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IRREDUCIBLE GROUPS OF AUTOMORPHISMS
OF ABELIAN GROUPS

REINHOLD BAER

The group Γ of automorphisms of the abelian group A is termed
irreducible, if 0 and A are the only Γ-admissible subgroups of A. It
is our aim to investigate the influence of the structure of the abstract
group Γ upon the structure of the pair A, Γ. In this respect we succeed
in proving the following results:

If Γ is locally finite, then A is an elementary abelian p-group and
the centralizer Δ of Γ within the ring of endomorphisms of A is a
commutative, absolutely algebraic field of characteristic p. If we impose
the stronger hypothesis that Γ possesses an abelian torsion subgroup
of finite index, then the rank of [the vector space] A over Δ is finite
and Γ is a group of finite rank. If we add the further hypothesis
that the orders of the elements in Γ are bounded, then A and Γ are
finite.

NOTATIONS

Locally finite group = group whose finitely generated subgroups are
finite.

Almost abelian group = group possessing abelian subgroups of finite
index

Group of finite rank = group whose finitely generated subgroups may
be generated by fewer than a fixed number
of elements

m-group = group by whose subgroups the minimum
condition is satisfied.

Composition of the elements in the basic abelian group A is denoted
by addition. The effect of the endomorphism a of A upon the element
a in A will usually be denoted by aσ unless A is considered as a vector
space over some field of scalars in which case the scalars may appear
to the left of the vectors.

PROPOSITION. // the irreducible group Γ of automorphisms of
the abelian group A[Φ 0] is locally finite, then

(a) the centralizer Δ of Γ [within the ring of endomorphisms of A]
is a commutative, absolutely algebraic field of characteristic p,
a 'prime,
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(b) A is an elementary abelian p-group and

(c) the ring A of endomorphisms, spanned by Γ, is locally finite.

Terminological Notes. The group Γ of automorphisms of the
abelian group A[Φ 0] is irreducible, if no proper subgroup of A is
jΓ-admissible.—The ring A of endomorphisms, spanned by Γ, consists
of all the endomorphisms of the form ^ ciσi with integral ĉ  and <τ{

in Γ.—A group [ring] is locally finite, if its finite subsets are contained
in finite subgroups [subrings].

Proof. It is an immediate consequence of Schur's Lemma—see
e.g. Jacobson [p. 26, Theorem 2]—that

(1) the centralizer A of Γ is a [not necessarily commutative] field.
If t is an element in A, then tA is a Γ-admissible subgroup of A,

since the ring A of endomorphisms is spanned by Γ. Application of
the irreducibility of Γ shows that

(2) tA = A for every t Φ 0 in A.
Consider now some element σ in Δ and some element t Φ 0 in A.

From (2) we deduce the existence of an element σ' in A [depending
on σ and t] such that tσ = tσ'. Since A is centralized by A, we have
σσ' = σ'σ; and it follows by complete induction that

to1 = tσn for every positive i .

Since A is spanned by /\ there exist [finitely many] automorphisms
σ{ in Γ and integers <?< such that σ' = 2ϋ?=i C Λ The subgroup # of
Γ, generated by σu •••,<?«, is finite, since Γ is locally finite. The
subgroup S = {tθ} of A is consequently finitely generated. By con-
struction S contains all the elements tσ'j = tσj; and the subgroup
generated by them is as a subgroup of a finitely generated abelian
group likewise finitely generated. Thus we have shown:

( 3) If t is an element in A and o an element in J, then the subgroup
{t, tσ, , tσ1, tσi+1, •} of A is finitely generated.

Assume by way of contradiction that A is torsionfree. Then
[multiplication by] 2 is an element, not 0, in the field A [by (1)] so
that multiplication by 2"1 is likewise an automorphism of A [which
belongs to Δ\. Application of (3) shows that for every t Φ 0 in A the
subgroup

T={t,2~% . .-,2-% .-•}

is finitely generated and consequently a free abelian group, not 0, of
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finite rank. But such a group is not closed under multiplication by
2"1. This is a contradiction showing that A is not torsionfree. Conse-
equently there exists a prime p such that A contains elements of order
p. The set of elements x in A with px = 0 is therefore a Γ'-admissible
subgroup, not 0, of A; and we deduce from the irreducibility of Γ that

(4) pA = 0 for some prime p.
Thus (b) is proved.

If t Φ 0 is an element in A and σ Φ 0 an element in A, then
T={t,tσ, , tσ\ tσi+1, •} is finitely generated by (3) and hence finite
by (4). From Tσ £ T and (1) we deduce now that σ Φ 0 induces an
automorphism of positive [finite] order n in T. From £(α"w — 1) = 0
and (1) we conclude that σn = 1. Consequently

(5) there exists to every σ in A a positive integer fc with σ — σk.
Because of (1) and (5) we may apply a Theorem of Jacobson [p. 217,

Theorem 1] showing that

( 6 ) the field A is commutative.
From (4) we conclude that p is the characteristic of A; and it

follows from (5) that A is absolutely algebraic. Thus we have verified (a).
If Ξ is a finite subset of the ring A, spanned by Γ, then there

exists a finite subset Ξ* of Γ such that every element in B has the
form Σc(σ)σ for a in B* and integral c(σ). Since Γ is locally finite,
Ξ* is part of a finite subgroup θ of Γ. It is a consequence of (4)
that the subring of Λ, spanned by θ, is finite. Hence 3 is contained
in a finite subring of A, proving (c).

REMARK 1. Assume that A is a commutative, absolutely algebraic
field of prime number characteristic p and that V is a vector space
over A.

If firstly the rank of V over A is finite, then it is well known
and easily verified that the ring of linear transformations of V over
A [and its group of units] is locally finite.

We assume secondly the infinity of the rank of Fover Δo Denote
by A the ring of all linear transformations of V over A and by Γ the
group of units in A [= group of regular linear transformations in A],
It is obvious that Γ is not even a torsion group so that we are quite
far away from local finiteness. Cp. Corollary 1 below. We are going
to construct various irreducible substructures of A and Γ.

