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RINGS ALL OF WHOSE FINITELY GENERATED
MODULES ARE INJECTIVE

B. L. OSOFSKY

The main purpose of this paper is to prove that a ring all of whose
finitely generated modules are injective must be semi-simple Artin.1

We begin with the following information about the class of rings
under consideration:

LEMMA 1. Let R be a ring with identity, and assume each cyclic
right R-module is injective. Then R is regular in the sense of von
Neumann and R is right self injective.

Proof. For any ring R with identity, it is easy to see that a
right ideal /of R is generated by an idempotent if and only if / is a
direct summand of the right iϋ-module RR. If I is an injective right
ideal of R, then / is a direct summand of RR, and therefore is generated
by an idempotent. Thus if every cyclic right ί?-module is injective,
each principal right ideal aR generated by a e R is generated by an
idempotent, that is aR = eR for some e = β2 e R. Then there exist
x,y e R such that e -= ax, and a = ey. It follows that ea = e(ey) =
ey — a and a — ea — αxα. Thus R is a regular ring, and since RR is
generated by the identity, RR is injective.

Let MR denote a right module over a ring R. If P, N are submodules
of M, let P ' 2 N signify that P is an essential extension of N. (See
Eckmann and Schopf [2].) Then N is an essential submodule of P.

For each xeM, let xR = {r e R \ xr = 0}. The singular submodule
Z(M) is defined by:

Z{M) = {xeM\RR

f^xR}

Z(RR) is actually a two sided ideal of R.
If e = e2 e R, and if x e eR Π eR, then x = ex = 0 and so eE Π eR = 0.

Thus Z(RR) contains no idempotents Φ 0. In particular, if R is a

Received July 18, 1963. This result forms part of the author's doctoral dissertation
written at Rutgers University under the direction of Professor Carl Faith. The author
gratefully acknowledges partial support from the National Science Foundation under
grant G-19863.

1 After the author obtained this characterization of rings whose cyclic modules are
injective, a translation of a recent paper [5] by L. A. Skornjakov was published and
brought to the author's attention. Although Skornjakov states the major portion of the
author's main theorem, his proof is incorrect. In the proof of his Lemma 9, which is
crucial to his proof of the theorem, Skornjakov assumes that the injective hull of a
submodule in an injective module must be a unique submodule, whereas in general it is
unique only up to isomorphism.

Added in proof April 13, 1964. This lemma is actually false. See the author's dis-
sertation for a counter-example.
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regular ring, Z(RR) = 0. (Cf. R. E. Johnson [4]).
We need the following important (and known [3]) lemma:

LEMMA 2. Let MR be a module such that Z(M) — 0. Then each
submodule JVof M has a unique maximal essential extension JV* in M.

Proof. Let {Mi \ie 1} be the set of all submodules of M such that
Mi'SN. Set JV* = Σ ί e J M^ Then if JV* ' a JV, JV* must be the unique
maximal essential extension of JV in M since it contains every essential
extension of JV in M.

For each y e l , let

(JV: i/) = {r e JB | yr e JV} .

If M^Q'^N, then RR'^(N:y) for all i/eQ. (This follows,
since any non-zero right ideal / of R which satisfies I Π (JV: y) = 0,
also satisfies ylφ 0 and yl C) N = 0, a contradiction.)

Now let 0 ̂  a? = a;̂  + + a?ίfl, 0 ̂  a?<̂  e M"̂ , i = 1, , n, be any
element of N*. Then

Now Mi. ' a N, so JSΛ

 ; 3 (JV: »^), and therefore i2Λ ' a Π?=i(N:'a?^), hence
RR'Ώ, (JV: ίc). Since Z(ikί) = 0, α?(JV: aj) ̂  0, and so x(N: x) is a nonzero
submodule of xR Π JV. This proves JV* ' a JV as asserted.

We next consider certain properties of idempotents in a right self
injective regular ring. Let JV — A denote the set theoretic complement
of a set A in a set JV.

