@—2) [az()"'*‘l”i‘p) a,(y 2)]
e . 4+ 1)
* Ly o v vy oy g
S FIE D@D — () —1)!
=p! by (12b)
and

bo=ah+1+p) + 2L g0 41+ p) — 0 - 1)

O+ k + 1) aly —
t e Do =g [a.,(v + 14 p) — ay(v — 2)]

N+ k+1)
-1V —-2)---(v—12)
=(A+14+20+ON+k+1)0=0 by (12c) for

o =0 (v — D)

k=23,-.--,p. It follows immediately that
F(P)(O) — ¢(P)(O)

as was to be shown.
The case Rey = 1, Re) = t is treated as above except that Lemma

2’ is used in place of Lemma 2. The proof is omitted.

REMARKS. Notice that in proving Theorem 1 we have also'established
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that (11) is a correct formula for the mth derivative of o.

As mentioned above we are also at liberty to differentiate (2) with
respect to v and . It is readily verified that differentiating (2) with
respect to A and using the results of Theorem 1 yields

20 = | (o) K + Ddz dy

which is nothing new. However, differentiating (2) with respect to v
and using Theorem 1 we derive the new formula,

_ O+ 1) a
11 PO T I DG Il PEONE DG & = =)

L(z, {, v) In(L(z, ¢, 2))dx dy .

The integral in (14) is absolutely convergent in spite of the apparent
difficulties with In(L). Further derivations with respect to ¢, v, and
M\ are, of course, possible.

An interesting formula results from (11) for the case in which A
is an integer and v=1. Here, a,= I'(n + m + 1)/I'(n + 1) and the
rest of the a’s are zero. The 6 integral is

2r <0 2m
re—i®)ym P(re) do = or r 2V ()| |
So (re™) (I = re—ogymtnis (m + n + 1)! ezt

and (11) becomes

p(Q) = 2 [t (L = iy @)z dr
n. Jo

This expression is readily checked for @(z) = 2* and, thereby, for any
® e S(n).

Primative Kernels. In this section we shall prove
THEOREM 2. If e S(t) and
n . (_1)n+1
K2 (zy Q, Y, >") - T N(z’ )\;)D(Z, C’ N — 2 + n)

O\ + 1)t _ 1
I:m Liz,¢yv+n—1)+ —__F(n) L(z, ¢, /n)] ,

then for Rey =2 and Rex=t or Rey = 2 and Re\ > t,
15) Fu& w0 = | [0 Kite, & v, 0w dy
22

has the property that F" (¢, v, \) = @(¢) (differentiation is with respect
to {). If Rex=>1t and v =1, then
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(16) 7 = ||e@ K ¢ 1, 0dz dy
has the property that H™ (L, \) = 29(0).

Proof. The proof will be by induction. Consider Fi({). To
differentiate under the integral sign in (15) it is sufficient to show

that the given and resulting integrals are absolutely convergent.
However,

S SW(z)KJ(z,C,v,x)ldxdy:S S+S S

v lz|sr r<lzi<1

The integral over the annulus offers no difficulty and for small »,
| p(2) Kz, &, v, M) | < C%

where C is constant. Thus

[ i@ Kie, € v 0 1 dwdy = 2mrc

Because Rey = 2, all of the integrals occurring after differentiation
are absolutely convergent and, hence,

FIG w0 = | |90 Kie, 0, v, ) dody

= SJ%D(Z) [K.(») + K1) — K(v — 1)] dz dy

=) .
Similarly H/({, N) = 29({) and thus
H(, ) =2F(E v, M)+ C.
Suppose now that it has been established that for some n = 2,
(@) F,.(& v, \) is an (n — 1)st primative and
b) H,_(, N =2F, (v, \) + PE, v, \) where
P is a polynomial of degree n — 2 in {. The absolute convergence of

the needed integrals can be established as above. Therefore, from
(15) we get

Fig vy = S [ 128 N, v D, ¢, -n = 14 w)

oyt D _
[t 2= m et e 6y - )

a7 + O+ 2— ) %n) L(z ¢, n)

_ (7\' + 1)v——1
'v+mn—2)

1
~ Ty Mo G- 1)]dw dy .

Lz, v +n—2)
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The last two terms in this square bracket yield F,_.(, v, ). Now
let us add and subtract 2(A + 2 — n)L(z, {, » — 1)/[(M + 1)["(n — 1)] to
the first two terms to write them as

MN+H2—n[ M+ 1) B 1 -
M+ 1 F(l)+n_2)L(er;”+n 2)+——_F(n——1)L(z,C,n 1)
O\ + 1y . 1 B
2
Ty M o)

where the first term comes from the first term of (17) with v replaced
by v + 1 and the third term comes from the second term of (17) with
vy = 2. Thus (17) yields

’ ANt+2—n
UG v, ) = Fosly v, = 252 PG v + 1,0
+ Fn——l(C, 2; 7\') - Hn—l(Cr >")]
= F,.( v, N) + Q& v, \)
where @ is a polynomial of degree (n — 2) in (.

To complete the inductive argument, it is necessary to show that
H,:(C, )\') =2 Fn—l(C’ Y, )") + P(C’ Y, )")~
HG ) = 2=1 | [ 28 NG, ) DGy & =2 — 14 m)
174 z‘n—l
(18)
AN+2—n 1 ]
22 "L n) — —————I(2,,n— 1) |de dy .
[ T) (2, &, m) T —1) (= &, n — 1) jdz dy

Using the same techniques as above, the square brackets can be written

A+2—n[ W+ 1)1 _ 1 ~
T 1 [F(v+n_2)L(z,C.v+n 2)+———F(n_1)L(z,C,n 1)]
(AN +2—n 1 _

where v = 2 in the first term. On placing this expression in (18), we
get

HEN = —2o(2 22 P2 + (BT 1) B

By the inductive hypothesis, H,_,({,\) = 2 F,_(, v, \) + R(, v, \) where
R is of degree (n — 2) in {. We have then that

H,C,N) =2F, (v, M) + P v, N)

where P is of degree (n — 2) in {. This proves Theorem 2.
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It is interesting to note that F, and H, depend analytically on
v and A and are not necessarily constants (with respect to these two
variables).

It is easy to prove

THEOREM 3. If (a) o€ S(Re)\) and has a zero of order at least
n at 0, (b) either )\ is mot an integer or \ is an integer greater than
n—2, (c)

D VA T o0 WS B S S
Ky = Nz, \) D(z, £, —\ — 2
p- Tt 3) 27" N(z, M) D(z, + n)

and (d)
19) 6. = | [o@ Ko, ¢, ndmdy

then
GH(E©E) = 2@ .

The conditions imposed on )\ are sufficient to guarantee that the
integral (19) converges absolutely. The proof of the theorem is just
a matter of differentiating and is omitted. If, however, @ € S (Re ),
then for each positive integer 7, 2"®(2) is also in S(Re\), and, therefore,
if we define

(20) E© = | [ @K ¢ iz dy

E,() is well defined, absolutely convergent and has the property that
EN (@) = e(0) .

The simplicity of (20) may make it more useful then either (15) or (16)
in some cases.
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