Denote by Ao the totality of linear transformations σ in A with
the property:

( 0 ) the subspace of vectors v in V with vσ = 0 has finite co-rank in V.
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It is clear and well known that AQ is an ideal in A, the minimal
ideal, not 0. Since Δ is a subring of A, we may form the sum Ao + Δ
which is easily seen to be a locally finite subring of A. Its group of
units is likewise locally finite and it is an irreducible group of automor-
phisms of the abelian group V.

If we denote by I the subring of the integral multiples of 1 in
A, then I is the prime field of characteristic p. The sum Ao + I is
again a locally finite subring of A; and its group of units is likewise
locally finite and an irreducible group of automorphisms of the abelian
group V. In general, Ao + I does not contain its centralizer Δ.

The preceding constructions show that such vector spaces V over
Δ always "arise" from locally finite irreducible groups of automorphisms
of the abelian group V. On the other hand it is impossible to prove
that an irreducible group of automorphisms of the abelian group V
which is contained in A always contains a locally finite, irreducible
group of automorphisms of V. This may be seen from the following
construction:

the vector space V over Δ is the direct sum V = Σv S(v) of
subspaces S(v) of rank 1. Their [infinite] cardinal is the rank of V
over Δ. Denote by θ the group of all [regular] linear transformations
σ in Γ with the properties:

\S(v)σ = S(v) for every v and

\σ induces the identity in almost all S(v) .

If we denote by θ{v) the subgroup of all those σ in θ which induce
the identity in every S(μ) with v Φ μ, then it is easily seen that θ is
the direct product of the θ(v) and that every θ(v) is isomorphic to the
multiplicative group of Δ and hence an abelian torsion group of rank
1 without elements of order p.

The groups θ(v) and θ are equal to 1 if, and only if, Δ is the
prime field of characteristic 2; and this possibility we exclude in the
sequel.

Every infinite set possesses a torsionfree, simply transitive permu-
tation group, as follows from the existence of torsionfree groups of
any preassigned infinite cardinality. Consequently there exists a subgroup
θ* of Γ which is torsionfree and induces faithfully a simply transitive
group of permutations on the set of the S(v). Naturally θ is normalized
by θ* so that the product θθ* is a subgroup of Γ.

Every torsion subgroup of ΘΘ* is a subgroup of θ so that none
of the torsion subgroups of ΘΘ* is an irreducible group of automorphisms
of the abelian group V.

Consider a ##*-admissible subgroup T Φ 0 of V. Then there exists
an element t Φ 0 in T; and this element t has the form
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* = Σ tiv) with t(v) in S(v)
V

where almost all t(v) are 0. But t Φ 0 implies the existence of some
μ with t(μ) Φ 0. There exists a linear transformation σ Φ 1 in
and the element

t — tσ =

is an element, not 0, in Γfl S(μ). Consequently [T f] S(μ)]θ(μ) = S(μ)
is part of T; and now it is clear that T = Tθθ* = F. Thus θθ* is
in irreducible group of automorphisms, as we wanted to show.

LEMMA 1. The following properties of the group G are equivalent:

( i ) G is locally finite.

(ii) If the epimorphic image H of G is not locally finite, then there
exists a minimal normal subgroup of H and there exists a normal
subgroup N Φ 1 of H such that H induces in N a locally finite group
of automorphisms.

(iii) Every epimorphic image H Φ 1 of G possesses a locally finite
normal subgroup N Φ 1.

1 (a) // J is the intersection of all the normal subgroups X
of G with locally finite G/X, then G/J is locally finite.
(b) If the normal subgroup X of G with locally finite G/X

(iv) { is itself not locally finite, then there exists a normal subgroup
Y of G with YczX such that X/Y is locally finite or nUpotent.
(c) // an epimorphic image of G is not locally finite, then

κ it possesses a minimal normal subgroup.

Terminological Reminder. A group is nilpotent, if every epimorphic
image, not 1, has a center, not 1.

NOTES I. If the minimum condition is satisfied by the normal
subgroups of G, then every epimorphic image, not 1, of G possesses
a minimal normal subgroup. Furthermore there exists among the normal
subgroups X of G with locally finite G/X a minimal one, say M. If
K is a normal subgroup of G with locally finite G/K, then M Π K is
a normal subgroup of G and G/(M Γl K) is isomorphic to a subgroup
of the direct product of the locally finite groups G/M and G/K. Hence
G/(M Π K) is likewise locally finite; and we deduce M = M Π K SΞ K
from the minimality of M. It follows that M is the intersection J of
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all the normal subgroups X of G with locally finite G/X, showing the
local finiteness of G/J. Thus we have seen that in the presence of the
minimum condition for normal subgroups of G condition (iv.a) and the
first half of condition (ii) may be omitted.

II. Dr. Karl Gruenberg (London) has pointed out to me that the
group G is—as a consequence of our Proposition—locally finite, if the
minimum condition is satisfied by the normal subgroups of G and if
a finite term of the derived series of G equals 1. This fact is, by
Note I, an obvious special case of Lemma 1: the equivalence of (i) and
(iv). It was this suggestion of Dr. Gruenberg which led us to the
present Lemma 1.

Proof. For future use in this proof we restate first two well
known properties of local finiteness:

(1) An extension of a locally finite group by a locally finite group
is a locally finite group.

( 2 ) Products of locally finite normal subgroups are locally finite normal
subgroups.

