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2-SIGNALIZERS OF FINITE GROUPS

JOHN G. THOMPSON

DEFINITION. Let π be a set of primes and © a group. The sub-
group 2ί of © is a π-signalizer of © if and only if | 21 | and | ©: JV@(St) I
are π'-numbers.1

Let sπ(®) = max 1211, 21 ranging over the π-signalizers of ©.

THEOREM 1. For each pair of integers m, n, there are only
finitely many (isomorphism classes of) finite groups ® such that

I © |2 <^ m and s2(@) ^ n .

Proof. Let | © |2 = 2r and proceed by induction on r, as the
theorem holds for r = 0. We must bound | © by a function of r and
82(@). If φ is a normal 2'-subgroup of ©, then s2(@/ξ>) = s2(@)/1 φ |, so
we assume without loss of generality that 1 is the only normal 2'-
subgroup of ©. Suppose © contains a normal 2-subgroup & Φ 1. It
suffices to bound | © : S |, so it suffices to bound s2(@/$), by our induc-
tion hypothesis. Let 21/® be a 2-signalizer of ®/S and let %\& be a
S2-subgroup of ©/$ normalizing 21/®. Let 93 = Cŝ (®), so that 33 =
Z(Jt) x e, where <£ char S3 < 2I£. Hence, | <E | ^ s2(@), <£ being a 2-
signalizer of @. Hence, | 211 ^ | Λ 11 e 11 Aut Λ [2, g s2(®)2r\ This gives
a bound for | 21: β |, so also for | © : S |.

We therefore assume without loss of generality that 1 is the only
normal 2'-subgroup of @ and 1 is the only normal 2-subgroup of ©.
Hence, 1 is the only normal abelian subgroup of ©, so that 9Ϊ, the
join of all minimal normal subgroups of ©, is the direct product of
subgroups ΪRi, each of which is a non abelian simple group, 1 ^ i St.
Since 1 = C®(fR)f it suffices to bound ]9i|. Clearly, each 9^ is of even
order, since 1 is the only normal 2'-subgroup of ©. This yields t ^ r,
so it suffices to bound |3ti | . Let Z be a S2-subgroup of © and let J
be an involution in Z(%) Π % J= JΊ Ju Ji in 3̂ ,̂ 1 S i ^ t. Let
2I/<J> be a 2-signalizer of C®(J)KJ>, so that 21 = <J> x S3, where 33
is a 2-signalizer of ©. Hence, s3(CΘ(J')/<JΓ» ^ s2(©). By our induction
hypothesis, | C@(J) | is bounded by a function of r and s2(©). Since
Cm(J) = CmL(Ji) x x Cm(Jt), I CmJ^Ji) I is bounded. If Jx = 1, we
have a bound for | SRX |; otherwise, | ^ | ^ {| Cm^Jd I2}!, by a well known
theorem of Brauer and Fowler [1]. The proof is complete.

Received May 8, 1963.
1 The notation in this paper conforms with Solvability of Groups of Odd Order,

Feit and J. Thompson, this Journal, 1963, and is for the most part self-explanatory.

363



364 JOHN G. THOMPSON

REMARK. Defining/(0, n) = n, n = 1, 2, , and f(m + l,n) = z%
where z = /(m, 2mw)2, m = 0,1, , it follows readily that if | © |2 = 2W

and s2(®) = w, then | © | ^ /(w, w). While the alternating groups show
that I © I is not bounded by a polynomial function of | © |a and sa(®),
the given / is hardly to the point.

THEOREM 2. Suppose the S2~subgroup X of S is abelian and
«,(©) = 1. Then a\Z) < ©.

Proof. We proceed by induction on | © | . Let ξ> be the largest
normal 2-subgroup of ©, and let (£ = C@(ξ>). Suppose Kc@. Then
by induction, ΰ\T) < (£, so σ 1 ^) char®, as (?($) is the set of squares
of 2-elements of (£. Hence, ΰ\%) <\ © and we are done. Suppose (£ =©,
but © =£ 1. Let J be an involution of ξ>. If <J> is a direct factor of X,
then <J> is a direct factor of © and we are done by induction. If
is not a direct factor of ©, then J e ^ S ) , so ( j W < J » -
and we are again done by induction. Hence, we may assume ξ> = 1.

Since 1 is the only normal 2'-subgroup of ©, the join 9Ϊ of all
minimal normal subgroups of © is the direct product of subgroups
Sΐi, each being a non abelian simple group, 1 ^ ί ^ n. Furthermore,

Let J be an involution of £. Since C^(J)c: ®, we have o\X) < @
Hence, N^iΰ1^)} = 9Ϊ contains the centralizer of each of its involutions.
Suppose J, if are involutions of 5Ji which are not conjugate in ©. If
Kx is any conjugate of K, there is an involution L centralizing J and
Kx. Hence, L £ C%(J) S 91, and ^ 6 C@(L) S % and so 31 contains
the normal closure of K in ©. Hence, ϊfl contains the normal closure of
each of its involutions, which implies that 3ΐ £ 9Ϊ. Hence, [9ΐ, σ 1^)] S
σXS:) Π Sft. As every c.f. of 3t is nonsolvable, ff1^) Π Sft = 1. Since
1 = C@(SR), so also 1 = fl^ίE), and we are done. We may therefore
assume that any two involutions of 31 are conjugate in ©. This
implies that X is homocyclic. If % is elementary, we are done. Other-
wise, CφtoXSε)) has a normal 2-complement, which must be 1, since
s2(@) = l . This in turn implies that % = C^iΰ1^)) < 9fc As 9i contains
the centralizer of each of its involutions, £ is a T.I. set in ©. By
a fundamental result of Suzuki [2], £ is elementary. The proof is
complete.

Conjecture. If © is a simple group, then every 2-signalizer of ©
is abelian.
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