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1. Introduction. Let X be a locally compact, Hausdorff space
and {¢;;1€D} be a net of Radon measures on X (in the sense of
Caratheodory). The weak* or vague limit of this net is the Radon
measure ¥ such that

lim g fdp, = S fdy

for every continuous function f vanishing outside some compact set.
In this paper, we construct in § 3 a Radon measure ¢* from a given
base <z for the topology of X and liminf; ¢; and then, in §4, we
give necessary and sufficient conditions for ¢* to be the weak* limit
of the p,. In particular, if the latter exists then it is the ®* gener-
ated when <# is the family of all open sets.

The measure @* is obtained from another measure ¢ by a standard
regularizing process. The definition of ¢ easily extends to abstract
spaces but that of @* makes essential use of the topology. Thus, it
is of some importance to know when @ = @*, that is, when a measure
constructed through an abstract process from the p; turns out to be,
in the topological situation, the weak* limit of the z,. In Theorem 3.3
we give a condition for ¢ = @* and in § 5 we give an example to show
that the condition cannot be eliminated.

We refer to standard texts such as Halmos [1], Kelley [2], and
Munroe [3] for the elementary properties and concepts of topology and
measure theory used in this paper.

2. Notation.
2.1  denotes the set of natural numbers.
2.2 0 denotes both the empty set and the smallest number in w.
2.3 p is a Caratheodory (outer) measure on X if and only if ¢ is a
function on the family of all subsets of X such that #0 =0 and
0= pA <> pB, < oo whenever ACUB,CX.

nEw nEw

2.4 For p a Caratheodory measure on X, A is p-measurable if and
only if AC X and for evey TC X

pT=muTNA + T~ 4).

2.5 For X a topological space, /¢ is a Radon measure on X if and
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only if ¢ is a Caratheodory measure on X such that:
(i) open sets are g-measurable,
(ii) if C is compact then pC < o,
(iii) if a is open then pa = sup{uC; C compact, C C a},
(iv) if AcC X then pA = inf {#a; a open, A C a}.
2.6 For X a topological space, Cy(X) is the family of all real-valued
continuous functions on X vanishing outside some compact set.
2.7 (D, <) is a directed set if and only if D=0, D is partially
ordered by < so that for any %, 5€ D there exists ke D with ¢ <k
and 7 < k.
2.8 A net is a function on a directed set.
2.9 A denotes the closure of A.

3. The lim inf measure. Let X be a regular topologiecal space;
<% be a base for the topology of X, closed under finite unions and
intersections; (D, <) be a directed set and, for each ¢2e D, y; be a
Radon measure on X.

For each ac «#, let

ga = lim p,a (=sup inf p,a) < oo
ZE€D JjED Jg)

and let @ be the Caratheodory measure on X generated by g and <#
{(see method I of Munroe [3]), i.e. for each A X,

PA = inf{zga; H countable, HC <7, Ac U a} :
a€H oEH
As we show in §5, @ need not be a Radon measure even when
X is compact and Hausdorff. For this reason, for any A C X let
p*A = inf sup @C.

@ open ¢ compact
ACw (a7

‘We then have the following:

3.1 THEOREM. @ is a Caratheodory measure on X such that:

(i) <f A and B are disjoint, closed, compact sets then (AU B) =
pA + ¢B.

(ii) if AcC X then @A = inf {pa; a open, A C a}.

(iiiy if C is compact and for every aec #, ga = lim; p,& then

oC = inf {ga; ae &, Ccal.
3.2 THEOREM. @* 1s a Radon measure on X such that:

(i) p*=o.
(ii) if C is compact then ¢*C = @C.
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3.3 THEOREM. If every open set in X is the countable union
of compacta then @* = @,

Proofs

Proof of 3.1

(i) Let A, B be closed, compact and ANB=0. Since X is
regular and <7# is closed to finite unions, there exist «, Be€ <# such
that Aca, BB and anB =0. Given ¢ > 0, choose v,c <# for
new so that AUBcC U,e.”V, and

> 97. =P(AUB) +¢.

n€w

Let v,=7v.,Naand 7. =v.NB. Then ~,,vie#, ACU.coTr,
Bc U.c.”, and hence

¢A+¢B§%(g%+gv£f)éggvnéq)(AUB)+8-

Since ¢ is arbitrary and @ is a Caratheodory measure we have (AU B) =
PA + ¢B.