For the proofs of (1) and (2) see Specht [p. 141, Satz 40*].
Since epimorphic images of locally finite groups are locally finite,

condition (ii) is an immediate consequence of (i). -Assume next the
validity of (ii) and consider a homomorphic image ΈL Φ 1 of G. We
want to show then the existence of a locally finite normal subgroup,
not 1, of H. This is certainly the case, if H itself is locally finite.
Hence we assume next that H is not locally finite. Then there exists,
by (ii), a normal subgroup N Φ 1 of H such that H induces in N a
locally finite group of automorphisms. If N happens to be locally
finite, then we have again reached our goal; and thus we assume next
that N is not locally finite. There exist normal subgroups X of H
with N f] X = 1; and among these there exists a maximal one, say L
[Maximum Principle of Set Theory]. Then N fΊ L = 1 so that NL/L = N.
Hence NL/L is a non locally finite normal subgroup of the epimorphic
image H/L of H and G. Thus H/L itself is not locally finite; and a
second application of condition (ii) shows the existence of a minimal
normal subgroup K/L of H/L. From the maximality of L we deduce
that the normal subgroup N Γ\ K of H is different from 1. If X is
a normal subgorup of H with 1 c X £ N f] K, then X Γl L = 1 so that
L c LX £ K. From the minimality of K/L we deduce K = LX; and
from Dedekind's modular law it follows that N Π K = X(N ΐ\K{\L) = X.
Hence N Π K is a minimal normal subgroup of H. Denote by C the
centralizer of N Π K in H. Then C is a normal subgroup of H and
H/C is essentially the same as the group of automorphisms, induced in
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N n K by H. This latter group is an epimorphic image of the group
of automorphisms, induced in N by H, which is locally finite. Thus
H/C is locally finite. If N f] Kf] C = 1, then Nf] K is isomorphic to
the subgroup C(N Π K)/C of the locally finite group H/C; and we have
found a desired locally finite normal subgroup, not 1, of H. If
Nf] Kf] C Φ 1, then we deduce Nf]K= NΓ\Kf]C^C from the minimality
of Nf] K; and this implies the commυtativity oΐ Nf] K. The minimality
of the normal subgroup N f] K of H is equivalent with the irreducibility
of the group of automorphisms, induced in N f] K by H. Since N f] K
is abelian, and since the induced irreducible group of automorphisms
is locally finite,we may apply our Proposition (b). Thus N f] K is an
elementary abelian p-group; and as such it is locally finite. This
completes the derivation of (iii) from (ii).

Assume next the validity of (iii). Form the product P of all the
locally finite normal subgroups of G. This is by (2) a locally finite
characteristic subgroup of G. If P Φ G, then we could deduce from
(iii) the existence of a locally finite normal subgroup Q/P Φ 1 of G/P.
Then Q is an extension of the locally finite group P by the locally
finite group Q/P; and we deduce from (1) the local finiteness of Q.
Hence Q S P C Q by the construction of P so that P = Q and Q/P= 1,
a contradiction. Consequently G = P is locally finite; and we have
proved the equivalence of (i)-(iii).

If G is locally finite, then the intersection J, occurring in (iv.a),
is equal to 1 and G/J= G is locally finite; and (iv.b) is satisfied because
of the absence of normal subgroups of G which are not locally finite.
Likewise (iv.c) is satisfied by default because of the absence of epimorphic
images which are not locally finite. Thus (iv) is a consequence of (i).

Assume finally the validity of (iv). Then G/J is locally finite by
(iv.a), if J is the intersection of all normal subgroups X with locally
finite G/X. Assume by way of contradiction that J is not locally
finite. Then there exists by (iv.b) a normal subgroup N of G with
Ncz Jsuch that J/N is locally finite or nilpotent. If we let G* = G/N
and J* = J/N, then J* is a normal subgroup of G* with locally finite
G*/J* and J* is locally finite or nilpotent.

Assume first that J* is nilpotent. Since every epimorphic image
of G* is an epimorphic image of G, we deduce from (iv.c):

( + ) If an epimorphic image of G* is not locally finite, then it possesses
a minimal normal subgroup.

Consider next an epimorphism σ of G* upon some group which is
not locally finite. Since G*/J* is locally finite, G*σ is not an epimorphic
image of G*/J* so that J*0* Φ 1. Since J* is nilpotent, so is J* σ . It
follows that the center Z of J*σ is different from 1. Since Z is a
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characteristic subgroup of the normal subgroup J* σ of 6r*σ, it is a
normal subgroup of G*σ. Since Z is centralized by J*0", the group of
automorphisms, induced in Z by G*σ, is an epimorphic image of G*σ/J*σ

and hence of the locally finite group G*/J*. Thus we have shown:

( + + ) If an epimorphic image of G* is not locally finite, then it
possesses a normal subgroup, not 1, in which it induces a locally finite
group of automophisms.

Combining ( + ) and ( + + ) we see that condition (ii) is satisfied by
G*. Hence G* = G/N is locally finite. Consequently NcJ^N by
the definition of J, a contradiction showing that J/N is locally finite.
But then G/N is an extension of the locally finite group J/N by the
locally finite group G/J so that G/N is by (1) locally finite. Again
we obtain the impossible NczJ^N. This contradiction shows that
J is locally finite. Hence G is, by (1), locally finite as an extension
of the locally finite group J by the locally finite group G/J. Thus (i)
is a consequence of (iv) and we have shown the equivalence of conditions
(i)-(iv).

As usual we say that a group is almost-abelian, if it possesses an
abelian subgroup of finite index. The principal more or less well known
properties of almost-abelian groups that we are going to need are collected
in the following

LEMMA 2. Assume that G is an almost-abelian torsion group.

(a) G is locally finite and possesses an abelian normal subgroup of
finite index in G.

(b) Every abelian normal subgroup of finite index in G is a product
of finite abelian normal subgroups of G.

(c) G is an rn-group if, and only if, the minimum condition is
satisfied by the normal subgroups of G.

Terminological Note. The group G is an m-group, if the minimum
condition is satisfied by the subgroups of G.

Proof. If A is an abelian subgroup of finite index in G, then A
possesses but a finite number of conjugates in G, since the normalizer
of A contains A and has therefore finite index in A. By Poincare's
Theorem the intersection B of the subgroups conjugate to A in G has
finite index too and is, naturally, an abelian normal subgroup of G.—
If U is a finitely generated subgroup of G, then ϊ7/(ϊ7n B) = UB/B
is finite. It follows that UΓΪB is finitely generated; cp. e.g. Baer
[1; p. 396, (1.3)]. The finitely generated subgroup UΓi B of the abelian
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torsion group B is finite as is U/(UΠ B) and hence U is finite. This
completes the proof of (a).

If K is an abelian normal subgroup of G with finite G/K, then
G induces in K a finite group of automorphisms. Hence tΘ is, for every
element t in K, a finite class of conjugate elements. The finitely
generated abelian torsion group {tσ} is a finite abelian normal subgroup
of G, proving (b).

