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ON AN INEQUALITY OF P. R. BEESACK

ZEEV NEHARI

In a recent paper [1], P. R. Beesack derived the inequality

n

Π I x - a v I
( 1 ) I ff(3, 8) I g

(an - aλ){n - 1)!

for the Green's function g(x, s) of the differential system

y 0,

— co < aλ < α2 < < αw < co .

In addition to being interesting in its own right, this inequality is a
useful tool in the study of the oscillatory behavior of wth order differ-
ential equations. It would therefore appear to be worth while to give
a short proof of (1). The derivation of this inequality in [1] is rather
complicated.

We denote by [x0, xl9 , xk] the kth difference quotient of the
function g(x) = g(x, s), i.e., we set

[Xo, Xl] = «*J

Γ/y. /y. . . . /y. 1 — L^0> ̂ 1> ' ' * f ^ V - l J ~~ ί ^ l > ^2> * ' ' y ^V J υ _ O
L^o> Λ i > i xv\ 9 V — Δ, .

XQ Xy

This difference quotient can also be represented in the form

( 3 ) [xQ, , xk] = I Wk)(tQxQ + tλxx + + tkxh)dtodti dί*-i ,

where the integration is to be extended over all the positive values
of the U for which

( 4 ) ίo + «i+ •••+«* = 1 .

This formula, which goes back to Hermite, is easily verified by induction
(cf., e.g., [2]). It holds if g(x) has continuous derivatives up to the
order k — 1, and if g{k) is piecewise continuous.

Since, by its definition, g(x, s) has continuous derivatives up to
the order n — 2, while g^-1* has the jump

( 5 ) ffir1}(*) - g{~-1](s) = - l
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at x = s, we may apply (3) with k — n — \. We shall do so twice,
identifying the points x0, , xn^ with x, au , αw_i and #, α2, , an,
respectively. Since, because of g(av, s) — 0, v = 1, •• ,n, we have

Π (» - Ov)

and

r /, i — fffo β)
to?, α2, , α w j — - ,

Π (» - Ov)
V = 2

we obtain, upon subtracting these expressions from each other,

6
Π <* - «v

- \ gι

where, for brevity, dt — dtQdtx dtn-2, D denotes the region defined
by (4) (with k = n - 1 and ίv > 0, v = 0, , n - 1), and

Both for cii ^ a; < s and s < a? rg an, g(x, s) is a polynomial of degree
n — 1. Accordingly, the function ^(w~1}(αj, s) is capable only of two
constant values, say a and β, which according to (5) are related by
a — β + 1. If we denote by Dx the subset of D in which aλ ^ u < s
(where % is defined in (7), we have

dt= a\ dt + /9l dt = a\ dt + (a — 1)\
Jl?! JD—D1 JDχ JD—

JD J D—Dχ

Similarly,

( g{n-1](v)dt = a[ dt - [ dt ,
JD JD JD-D2

where D2 is the subset of D in which a± ^ v < s. Substituting these
expressions in (6), we obtain

( 8 ) (a» - ojg( g , s) = f Λ

Π (* - α,) ^ " ^ l

V = l

The differential cίί is positive, and we thus have

- ( dt ^ - ( d t ^ \ d t - [ d t ^ [ d t s \ dt .
JD JD-DL JD-D2 JD-D1 J D-D2 JD
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Since

(n - 1)1

(as can be seen be applying (3) to the function xn~λ and setting k =
n — 1), this shows that

Z>-i)2
dt-[ dt

J (n - 1)!

In view of (8), this establishes the inequality (1).
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