LEMMA 3. Let {en\ne JV} be a set of orthogonal idempotents in
a right self injective regular ring. Then for every subset A of JV,
there exists an idempotent EΛe R such that

EAen = en for all neA

en,EA = EΛen, = 0 for all n' e N ~ A

Proof. Since R is regular, Z(RR) — 0. Then, by Lemma 2, each
right ideal I of R has a unique maximal essential extension I* in R.
Since iϋ^ is injective, by [2] I has an injective hull in RR which is a
maximal essential extension of I in RR. Thus each right ideal I has
a unique injective hull /* in ϋ^. Then as remarked in the proof of
Lemma 1, there exists e = e2 e R such that /* = eR.

Hence for any subset A of JV, there exists an idempotent eΛe R
such that
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Since {en\ne N} are orthogonal,

Σ en.
n'eN~A

Then eΛR Π eN~A R=0 (for x Φ 0 e e J ? Π β^^JJ implies ^i2 Π Σ«e^ βwi2 Π
Σ,'ejf~4 en>R Φ 0, a contradiction.) Thus the sum β̂ -4. + eN^AR is direct,
and since each summand is injective, eΛR 0 eN»AR is injective. Since
injective hulls of right ideals of R are unique,

so

Σ eΛR) 2 Σ en,R

3 eAR®e^AR 2 Σ . e ^ T ? . Then it follows ( Σ e ^ -B)* =
Set EN = eN, where ê JS = (Σ^e^ βwi2)*. Let EA (re-

spectively EN^A) be the projection of the idempotent EN on β̂ 72
(respectively βlV~ î2). We note that EA + EN»A = EN by definition, and
EA is simply the projection of the identity element of R on eAR with
respect to the direct decomposition R = (1 — 1^)72 © e îϋ © eN»AR.
Thus £^ and £7^^^ are orthogonal. Furthermore

EAen = en

EAen, = E

Since e,AR'^±
R. But

VneA

n, = 0 vra' e iV - A .

R - EA) is an essential right ideal of

enB) = 0 Vn'eN~A.

Thus en.EA e Z{RR) = 0, and we conclude en,EA = OVn' eN ~ A.

LEMMA 4. Let R be a right self injective regular ring which
contains an infinite set of orthogonal idempotents {en\neN}. Let
/ = Σ Θ enR- For i g N, let EA be defined as in Lemma 3. Then
a set S% = {EA | A e §ί}, where each A is infinite, is independent modulo
I, that is, Σχes# (EAR + I) is direct in R — 7, if and only if for any
finite set {A{ \ i = 1, , n} c 2ί, At Π \J3^i Aά is a finite subset of

Proof. Assume S% is independent modulo 7, and let {Aι \ i —
1, , n) C Si. Set C = C^ = A< Π Aiβ For all i and j Φ i, EAiR 3
Σnec enR and ^ Λ a Σ eAfi. Thus ^ 7 2 2 ( Σ eΛJB)* = JŜ Λ and
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EAJR 3 (Σnec enK)* = ECR. Since 0 = EG - Eo = ^ ^ - ^ .#*, ^ e I.
Then for all but a finite number of n e C, enE0 = 0. Since this implies
en = enEcen = 0 which is true for no w, C must be finite. Then
Ai Π UίVί Aj is a finite union of finite sets, and thus finite.

Now assume A{ Π U ^ * Aj is finite, and let Σ?=i ^ / V e ^ If m £ ̂ ;>
^ E ^ r , = 0 by Lemma 3. If m e A{ ~ ( J ^ Λ> «« Σ?=i ^ / i = ^E^r^
Since Σ?=i ^ / J G ^ there are at most a finite number of m e Ai — \J^i Aά

such that emEAiTi Φ 0. Since A{ (Ί UJVΪ -̂ -J is also finite, the set

must be finite.
Now for all n' eN~ B,

0 - e^E^r, - en

Assume EN^BEAiTi Φ 0. Then, since EN^BR
rΏ, Σ^'e^-^ eΛ'-β> there is an

seR such that EN»BEAiriS Φ Oe Σn'€Λr ĵB βn/i2, so for some n' e N ~ B,
en,EN^BEAiTiS Φ 0, a contradiction.

Then'

^ r 4 - ([1 - ^ ] + EN^B + ^ ί ^ r , = EJΞ^r, .