Assume that the minimum condition is satisfied by the normal
subgroups of G. There exists by (a) an abelian normal subgroup N
of G with finite G/N. Thus G induces in JV a group of automorphisms
of finite order n. An immediate application of Baer [2; p. 4, Lemma 1]
shows that N is an m-group. Since G/N is finite and N an m-group,
G is an m-group, proving (c).

THEOREM. If the irreducible group Γ of automorphisms of the
[non-trivial] abelian group A is an almost-abelian torsion group, then

(A) A is an elementary abelian p-group,

(B) the centralizer A of Γ [within the ring of endomorphisms of A]
is a commutative, absolutely algebraic field of characteristic p,

(C) the rank of A over A is finite,

(D) Γ is of finite rank.

Note on Terminology. The group X is of finite rank, if there
exists a positive integer n, the rank of X, such that every finitely
generated subgroup of X may be generated by n [or fewer] elements.

Note on Hypotheses. It is a consequence of Lemma 2, (a) that Γ
is locally finite. But this hypothesis which sufficed for the Proposition
is not sufficient under the present circumstances as may be seen from
the following construction: Suppose that A is a countably infinite,
elementary abelian p-group. Denote by Γ the set of all automorphisms
σ of A with the property:

The subgroup of fixed elements of a has finite index in A.
It is easy to see that this set Γ of automorphisms of A is a locally finite

group and that it is an irreducible group of automorphisms of A. The
centralizer A of Γ [within the ring of endomorphisms of A] is the
prime field of characteristic p so that the rank of A over A is infinite.
Hence (C) does not hold and (D) does not hold either.

Proof. Γ is by Lemma 2, (a) locally finite so that properties (A)
and (B) are immediate consequences of the Proposition. Before effecting
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the general proof of (C) we treat the following

Special Case. Δ is algebraically closed.

We may consider A as a vector space over Δ and the ^/-admissible
subgroups of A we may consequently term subspaces. If U is a subset
of A, then we denote by [U] the subspace Σ t t€σ w4 of A spanned by U.

Let θ be a finite abelian normal subgroup of Γ and σ a homo-
morphism of θ into the multiplicative group of roots of unity in Δ.
Then we term the subspace S of A a σ-subspace [or more precisely a
#-σ-subspace] of A, if

xa = xaσ for every x in S and every a in θ .

There exists an element v Φ 0 in A and vθ is a finite subset of
A, since θ is finite. Hence [vθ] is a subspace, not 0, of A which is
of finite positive rank and ^-admissible. Consequently there exists
among the ^-admissible subspaces of finite, positive rank one R of
minimal rank. In R a finite abelian group θ* of automorphisms
[= linear transformations] is induced by θ. From the minimality of
the rank of R we deduce

R = [rθ] == [rθ*] for every r Φ 0 in R .

The ring A of endomorphisms of R which is spanned by θ* and Δ is
commutative, since θ* and Δ are commutative and centralize each other;
and 0 and R are the only J-admissible subgroups of R. Application
of Schur's Lemma—cp. Jacobson [p. 26, Theorem 2]—shows that the
centralizer J* of A [within the ring of endomorphisms of R] is a field.
From the commutativity of A we deduce J £ / . Hence A is part of
some commutative field of characteristic p. All the roots of unity of
this field are already contained in the algebraically closed subfield Δ.
Since θ* is finite and contained in A, the elements in θ* are roots of
unity and belong therefore to Δ. If σ is the homomorphism of θ which
maps every element upon the automorphism it induces in R, then σ
is the epimorphism of θ upon θ* £ Δ with ra = raσ for every r in
R and a in θ. Thus R is a σ-subspace of A; and from the minimality
of the positive rank of R we deduce that the rank of R is 1. Thus
we have shown:

(1) If θ is a finite abelian normal subgroup of Γ, then there exists
a σ-subspace of rank 1 of A for some homomorphism σ of θ into Δ.

If σ is a homomorphism of the finite abelian normal subgroup θ
of Γ into /f, then there exist σ-subspaces of A [like 0] and the sum
A(σ) = A(θ, σ) of all the σ-subspaces of A is again a σ-subspace of A.
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If 7 is an automorphism in Γ, then mapping the automorphism a
in the finite abelian normal subgroup Θ of Γ upon yay"1 = α 7" 1 is an
automorphism of θ and mapping the automorphism a in θ upon ay~1(r

is a homomorphism 7~1tf of # in zί. Since the numbers in Δ commute
with the automorphisms in Γ, we find that

for every x in A(σ) and α in fl. This proves:

{ 2) If θ is a finite abelian normal subgroup of Γ, if σ is a homomor-
phism of θ into zf and 7 is an automorphism in Γ, then

Consider again a finite abelian normal subgroup θ of Γ and a finite
set Ξ of homomorphisms σ of θ into Δ with A(#, CΓ) Φ 0. If the sum
of the A(σ) with <7 in Ξ were not their direct sum, then there would exist
a minimal subset Ξ' of Ξ such that the sum of the A(σ) with σ in S"
is not their direct sum. It is clear that 5" contains at least two
homomorphisms. Hence we may number the homomorphisms in Ξr as
follows: σ(0), σ(l), , σ(k) with 0 < k. Because of the minimality of
5" we have: S = Ylt=iA[σ{ϊ)\ is the direct sum of the A[<x(i)], but
ΣLoA[σ(ί)] is not. Hence

A[σ(0)] Π S ^ O .

Consequently there exists an element s Φ 0 in A[σ(0)] Π S. Clearly

k

s — Σ sί with Si in A[α"(i)] .

If some Si were 0, then s would belong to A[cr(0)] Π Σ ; ^ ; A[σ(j)] so
that this intersection were not 0 and the sum of the A[σ(j)] with
j Φ i were not their direct sum contradicting the minimality of 5".
Thus Si Φ 0 for i = 1, , k. If a is an automorphism in θ, then

k k k

t = l % ί=l % i=i

Since S is the direct sum of the A[<τ(i)] with i — 1, , k, we deduce
s.ασ(0) = s{α:σ{i) for i = 1, , k from this equation. Since every SiΦO and
every α σ is a number in the field Δ, we conclude aσ{0) = α σ ( ΐ ) for every
ί. Since this last equation is true for every a in θ, we have shown
σ(0) = σ(i) for i = 1, , fc; and this is impossible. Thus we have shown
that the sum of the A(σ) with σ in Ξ is their direct sum.

