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ON COVERINGS

J. SCHONHEIM

1* Introduction* Recently [2, 3, 4, 5] renewed interest has been
aroused in the notion of covering and related problems, originally posed
by Steiner [8] and later reformulated by Moore [6] as problems of the
existence of tactical configurations.

A tactical configuration C(k, I, \n) (n^ k^z I) is a set of un-
ordered ^-tuples of n different elements, such that each Z-tuple of these
elements appears exactly λ times.

In view of the importance of the special cases λ = 1 and 1 = 2
the notions of tactical systems S(Jc, I, n) for C(k, 1,1, n) and balanced
incomplete block designs (BIBD) B(k, λ, n) for C(k, 2, λ, n) have also
been used.

A necessary condition [6] for the existence of a tactical configu-
ration C(k, I, λ, n) is known to be

* - < M . . « - I .

For h = 0 this integer, namely

is clearly the number of elements in C(k, I, λ, n).
Condition (1) has been proved to be sufficient for I = 2, k = 3,

λ = 1 by Moore [6] and Reiss [7], for I = 2, k = 3, λ = 2 by Bose
[1], for I = 2, fc = 3 and k = 4 and every λ, for I' = 2, k = 5 λ = 1, 4
and 20, and for ϊ = 3, k = 4 and every λ by Hanani [3, 4, 5].

These results for λ = 1 show—and we note this here for future
references—that necessary and sufficient conditions for the existence of
tactical systems S(4, 2, n), S(5, 2, n) and £(4, 3, w) are, respectively

(3) n = l or 4 (mod 12)

(4) w ΞΞ 1 or 5 (mod 20)

(5) n = 2 or 4 (mod 6)

More general coverings R(k, I, λ, w) existing for every w may be
defined.
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A covering R(k, I, x,n) (n^ k^ I) is a set of unordered fc-tuples
of n different elements, such that each Z-tuple of these n elements
appears at least λ times.

Coverings iϋ(3, 2, 1, n) have been studied by Fort Jr. and Hedlund
[2]. These authors have proved t h a t :

( i ) every covering j?(3, 2,1, n) contains at least

φ(n) =

V/6

n(n -

n* +

,»2 -

- l )/6

2/6

n + 4/6

if

if

if

if

n = 0
Λ = 1

» Ξ 2

ίi = 5

or

or

3

4
(mod 6)

triples

(ii) for each n there exists a covering R(3, 2,1, w) containing
exactly φ(n) triples.

In this paper we define the function

where fίc] denotes the smallest integer y,y ^ x. This is a generaliza-
tion of the function φ(ri). Indeed, φ(n) equals ψ(S, 2,1, n).

We shall then prove (Theorem I) that every covering R(k, I, λ, u)
contains at least ψ(k, I, λ, n) ^-tuples.

Further, we denote coverings R(k, I, λ, n) containing exactly
ijr(k,l,X,n) fc-tuples as admissible coverings M{k,l,X,ri). Tactical
configurations are such admissible coverings, because the number (2)
of fe-tuples in a tactical configuration C(k, I, λ, ri) equals ψ(k, I, λ, n)
as a consequence of conditions (1).

Finally, we shall prove (Theorem II) the existence of other admis-
sible coverings, establishing that the existence of a tactical system
S(k, I, n) implies the existence of an admissible covering M{k, 1,1, n + 1).
Thus, particularly (Corollaries 1, 2, 3) from conditions (3), (4), (5), de-
rives the existence of admissible coverings M(k, 1,1, n) for

k = 4, I = 2 if n = 2 or 5 (mod 12)

k = 5, I = 2 if n = 2 or 6 (mod 20)

fc = 4, I = 3 if w Ξ 3 or 5 (mod 6) .