(ii) Let AcX. If A = o then the conclusion is trivial. So,
let A < o and &> 0. Then there exists a countable HC <& such
that A C ez and

Sgas=pA+e

o€ H

and therefore

o€EH

p(Ua) =S pa s> gae=pA+e.,
wEH ®EH

(iii) Suppose for every a € &%, ga = lim, #,&«. Then for «,, «- -, «,
in &% we have

> ga;, = lim 3 (e,
k=0 it k=0
i k=0
= g(U“k) .
=0

Hence for any compact C,

oC =inf{ga;aec <z, Cca}l.

Proof of 3.2
(i) Clearly, for any compact C, C < o and, for any open «,
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o*a = sup {¢C; C compact, CCa} < oo .
Thus, for any AC X, using 3.1 (ii) we have

p*A = inf {p*a ; @ open, A C a}
< inf {pa ; @ open, A C a}
= @A .

(ii) For any compact C and open aDC, we have oC = p*a,
hence #C =< »*C. By (i) then o*C = @C.

(iii) To see that @* is a Radon measure, we now only need to
check that open sets are @*-measurable. Let & be open, T X and
€>0. Let T' be open, TC T’ and ¢*T’' < @*T -+ ¢. Note that if
C is compact, B is open and C C B then, by regularity, C = 8. Thus,
since T’ N « is open, there exists a closed, compact C,cC T' N« with
o*(T'Na) £ @C, +¢&. Also, since T' — C, is open, there exists a
closed compact C,c T’ — C, with *(T' — C) < @C, + ¢. Then

P (TNna)+ (T —a) = pX(T' N &) + ¢*(T" — C)
= 9C, + @G, + 2¢
= @(C,UCy) + 2¢ (by 3.1(3))
ST + 2¢
= o*T + 3¢

Proof of 3.3. We need only show that ¢*4 = @A for open A.
Given such A, by assumption, A = U,e.C. where the C, are compact
and C,CC,,,. Because of regularity, we may assume that the C,
are closed compact. We shall show that A = lim, »C,. To this end,
let ¢ > 0 and define a, and C, by recursion as follows: let C' = C,
and, for any n<€®, let a, be open, C, C«,, pa, < oC, + /2" and

’

n
w1 = Con — U ;.
i=0

Then the C. are closed compact, mutually disjoint and A CU,co@..
Thus,

PA <X pa, = > 9C, +¢
nEw®

nE€Ew

= limi@C; + &= lim@(ﬂCﬁL)Jr €
N =0

N =0

< lim@Cy + €.
N

4, Weak™* convergence. Let X be a locally compact, Hausdorff
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space, .7 be the family of Radon measures on X, ¢ be a netin 7.
It is well known that . can be identified with the set of positive
linear functionals on Cy(X) so that the weak* or vague limit of the
H; is defined by

4.1. DEFINITION. (W*)-lim,; ¢, = v if and only if v _# and, for
every fe Cy(X),

limgfdyi - Sfdv.
‘On the other hand, for any base <% for the topology of X, let

4.2. DEFINITION. ZZ-Lim; pt; be the measure »* defined in §3. If
% is the family of all open sets then we simply write Lim; /; instead
of .27 -Lim,; .

We then have the following:

4.3. THEOREM. (W™*)-lim,p; exists if and only if there exists a

base # for the topology of X, closed under finite unions and inter-
sections, such that, for every a e &, lim;pa < «, in which case,

(W*)lim pt; = 27-Lim pt; = Lim p; .

The proof of this theorem is given in Lemmas A, B, C, D, E below.
A restricted version of Lemma B was proved by Wulfsohn [4].

LEMMA A. Let ve # and
Z ={a: a is open, @ s compact and v (boundary «) = 0} .

Then <7# is a base for the topology of X and is closed under finite
unions and intersections.

Proof. Let A be open and ac€ A. Then there exists fe C(X)
such that: 0 =<f(x) £1 for ze X, fle) =1 and f(x) =0 for x¢A.
Since S fdy < oo, there exists 0 < ¢t < 1 such that v(f*{t}) =0. Let
a = {x: f(x) >t}. Then « is open, a €« C A and boundary a = f~'{t}
go that «e <#. Thus, &Z is a base. It is closed to finite unions
and intersections since boundary (a U 8) U boundary (&« ( 8) C boundary
.« U boundary £ for any open «, 3.

LEMMA B. (W*)-lim;g; = v if and only if ve _# and lim; pt,a =
va for every open o with & compact and v (boundary «) = 0.