Let now B be the sum of all the A(σ) Φ 0. Then the result of
the preceding paragraph of our proof shows that B is the direct sum
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of the A{σ), If 7 is an automorphism in Γ, then we deduce B = By
from (2). Since B φ 0 is therefore a inadmissible subspace of A, and
since Γ is an irreducible group of automorphisms, we have B = A.
If finally n is the exponent of θ [so that θn = 1], then θ is mapped
by every homomorphism σ of θ into Δ into the finite group of wth
roots of unity in the field Δ. Hence there exists only a finite number
of homomorphisms of θ into Δ. We summarize these results as follows:

( 3 ) If θ is a finite abelian normal subgroup of Γ, then A is the direct
sum of the finitely many A{θ, σ) Φ 0 [with σ a homomorphism of θ
into Δ].

Next we recall that Γ is an almost-abelian torsion group. Application
of Lemma 2 shows the existence of an abelian normal subgroup A of
Γ with finite Γ/A; and A is the product of finite normal subgroups of
Γ. Let h = [Γ: A].

Consider next a finite abelian normal subgroup θ of Γ with ί g A
If λ is an automorphism in A, then λ induces the identity automorphism
in θ [since A is abelian]. If σ is a homomorphism of θ into J, then
σ = Xσ; and consequently there exist at most h distinct homomorphisms
of the form yσ for 7 in Γ. Assume now that the homomorphism σ
of θ into A has the additional property A(σ) Φ 0. Denote the distinct
homomorphisms of the form yσ for 7 in Γ by 0"(1), •••, #•(&). Then
k ^ h. The subspace S = Σΐ=i ^.[^(Ό] is different from 0; and S is
jΓ-admissible because of (2). Application of the irreducibility of Γ shows
S = A. From (3) we deduce now that S is the direct sum of the
A[ίτ(i)] and that to every homomorphism σ' of θ into Δ with A(σ') Φ 0
there exists an i with σ' = σ(i). If we say now that σ is a relevant
homomorphism of θ, if σ is a homomorphism of θ into Δ with A(0, tf) Φ 0,
then we may express our results as follows:

( 4 ) If the finite abelian normal subgroup θ of Γ is part of A, then
there exist at most h relevant homomorphisms σ of ^ and if σ', σ"
are relevant homomorphisms, then there exists an automorphism 7 in
Γ with σ' = yσ".

Because of (4) there exists among the finite abelian normal subgroups
of Γ which are contained in A one, say A*, with a maximum number
of relevant homomorphisms.

Suppose now that θ is a finite abelian normal subgroup of Γ with
A* ϋ θ £ A. If σ is a relevant homomorphism of θ and <7* is the
restriction of σ to A*, then

xaσ* — xaσ = ίeα: for £ in A(θ, σ) and α in i * .

It follows that A{θ, σ) £ A(J*, σ*). Hence α* is a relevant homomor-
phism of J * . But A is by (3) both the direct sum of all the A(θ, σ)
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with relevant σ and all the A(A*, τ) with relevant r. This implies in
particular that A{A*, τ) is for every relevant τ the direct sum of
all the A{Θ, σ) with relevant σ such that σ* = τ, since we have
A{Θ, σ)^ A(A*, #•*) = A(A*f τ). Hence the mapping σ—>σ* is a single
valued mapping of the set of all the relevant homomorphisms of θ upon
the full set of all the relevant homomorphisms of J*. Because of the
maximality of the number of relevant homomorphisms of J* it follows
that this mapping is actually one-to-one. This implies in particular
that A{θ, σ) = A(A*9 σ*) for every relevant homomorphism σ of θ. Thus
we have shown the following facts:

( 5) If σ is a relevant homomorphism of A*9 if θ is a finite abelian
normal subgroup of Γ with J* g θ g A, then there exists one and only
one relevant homomorphism σ' of θ with

A(A*, σ) = A{θ, σf) and

xaσ = xaσ> — xa for every x in A(A*, σ) and a in J* .

By (1) there exists at least one relevant homomorphism σ of J*.
Let S = A(A*9 σ). If λ is an automorphism in A, then there exists a
finite abelian normal subgroup θ of Γ which contains J* and λ and
which in turn is contained in A, since A is the product of finite abelian
normal subgroups of Γ. By (5) there exists one and only one relevant
homomorphism σf of θ with S = A(θ, σ'). It follows in particular that
S = SX and that the automorphism induced in S by λ is just the multi-
plication by the number λσ/ in Δ. Thus we have shown:

( 6) S = SA and the automorphisms induced in S by elements in A
are multiplications by numbers in Δ.

If t Φ 0 is some element in S9 then T = tΔ is a subspace of rank
1. By (6) we have T = TAQ S. The automorphisms in Γ map T
upon subspaces of rank 1; and because of T = ΓJ and [Γ: A] = h the
number of these subspaces is finite and does not exceed h. The sum
of these subspaces T Ί for 7 in Γ is different from 0 and it is /^-admis-
sible. Because of the irreducibility of Γ it is A; and thus we have
shown that A is the sum of finitely many subspaces of rank 1. Since
their number does not exceed h, we have shown:

(7) the rank of A over Δ does not exceed h.
By (7) we have proven (C) in the special case.

Reduction of the general case to the special case. We note first
that Δ is by (B) a commutative, absolutely algebraic field of characteristic
p. Let zί* be the algebraic closure of Δ. Then there exists a vector
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space V over J* with the following properties:

( i ) A is a subgroup of V and the subfίeld Δ of A* operates on A in
the preassigned way.

(ii) The z/*-vector space V is spanned by its subset A.

(iii) There exists a group Γ* of A*-automorphisms of V such that A
is Γ*-admissible and mapping every automorphism in Γ* upon its
restriction on A effects an isomorphism of J7* upon Γ.