Since a finite direct sum of injective modules is injective, Σ^e^ eίR =
(ΣneB βiR)* = ^ i ? and ^ i 2 S /. It follows that E^r, e I.

LEMMA 5. Let R be a right self injective regular ring which
contains an infinite set of orthogonal idempotents {en\ne N}. If
I ~ ΈineN enR, then R — I is not an injective R-module.

Proof. Let {A{ \ i = 1, 2, •} be a countable family of subsets
At C N such that {EA. \ i = 1, 2, •} are independent in R — I. For
example, the A{ may be disjoint countable subsets of N.

Let & denote the family of sets S% = {EBob \BΛ g iV, ae$l} where
§1 is some index set, such that S^ a {J^t | i = 1, 2, •} and S^ is
independent modulo /. Partially order & by inclusion. Since inde-
pendence modulo I depends only on finite sets of idempotents, & is
inductive. By Zorn's lemma, select a maximal element Se^.

Let J == ΣiEBes EBR. Define <p:J->R- I by

= £^f + I vi = 1, 2, •
- 0 + I vEBeS~{EAi}

- Σ Ψ{EBk)rk EBk eS,rkeR.Σ

Σ*=i - ^ / ^ ~ 0 implies ^BfcrΛ e /since the idempotents of S are independent
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modulo /. Hence φ(EBj)rk = 0 + 7, and φ(Σ*l=i EBjcrk) = 0 + 1. Thus
ψ is a map which is clearly an R homomorphism.

Assume φ is induced by left multiplication by m + / in R — I,
meR. Then

(1) mEAi -EΛ.eI vΐ = 1, 2, . .

and

(2) mEBel vEBeS~ {EΛί} .

From (1) we conclude that for all but a finite number of n e Ai9

en(mEAi — EAi) = 0 and enmEAien = enEA.en. Thus enmen = en by Lemma 3.
From (2) we conclude that for all but a finite number of n' e B>

en,mEB = 0, and en,mEBen, = en,men, = 0.
Let ii 6 Ax, e^me^ = e^. Select j n + 1 e An+1 such that

and

j n + 1 &Ak for all k < n + 1 „

This is possible since {j e An+1 \ e^me^ = βy} is infinite and Lemma 4

implies AΛ+1 (Ί Uϊ=i -̂-Λ ίs finite.
Since S is maximal in ^ , by Lemma 4 { i j w ^ 1,2, •••} thus

defined must have an infinite number of elements in common with some
B C JV such that EBeS. B Φ A{ i = 1, 2, since j Λ ? A4 for all n> i.
Therefore φ(EB) = 0, and βy/ = e5,mer = 0 for all but a finite number
of / e B Π {iΛ |w = 1, 2, •}. This contradicts the assumption that
B Π {jn I ^ = 1. 2, •} is an infinite set. Thus 9? is not induced by left
multiplication by m + I in J? — I. Hence R — Us not injective. (See
[1], P 8.)

THEOREM. Let Rbe a ring with 1. Then the following conditions
are equivalent:

(a) R is semi-simple Artin.
(b) Every finitely generated right R-module is injective.
(c) Every cyclic right R-module is injective.

Proof, (a) =» (6). By ([1], p. 11, Theorem 4.2), every right module
over a semi-simple Artin ring R is injective, and so every finitely
generated right i2-module is injective.

(b) ==* (c). Since every cyclic iϋ-module is finitely generated by
one element, (c) is a special case of (b).

(c) ==> (a). If every cyclic i£~module is injective, by Lemma 1, R
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is right self injective and regular. By Lemma 5, R cannot contain an
infinite set of orthogonal idempotents. It is well known that this
condition in any regular ring R implies that R satisfies the minimum
condition and hence is semi-simple Artin.

COROLLARY. Let R be a right self injective, hereditary ring
with identity. Then R is semi-simple Artin.

Proof. R hereditary is equivalent to the condition that every
quotient of an injective iϋ-module is injective. (See [1], p. 14.) Since
every cyclic module is isomorphic to a quotient of the injective module
RRJ every cyclic i?-module is injective. Therefore by the theorem R is
semi-simple Artin.
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