Our last result means in terms of minimal coverings (coverings
containing the least possible number of fc-tuples), that a minimal
covering R(k, I, λ, n) contains exactly ψ(kf I, λ, n) Λ-tuples if a tactical
system S(k, I, n — 1) exists,
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2* T h e lower b o u n d for t h e n u m b e r of &-tuρles in a covering*

THEOREM I. Every covering R(k, I, λ, n) contains at least

I k I Jfe — 1 I I k - l + 2\ k - l + 1 I I I

fc-tuples.

Proof. We denote by #(.#, k, I, λ, w) the number of /b-tuples con-
tained in R(k, I, λ, n) and by φ(k, I, λ, n) the expression (6). Under this
notation, the statement of Theorem I is

( 7 ) q(R9 h, I, λ, n) ^ φ(k, I, λ, n) .

We prove this inequality by induction on I. Let I = 1. Obviously
#(.#, &, 1, λ, w) ^ [λw/&l = α̂ (A;, 1, λ, n). Suppose that inequality (7) is
established for each n^ k > I and I ^ ϊo Now let I = l0 + 1. Con-
sider a i2(&, ϊ0 + 1, λ, n). It will contain q(R, k,lQ + l f \ n) ^-tuples
and therefore k q(R, k, l0 + 1, λ, n) elements. Ϊ3ut each element must
appear at least q(Ru k — 1, l0, λ, n — 1) times, for otherwise R(k, l0 +
1, λ, n) could not contain λ times the £0-tuples of n elements containing
a given element. According to the hypothesis of the induction

q(Ru k - 1, ϊ0, λ, n - 1) ^ ψ(fc - 1, lOf λ, n - 1) .

I t follows that

Λ g(i2, k, lQ + 1, λ, n) ^ M ( ^ I , fc — 1, ϊOf \ n — 1)

^ ^ψ(fc — 1, lQ, X,n — 1)

and, since g' must be an integer, and as a consequence of the definition
of ψ(k — 1, ϊ0, λ, n — 1), we have

q(R, k, U + 1, λ, n) ^ | "- |- ψ(fc - 1, i0, λ, n - 1)]

= <f (ifc, ϊ0 + 1, λ, n) .

This proves the validity of inequality (7) for each I, and the theorem
is proved.

Theorem I justifies the following definition:
A covering R(k, I, λ, n) may be called an admissible covering

M(k, I, λ, n) if it contains exactly ψ(k, lf λ, n) A-tuples.

3* T h e existence of admissible coverings w h i c h are n o t
tactical configurations* The fact that there exist admissible coverings
which are not tactical configurations will be shown in Corollaries 1, 2
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and 3 to Lemma 3, but for the purpose of obtaining the more general
Theorem II, we shall prove the following four lemmas:

LEMMA 1. // the expression

n — h — 1\ ilk — h

l-h )l[l-~h

is an "integer for h = 0,1, •••,? — 1, and if we denote it by a^h and

1 by a0, we have, for i = 1, , I

i[ n - l + i - l [ Γ n - l + l 1 T\

i \ j b - i + i - i l - | j b - i + i I - l l

Proof. We proceed by induction on i. Let i = 1. Then

; - l +

Let equality (8) be valid for * = m < I. This implies
r 7 j, / ^ i^ -| r- 7 i^ / ^ r- p 7 1^ -j —l-J -j

I fc-ί + m + l l fe~i + ml I fc — ϊ + 1 11 1

Σ (^ - z + i ) ^ + Σ (w - o +

k - I + m + 1

Σ (k - I + j + l)α i+1 + Σ (m - i +
3=0 3^0

k — l + m + 1

Σ (k - I + i)αy + Σ (m - j +
i i i o

k — l + m + 1

-i + m - £ (fc - ί + m

& — I + m + 1

-\rv 4- V ry A- _m ±Λ Ί = "v/y

And the lemma is proved.