Denote by Γ** the group of automorphisms of the additive group
V, generated by Γ* and the multiplications by elements, not 0, in A*.
The isomorphic groups Γ and Γ* are almost-abelian torsion groups.
Since J* is an absolutely algebraic field of characteristic p, its multi-
plicative group is an abelian torsion group. Since Γ* and J* centralize
each other, /"** is an almost-abelian torsion group.

We don't claim that /""** is an irreducible group of automorphisms
of V. Hence we consider the Γ^-admissible subgroups X of V [these
are exactly the /^-admissible ^*-subspaces of V] which satisfy Af)X = 0.
There exist such subgroups X as for instance X = 0. Application of
the maximum principle of set theory shows that among these subgroups
X there exists a maximal one, say M. We may form the z/*-vector
space V/M and Γ** induces on V/M a group of linear transformations
Ξ which, as an epimorphic image of .Γ**, is an almost-abelian torsion
group.

Suppose that S/M is a ^-admissible subspace, not 0, of V/M. Then
S is a Γ**-admissible subspace of V with McS. Because of the
maximality of M we have S Π A Φ 0. Because of the irreducibility of
Γ the subgroup of A which is spanned by the Γ-admissible subset
(S Π A)Γ is A. It follows from (i) to (iii) that V is spanned by the
subset (S[)A)Γ**. Hence S = V, proving that Ξ is an irreducible
group of automorphisms of V/M. Its centralizer contains A*. Since
J* is algebraically closed, and since the centralizer of the irreducible,
almost-abelian torsion group Ξ of automorphisms is, by Lemma 2, (a)
and the Proposition, absolutely algebraic, Δ* is exactly the centralizer
of Ξ [within the ring of endomorphisms of V/M]. Application of the
Special Case shows that the rank of V/M over J* is finite. From
M Π A = 0 and (i)-(iii) we deduce that the ranks of A over A and of
V/M over J* are equal. Hence the rank of A over A is finite, proving (C).

Since A and A centralize each other, we may form the product ψ
of the abelian group A and the multiplicative subgroup of the, by (B)r

commutative field Δ. It is clear that Φ is an abelian group of automor-
phisms of A. The group A is a torsion group as a subgroup of the
torsion group Γ. The field A is by (B) an absolutely algebraic field
of prime characteristic so that its multiplicative group is a group of
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roots of unity and hence a torsion group. The abelian group Φ is
therefore a product of two torsion subgroups and hence is a torsion
group. Next we note that a subgroup of A is ^-admissible if, and
only if, it is a J-admissible Δ- subspace of A.

Since the rank of A over Δ is, by (C), finite, and since ^-admissible
subgroups of A are subspaces of A, there exists among the ^-admissible
subspaces, not 0, of A one D of minimal positive rank. The abelian
group Φ of automorphisms of A induces in D an abelian group 0* of
automorphisms. If X Φ 0 is a 0*-admissible subgroup of D, then X
is ^-admissible and hence a subspace of A. Because of the minimality
of the rank of D, the subspaces X and D have the same rank; and
this implies X = D so that Φ* is an irreducible group of automorphisms of
Zλ It is a consequence of Schur's Lemma—cp. Jacobson [p. 26, Theorem
2]—that the centralizer 0** of Φ* within the ring of endomorphisms
of D is a [not necessarily commutative] field. But ^* is a subgroup
of the center of ^** which is a commutative field. Furthermore Φ*
is a torsion group as an epimorphic image of Φ. Thus we see that Φ*
is a subgroup of the group of roots of unity of a commutative field
and as such φ* is an abelian torsion group of rank 1.

Since D Φ 0 is ^-admissible, D is a J-admissible subspace of A.
Since Γ/A is finite, DΓ is a finite set of subspaces of A. The sum
T = ΣσeΓ Dσ of these finitely many subspaces is a /"-admissible subspace
of A; and we deduce T=A from the irreducibility of Γ. Denote by
Dl9 , Df the finitely many distinct subspaces of the form Dσ with
σ in Γ; and denote by A{ the totality of automorphisms in A which
induce the identity automorphism in D {. If [as we may assume without
loss in generality] D — Dlf then A/Aλ is essentially the same as a subgroup
of Φ* showing that A/A1 is of rank 1. If D{ = Dxσy then A{ — σ~ΎAλσ
proving the isomorphy A/Ai ~ A/Al9 Hence all the A\A{ are abelian
torsion groups of rank 1. An automorphism in A belongs to Λ Π Γ) Δf

if, and only if, it induces the identity automorphism in all the Dσ
with σ in Γ and hence in their sum T — A. Thus A1 f] Π Af = 1;
and this shows that A is isomorphic to a subgroup of the direct product
of the / isomorphic groups A\AΛ of rank 1. Hence A is an abelian
group of rank not exceeding / . But Γ/A is finite [and Γ is locally
finite by Lemma 2, (a)] proving that Γ too is of finite rank.

REMARK 2. The reader should notice that throughout the proof
of Properties (C) and (D) we have not fully used the requirement that
Γ be an irreducible group of automorphisms. All we used is the fact
that Γ is an irreducible group of linear transformations of A over Δ.

REMARK 3. It is impossible to prove (D) in the stronger form:

Γ is an m-group .
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For let K be the algebraically closed, absolutely algebraic field of
characteristic a prime p. If we denote by A the additive group of K,
then every element, not 0, in K induces in A an automorphism by
multiplication. The group A of these automorphisms of A is clearly
irreducible and an abelian torsion group of rank 1. But it is not an
m-group, since it contains elements of every positive order prime to p.
For a similar construction see Duguid-McLain.

If Γ is a group of automorphisms of the abelian group A, then
a ring A of endomorphisms of A is spanned by Γ. It is clear that Γ
and A are centralized by the same automorphisms of A and that a
subgroup of A is inadmissible if, and only if, it is J-admissible. In
particular Γ is an irreducible group of automorphisms of A if, and
only if, A is an irreducible ring of endomorphisms of A. Because of
this relation between Γ and A it is possible to express our results more
forcefully within the framework of the theory of endomorphism rings.

The following lemma puts a number of well known results in a
form convenient for our applications.

LEMMA 3. The following properties of the vector space V of rank
> 1 over the [not necessarily commutative] field Δ are equivalent'.

(a) The rank of V over Δ is finite.