Proof. Let (W*)-lim,;zt; = v, @ be open, & compact, ¥ (boundary
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@) = 0. For any compact CCa, let feC(X), 0= f(x) <1 for all
zeX, f(®) =1 for xeC, f(x) =0 for x¢a. Then

vC = | v = lim | fdps, < lim .
Hence

va < lim pa .
k3

Now, since v (boundary «) = 0, given ¢ > 0, let 8 be open, @ C 5 and
vB<va+e=va+e Let feCyx), 0=f(x)=1 for ze X, flx) =1
for xea, f(#) =0 for x¢B. Then

mpiagli_mﬁfdp,-: Sfduévﬁgua-}-a.
Thus,

i

Conversely, suppose v € .# and lim; ¢, = va for every open a with
@& compact and v (boundary &) = 0. Let f€Cy(X), € > 0. Then there
exist ¢, %0 for k=0, .-+, % such that ¢, <t,., & =f)=t, for
ze X, v(ft,}) =0 and

Etkﬂuak —&= Sfdv _§n2—1tkvak + e

k=0 k=0

where
a, ={x: t, < flw) < e}

so that a, is open, &, is compact and v (boundary «,) = 0. Then
limi [uiak = V&, and

S fdv < lim g,lt,,yiak te
= 1_11_11_ Sfdﬂi +e.

Now, let 8, be open, B, be compact, v (boundary B,) =0, @,C S8,

lim Sfd#i < lim nz_ultkﬂﬂsﬁk
[ i E=0
= > LB
k=0
n—1

= D v, + ¢
=

§Sfdv+25.
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LemMMA C. If (W*)-lim;p; =v and
F ={a: a is open, & is compact, v (boundary @) = 0}

then
V= »@'Lin Ei -

Proof. Let ga = lim; 1, for any a € &Z, ® be the measure gener-
ated by g and <Z (see §3). Then, in view of Lemma B and 3.1 (iii),
for any compact C C X,

oC =inf{gB;Be # ; CC B} .

Now, for any open @ > C there exists, by Lemma A, B8e<# with
Cc B ca. Therefore, using Lemma B, and the outer regularity of v,
we have

yC = inf {va ; a open, CC a}
=inf {pB; Be F, Cc B}
=inf{98; Be =, Cc B}
=oC.

Hence, for any Ac X,
vA = inf sup vC

@ open (O compact
Acew Oco

= inf sup oC = <Z-Lim p,A.
@ open (O compact -
Aca OcCw

LEMMA D. Let <& be a base for the topology of X, closed under
JSinite unions and intersections, such that for any a e <Z, lim; o < oo.
Then

.@‘-;Ln ;= (W*)lim g, .
Proof. For ae #, let ga = lim; ;& = lim,; pt,cx, P be the measure
generated by ¢ and & and ¢* = ZF-Lim;y, (see §3). Then, by

Theorem 3.2, ¢*e _#. Let a be open, & compact, @*(boundary «) = 0.
By 3.2 (ii), we have

P*a = P*A = pa
and by 3.1 (iii),
pd = inf {gB; Be F#, aCB}.
Given € >0, let Be <#, ac B and g8 =p*a +¢e. Then
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lim pa < lim 8 = gf < P*a + €.

‘On the other hand, let C be compact, CCca and p*a < *C + ¢ =
@C + ¢. Then there exists v€ & such that C v« and therefore

»C < g7 = lim v < lim g0 .

Thus,

im pa < p*a < lim o
so that lim; ;¢ = *a. By Lemma B then @* = (W*)-lim, ..

LeMMA E. Let <& be a base for the topology of X, closed under
finite unions and for every o€ <#, lim,; .o < oo. Then

~@'I‘_im_ﬂi: I_‘i__m_#i .

Proof. For any open «, let ga = lim, pr;,r, @, be the measure
generated by ¢ and <& and @, be the measure generated by g and the
family of all open sets. We have to show that for any compact C,
9,C = ¢,C. Now, clearly @,C =< ¢,C. Suppose ®,C < e« and ¢ > 0.
Let a; be open for 2 =0, --+,n, CC U%,x; and

ﬁ,gai =p,C+e.
=1

For each x e C there exists 8¢ .<Z such that xe 8ca; for some ¢ =
0, «++,n. Since C is compact, there is a finite family H < <& which
covers C and is a refinement of {a,, .-+, @,}. For each 4, let B; be
the union of all those elements in H which are contained in «;. Then
Bie#, B,ca; and CU;=B;. Thus,

%Céz_og&é%gaié%cﬂ%.

5. Remarks. Let &7, g, ® be as in §3. The following example
shows that ¢ need not be a Radon measure.
- Let X be the set of all ordinals up to and including the first
uncountable ordinal 2. Then, in the order-topology, X is compact
Hausdorff. For each 7 < 2, let x, be the point mass at 4, that is,
pa=1if tea and pa =0 if 1¢a. Let

Z ={a; o is open and 2¢ (@ — a)}.