LEMMA 2. // the expression



(9)

' l-h Jl\l-h

is an integer for h = 0,1, , I — 1 we have

( m (n - l)(n - 2) - - (n - I)
v ' k{k - 1) (k - I + 1)
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n - h - 1\ ilk - h\

Γ » - l Γ n - 2 Γ Γ n - l + l Ί Ή

I fc-11 fc-2 I I Λ - 1 + i I II

= Γ n ϊ n"1 Γ Γ i z l i L l 11
I fcl λ - 1 I " Ί fc-Z + 1 I I I

Proof. Denote the integer (9) by at-h and αr0 = 1. According to
Lemma 1 and under this notation, the left hand side of equality (10)
becomes

- ϊ n Γ J L - L J L Γ Γ n-l + 1 1 1
I k I A — 1 I I & — I + 1 I I

LEMMA 3. If there exists a tactical system S(k, l,n — 1) and an
admissible covering M(k — 1,1 — 1,1, n — 1), then there also exists
an admissible covering M(k, 1,1, n).

Proof. Let N be a fixed element. Let V = {(x, N): xe M(k - 1,
I - 1,1, n - 1)} and T = S(fc, I, Λ - 1) I) V. It will then, be shown
that T is an admissible covering.

Indeed, it is a covering R{k, 1,1, ri), as all the ϊ-tuples of n ele-
ments not containing the element N appear in one of the fc-tuples in
S(k, l,n — 1), while the ϊ-tuples containing the element JV appear in
at least one of the &-tuples in V. Moreover, the covering R(k, 1,1, n)
is an admissible covering M(k, 1,1, n). In fact, it contains

(n- l)(n- 2) *-(n-l)

k(k - 1) (k - I + 1)

I Â  — 11 A; — 21 I jfc - ϊ + 1 I II

fc-tuples, which is the sum of the number of ft-tuples in S(k, ϊ, n — 1)
and of (k — l)-tuples in M(k — 1,1 — 1,1, n — 1).

The conditions of Lemma 2 are satisfied, and accordingly, (11)
equals ψ(k, 1,1, n), which proves the lemma.

COROLLARY 1. If

(12) n Ξ δ or 5 (mod 6)
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then there exists an admissible covering ikf(4, 3,1, n).

Proof. For M satisfying (12), according to (5), there exists a
tactical system S(k, 3, n — 1), and according to (ii) there also exists
an admissible covering M(S, 2,1, n — 1). Lemma 3 then implies the
existence of an admissible covering M(4, 3,1, n)

COROLLARY 2. If

(13) n = 2 or 5 (mod 12)

then there exists an admissible covering M(A, 2, .1, n).

Proof. For n satisfying (13), according to (3), there exists a
BIBD B(A, l,n — 1). The existence of an admissible covering
ikf(3, 1,1, n — 1) being obvious, Lemma 3 implies the existence of an
admissible covering Λf(4, 2,1, n).

COROLLARY 3. 1/

n ΞΞ 2 or 6 (mod 20)

then there exists an admissible covering M(5, 2,1, n).

Proof. Similar to that of the preceding corollary, but using (1)
instead of (3).

LEMMA 4. The existence of a tactical system S(k, l9 n) implies
that of an admissible covering M(k — 1,1 — 1,1, n).

Proof. By induction on I. Let 1 — 2. The existence of an admis-
sible covering M(k — 1, 1,1, n) is obvious. Suppose now that the
lemma is proved for I — l0 and let I — l0 + 1. The existence of a
S(k, l0 + 1, n) implies that of a S(k — 1, l0, n — 1) which, according
to the hypothesis of the induction, implies the existence of a
M(k — 2, l0 — 1,1, n — 1). The existence of a S(k — 1, l0, n — 1) and
of a M(k — 2, l0 — 1,1, n — 1) implies, according to Lemma 3, that of
a M(k — 1, l0,1, n).

THEOREM II. If a tactical system S(k, I, n) exists, then there
also exists an admissible covering M(k, 1,1, n + 1).

Proof. According to Lemma 4, the second hypothesis of Lemma
3 is automatically satisfied if the first hypothesis holds.
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