(b) // Δ is the centralizer of the irreducible ring A of endomorphisms
of the abelian group V, then A is the centralizer of Δ.

(c) There exists a finite irreducible group of linear transformations
of the vector space V over Δ.

Notational Remark. The set Ξ of endomorphisms of the abelian
group A is irreducible, if 0 and A are the only ^-admissible subgroups
of A; and the set A of linear transformations of the vector space V
over Δ is irreducible, if 0 and V are the only J-admissible subspaces
of V.—Groups of linear transformations consist of automorphisms.

Proof. Assume first that the rank of V over Δ be finite. If Δ
is the centralizer of the irreducible ring A of endomorphisms of the
abelian group V, then we apply the Density Theorem of Jacobson
[p. 28] to see that A is the ring of all linear transformations of the
vector space V over Δ. Hence (b) is a consequence of (a).

Assume next that the rank of V over Δ be infinite. Denote by
A the ring of all the linear transformations σ of the vector space V
over Δ with the property:

The rank of the subspace Vσ of V is finite .



IRREDUCIBLE GROUPS OF AUTOMORPHISMS OF ABELIAN GROUPS 401

If S is a subspace of V of finite co-rank, then the transformations in
A annihilating S induce in the vector space V/S over A the ring of
all linear transformations. This implies in particular that Δ is the
centralizer of J . If v Φ 0 is an element in V, then vA = V. Since
the rank of V over A is infinite, A is not the ring of all linear
transformations of the vector space V over Δ. Thus (b) is not satisfied
by V and Δ; and this shows that (a) is a consequence of (b), proving
the equivalence of (a) and (b).

Assume again that the rank n of V over Δ be finite. Then there
exists a finite basis B of V over Δ. We distinguish two cases.

Case 1. The characteristic of Δ is not 2.
Denote by θ the set of all the linear transformations σ of V over

Δ with the property:
σ is an automorphism of V which maps every element in B upon

an element of the form ±b for b in B.
It is clear that θ is a group whose order is 2n(nl). The ring of

endomorphisms of V which is spanned by θ contains for every pair of
elements x, y in B one and only one linear transformation λ of V over
Δ such that xX = y and bX = 0 for b Φ x in B. These form a soc.
system of matrix units over Δ, showing that θ is a finite irreducible
group of linear transformations of the vector space V over Δ.

Case 2. The characteristic of Δ is 2.
Then B generates a subgroup C of the abelian group V whose

order is exactly 2\ Denote by θ the set of all the linear transformations
σ of the vector space V over Δ with the property:

σ induces an automorphism in the abelian group C .

Every σ in θ is an automorphism of V and θ is a group of automorphisms
of V which is essentially the same as the group of all the automorphisms
of C. Since C is finite, so is θ. The ring of endomorphisms of V
which is spanned by θ contains for every pair x, y of elements in B
one and only one linear transformation of V over Δ which maps x onto
y and all the other elements in B upon 0, since θ is transitive on the
elements, not 0, in C. These linear transformations form a soc. system
of matrix units over Δ, showing again that θ is a finite irreducible
group of linear transformations of the vector space V over Δ. Thus
we have shown in both cases that (c) is a consequence of (a).

Assume finally the validity of (c). Then there exists a finite
irreducible group θ of linear transformations of the vector space V
over Δ. If v Φ 0 is an element in V, then vθ is a finite subset of V
which spans a subspace S Φ 0 of the vector space V over Δ. Since
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S is ^-admissible and θ is irreducible, we have S = V; and from the
finiteness of vθ we deduce the finiteness of the rank of V. This
completes the proof.

COROLLARY 1. The following properties of the irreducible ring
A of endomorphisms of the abelian group A and of the centralizer
A of A [within the ring of endomorphisms of A] are equivalent
provided the rank of A over Δ is > 1 :

(i) A is spanned by an almost abelian torsion group of automorphisms
of A.

(ii) Δ is a commutative, absolutely algebraic field of prime number
characteristic p [so that pA = 0] and the rank of A over Δ is finite.

(iii) The rank of A over A is finite and the group of automorphisms
in A is locally finite.

(iv) A is the centralizer of A and the group of automorphisms in
A is locally finite.

Proof. It is the content of our Theorem that (ii) is a consequence
of (i).—If (ii) is true, then we note that A is a ring of linear trans-
formations of the vector space V over Δ; and it is well known [and
easily verified] that because of (ii) finite subsets of A span finite subrings
of A; cp. Proposition (c). Thus (iii) is a consequence of (ii).

Assume the validity of (iii). Because of the irreducibility of A
we may deduce from Schur's Lemma—see Jacobson [p. 26, Theorem
2]—that Δ is a [not necessarily commutative] field. Since the rank of
A over Δ is finite, we may apply Lemma 3. Consequently

( + ) A is the ring of all linear transformations of the vector space
A over the field zί; and

(+ +) there exists a finite irreducible group θ of linear transformations
of the vector space A over the field Δ.

Denote by Γ the group of all the automorphisms in A. Then we
deduce from ( + ) easily [because of the finiteness of the rank] that A
is spanned by Γ and that Γ is consequently an irreducible group of
automorphisms of A. Since Γ is locally finite [by (iii)], it follows from
our Proposition that Δ is a commutative field. Application of ( + )
shows that Δ is the center of A. Another application of ( + ) shows
that the group θ [of (+ +)] is contained in A. If Δ* is the multiplicative
group of all the elements, not 0, in Δ, then Δ*θ is a subgroup of Γ
which is clearly an almost abelian torsion group of automorphisms of A.
The irreducibility of this group of automorphisms of A is a consequence
of ( + + ) ; and thus we have deduced (i) from (iii).
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If the equivalent conditions (i)-(iii) are satisfied by A, then A is
by Lemma 3 the centralizer of Δ so that (iv) is a consequence of (i) to
(iii).—Assume conversely the validity of (iv). If the rank of A over
Δ were infinite, then there would exist a linear transformation σ of
the vector space A over Δ which induces a permutation of order 0 on
some basis of A over Δ. Clearly σ is an automorphism of A; and σ
belongs by (iv) to the group of automorphisms in A. This group is
consequently not a torsion group; but, by (iv), it is locally finite. This
contradiction shows the finiteness of the rank of A over Δ so that (iii)
is a consequence of (iv), completing the proof.