For any a € &, if 2 ¢ a then « is countable and hence ga = lim, p, = 0;
if e« then goa = 1. Let A= X — {Q}.. Then A is open and, being
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uncountable, for any countable family H <. <Z which covers A there
exists aec H with ga = 1. Thus, 4 =1. On the other hand, if C
is eompact C < A then C is countable and hence ®C = 0. Thus,

PA # sup {pC; C compact, C A} .

Note, however, that if, instead of taking <Z as above, we let <&
be the family of all open sets in X then there exist uncountable, dis-
joint a, Be % with A=a UB. Then ga = gB = 0 so that @A = 0.
In this case, ¢ is the point mass at 2 and @ = ¢*.

We are unable to determine if this holds true in general for com-
pact or locally compact Hausdorff spaces, i.e. if @ = @* whenever <%
is the family of all open sets in X.

REFERENCES

1. P. R. Halmos, Measure Theory, Van Nostrand, 1950.

2. J. L. Kelley, General Topology, Van Nostrand, 1955,

3. M. E. Munroe, Introduction to Measure and Intergration, Addison-Wesley, 1953.
4. Aubrey Wulfsohn, A note on the vague topology for measures, Proc. Cambridge Phil.
Soc., 538 (1962), 421-422.






PACIFIC JOURNAL OF MATHEMATICS

EDITORS
RoBERT OSSERMAN J. Ducunpa1
Stanford University University of Southern California
Stanford, California Los Angeles 7, California
M. G. ARSOVE LoweLL J. PaiGe
University of Washington University of California
Seattle 5, Washington Los Angeles 24, California

ASSOCIATE EDITORS
E. F. BECKENBACH B. H. NEUMANN F. WoLFr K. Yosipa

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA STANFORD UNIVERSITY

CALIFORNIA INSTITUTE OF TECHNOLOGY UNIVERSITY OF TOKYO

UNIVERSITY OF CALIFORNIA UNIVERSITY OF UTAH

MONTANA STATE UNIVERSITY WASHINGTON STATE UNIVERSITY
UNIVERSITY OF NEVADA UNIVERSITY OF WASHINGTON

NEW MEXICO STATE UNIVERSITY * * *

OREGON STATE UNIVERSITY AMERICAN MATHEMATICAL SOCIETY
UNIVERSITY OF OREGON CALIFORNIA RESEARCH CORPORATION
OSAKA UNIVERSITY SPACE TECHNOLOGY LABORATORIES
UNIVERSITY OF SOUTHERN CALIFORNIA NAVAL ORDNANCE TEST STATION

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
by typewritten (double spaced), and on submission, must be accompanied by a separate author’s
résumé. Manuscripts may be sent to any one of the four editors. All other communications to
the editors should be addressed to the managing editor, L. J. Paige at the University of California,
Los Angeles 24, California.

50 reprints per author of each article are furnished free of charge; additional copies may be
obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is published quarterly, in March, June, September, and
December. Effective with Volume 13 the price per volume (4 numbers) is $18.00; single issues, $5.00.
Special price for current issues to individual faculty members of supporting institutions and to
individual members of the American Mathematical Society: $8.00 per volume; single issues $2.50.
Back numbers are available.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 103 Highland Boulevard, Berkeley 8, California.

Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), No. 6,
2-chome, Fujimi-cho, Chiyoda-ku, Tokyo, Japan.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.



Pacific Journal of Mathematics
Vol. 14, No. 3 July, 1964

Erik Balslev and Theodore William Gamelin, The essential spectrum of a class of

ordinary differential Operators ............ ... e 755
James Henry Bramble and Lawrence Edward Payne, Bounds for derivatives in

elliptic boundary value problems . .......... ... ... uuiiiiiiiiiiiinennnnn. 777
Hugh D. Brunk, Integral inequalities for functions with nondecreasing

IACTEMENES . . oo vt et et e e e e e e e e e e e e 783
William Edward Christilles, A result concerning integral binary quadratic

JOTMS o 795
Peter Crawley and Bjarni Jénsson, Refinements for infinite direct decompositions of

AlGEDIaIC SYSTEMS . . oo vt e 797
Don Deckard and Carl Mark Pearcy, On continuous matrix-valued functions on a

STONIAN SPACE .« . o o v e et et e et et e 857
Raymond Frank Dickman, Leonard Rubin and P. M. Swingle, Another

characterization of the n-sphere and related results ......................... 871
Edgar Earle Enochs, A note on reflexive modules . ............................... 879
Vladimir Filippenko, On the reflection of harmonic functions and of solutions of the