REMARK 4. The reader should note that we have deduced (i) from
(iii) in the following somewhat stronger form:

(i*) A is spanned by a torsion group of automorphisms with finite
central quotient group .

Inspection of this proof shows that we have deduced from (iii) the
following facts [which are clearly contained in the equivalent conditions
(i)-(iv)]:

Δ is part and hence the center of A and A contains a finite group
θ of automorphisms such that the ring A is spanned by Δ, θ.

It is then clear that every element in A has the form

Σ S(σ)σ with δ(σ) in Δ .
σ-eθ

As A may be considered as a vector space over its commutative subfield
[its center] Δ, we may conclude now that

A has finite rank over its center Δ .

REMARK 5. Condition (iii) is contained in conditions (ii) and (iv);
and it is an immediate consequence of Lemma 3 that (iv) may be
deduced from (iii). Thus (iv) appears somewhat weaker than (iii) and
(iii) does not tell anything that it is not contained in the other conditions.
Observation of the proofs shows that the insertion of (iii) has been
convenient for them.

REMARK 6. Suppose that Δ is a commutative, absolutely algebraic
field of prime number characteristic p, that V is a vector space of
finite rank over A and that A is the ring of all the linear transformations
of V over Δ. Assume furthermore that Γ is a group of automorphisms
in A spanning A. Then Γ and A are irreducible; and it is a consequence
of Corollary 1 that

( * ) /"is locally finite;
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and we deduce from Lemma 3 the existence of a finite irreducible
group Θ of linear transformations of the vector space V over Δ. Since
the ring A is spanned by Γ, and since Θ is finite, there exists a finite
subset Σ of Γ such that θ is part of the subring Σ. By (*) a finite
subgroup Σ of Γ is generated by Σ. Since Σ and Σ span the same
subring 21* of J which contains the irreducible group θ of linear
transformations, we have shown:

(**) Γ contains a finite irreducible group of linear transformations
of V over Δ.

If it were known that the elements, not 0, in Δ are contained in
Γ, then we would have shown that Γ contains an irreducible torsion
group of automorphisms of V with finite central quotient group; and
this would constitute a considerable improvement on the property (i*)
of Remark 4. But we have not been able to decide whether or not
Γ contains an irreducible, almost abelian torsion group of automorphisms
of V.

COROLLARY 2. The following properties of the irreducible, almost
abelian torsion group Γ of automorphisms of the abelian group A
are equivalent:
( i ) A is finite.
(ii) A is of finite rank.
(iii) The orders of the elements in Γ are bounded.
(iv) Γ is finite.
(v) // the abelian torsion group θ of automorphisms of A centralizes
Γ, then the orders of the elements of θ are bounded.

Proof. It is fairly obvious that the conditions (ii)-(v) are conse-
quences of the finiteness of A. To prove the converse we note first
that as a consequence of the Theorem and of the general hypotheses
of our Corollary the following properties of A, Γ are satisfied:
(1) A is an elementary abelian p-group.
(2) The centralizer Δ of Γ within the ring of endomorphisms of A
is a commutative, absolutely algebraic field of characteristic p.
(3) The rank of A over Δ is finite.
(4) The rank of Γ is finite.

Elementary abelian p-groups of finite rank are finite, since the
orders of its finite subgroups are bounded. Hence (i) is a consequence
of (ii) and (1).

Assume next that the orders of the elements in Γ are bounded.
There exists by hypothesis an abelian subgroup Σ of Γ whose index
[Γ: Σ] is finite. The rank of Σ is finite by (4) and Σ is a torsion
group the orders of whose elements are bounded. Then Σ is the direct
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product of finitely many primary groups; and the primary components
of Σ are finite, since they are of finite rank and the orders of their
elements are bounded. Hence Σ itself is finite, implying the finiteness
of Γ. Thus (iv) is a consequence of (iii).

If Γ is finite, then we deduce from (1) that every element in A
is contained in a finite Γ'-admissible subgroup of A. Thus the finiteness
of A is a consequence of the irreducibility of Γ and we have verified
the equivalence of (i)~(iv).

Assume finally the validity of (v). The elements not 0 in Δ form
by (2) an abelian torsion group Θ of rank 1 which by (v) is finite.
Hence Δ is finite. Application of (3) shows the finiteness of A,
completing the proof.

COROLLARY 3. Assume that Δisa commutative, absolutely algebraic
field of characteristic p [a prime], that V is a vector space over Δ
and that Γ is the group of all [regular] linear transformations of
V over Δ. Then the rank of Γ is finite if, and only if, V is finite
or the rank of V over Δ is [0 or] 1.

Proof. It is clear that our conditions are suίRcient for the finiteness
of the rank of Γ; and thus we assume next that the rank of Γ is
finite.

Assume first by way of contradiction that the rank of V over Δ
is infinite. Then it is easy to construct a subgroup of Γ which induces
a group of permutations in some preassigned basis of V over Δ and
which is an infinite, elementary abelian 2-group. This subgroup is not
of finite rank so that Γ itself is not of finite rank. This is a contradiction
showing that

( + ) the rank n of V over Δ is finite.

Assume next that 1 < n. Then we may represent V in the form
7 = S © Γ where S and T are subspaces of V over Δ and where the
rank of S is 2. Denote by a, b a basis of S. Consider the set Θ of
all the linear transformations of V over Δ with the properties:

aσ = a + δb with δ in Δ ,

bσ = b and xσ = x for x in T .

It is easily seen that θ is a subgroup of Δ which is isomorphic to the
additive group of Δ. Hence θ is an elementary abelian p-group; and
the rank of θ is finite if, and only if, θ is finite. But the rank of Γ
is finite implying the finiteness of the rank of the subgroup θ of Γ.
Consequently θ is finite; and this implies the finiteness of the field Δ.
Application of ( + ) shows that V is finite; and thus we have shown:
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If 1 < n, then V is finite .

But this is just the fact that we wanted to prove.

REMARK 7 One should compare Corollary 3 and the statement
(D) of the Theorem.
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