WAVE CQUATION . . . o oo v et ittt e 883
Derek Joseph Haggard Fuller, Mappings of bounded characteristic into arbitrary

Riemann SUITACES . . .. ...... e e 895
Curtis M. Fulton, Clifford vectors ........... ... 917

Irving Leonard Glicksberg, Maximal algebras and a theorem of

Kyong Taik Hahn, Minimum problems of Plateau type in the Be

A. Hayes, A representation theory for a class of partially ordere
J. M. C. Joshi, On a generalized Stieltjes trasform ............
J. M. C. Joshi, Inversion and representation theorems for a gene,

FANSTOTI .o o e
Eugene Kay McLachlan, Extremal elements of the convex cone
Robert Alan Melter, Contributions to Boolean geometry of p-ri
James Ronald Retherford, Basic sequences and the Paley-Wiene
Dallas W. Sasser, Quasi-positive operators...................
Oved Shisha, On the structure of infrapolynomials with prescri
Oved Shisha and Gerald Thomas Cargo, On comparable means
Maurice Sion, A characterization of weak™ convergence. ... ...
Morton Lincoln Slater and Robert James Thompson, A perman

positive functions on the unit square . ...................
David A. Smith, On fixed points of automorphisms of classical
Sherman K. Stein, Homogeneous quasigroups................
J. L. Walsh and Oved Shisha, On the location of the zeros of so

with prescribed coefficients ............. ... ... . ...
Ronson Joseph Warne, Homomorphisms of d-simple inverse se

TAOTEIY o et e e e
Roy Westwick, Linear transformations on Grassman spaces. . .


http://dx.doi.org/10.2140/pjm.1964.14.755
http://dx.doi.org/10.2140/pjm.1964.14.755
http://dx.doi.org/10.2140/pjm.1964.14.777
http://dx.doi.org/10.2140/pjm.1964.14.777
http://dx.doi.org/10.2140/pjm.1964.14.783
http://dx.doi.org/10.2140/pjm.1964.14.783
http://dx.doi.org/10.2140/pjm.1964.14.795
http://dx.doi.org/10.2140/pjm.1964.14.795
http://dx.doi.org/10.2140/pjm.1964.14.797
http://dx.doi.org/10.2140/pjm.1964.14.797
http://dx.doi.org/10.2140/pjm.1964.14.857
http://dx.doi.org/10.2140/pjm.1964.14.857
http://dx.doi.org/10.2140/pjm.1964.14.871
http://dx.doi.org/10.2140/pjm.1964.14.871
http://dx.doi.org/10.2140/pjm.1964.14.879
http://dx.doi.org/10.2140/pjm.1964.14.883
http://dx.doi.org/10.2140/pjm.1964.14.883
http://dx.doi.org/10.2140/pjm.1964.14.895
http://dx.doi.org/10.2140/pjm.1964.14.895
http://dx.doi.org/10.2140/pjm.1964.14.917
http://dx.doi.org/10.2140/pjm.1964.14.919
http://dx.doi.org/10.2140/pjm.1964.14.943
http://dx.doi.org/10.2140/pjm.1964.14.943
http://dx.doi.org/10.2140/pjm.1964.14.957
http://dx.doi.org/10.2140/pjm.1964.14.969
http://dx.doi.org/10.2140/pjm.1964.14.977
http://dx.doi.org/10.2140/pjm.1964.14.977
http://dx.doi.org/10.2140/pjm.1964.14.987
http://dx.doi.org/10.2140/pjm.1964.14.995
http://dx.doi.org/10.2140/pjm.1964.14.1019
http://dx.doi.org/10.2140/pjm.1964.14.1029
http://dx.doi.org/10.2140/pjm.1964.14.1039
http://dx.doi.org/10.2140/pjm.1964.14.1053
http://dx.doi.org/10.2140/pjm.1964.14.1069
http://dx.doi.org/10.2140/pjm.1964.14.1069
http://dx.doi.org/10.2140/pjm.1964.14.1079
http://dx.doi.org/10.2140/pjm.1964.14.1091
http://dx.doi.org/10.2140/pjm.1964.14.1103
http://dx.doi.org/10.2140/pjm.1964.14.1103
http://dx.doi.org/10.2140/pjm.1964.14.1111
http://dx.doi.org/10.2140/pjm.1964.14.1111
http://dx.doi.org/10.2140/pjm.1964.14.1123

	
	
	

