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It is well known that if a series of real numbers >, - @,
converges, but not absolutely, then for any b, there exists a
sequence {2}, x; = +1, such that >5-.10.,2,=05b. In §1, a
criterion is given on a system of denumerably many equa-
tions of this type, with real coeflicients, so that solutions
x; = =1 exist for arbitrary right hand sides. A sequence
{x;} such that x; = +1 will be called unimodular. In §2, there
results are extended to finite systems, and it is shown that
an infinite system has unimodular solutions for arbitrary right
hand sides if and only if every finite subsystem has this
property. §3 shows that if a system satisfies the criterion
of §1, then, in a certain sense, ‘‘almost any’’ sequence {x},
x; = =1, ‘“‘satisfies’”’ the system for any choice of right hand
sides. In §4, conditions are given whereby infinite systems
can be constructed which satisfy the criterion of §2. It fol-
lows, for example, that the system

S (— 1) jag; — b, i=1,2  -30<a=<l
=

has solutions (x; = +=1) for any b; (1 =1,2,---). The b; are
allowed to be real numbers or +oo,

1. The main theorem. THEOREM 1. Let a,; (1,7 =1,2,8,:-+)
be real numbers such that there exist z;,;, (j=1,2,--+;k=20,1,2
1=1,2,---) which satisfy the following conditions:

1. FEach x;, s equal to +1 or —1.

2. ia”xm converges for all 1 such that ©+ +k and © < [.
i=1

3. Sia,w,, diverges to + oo,
T=1

Then, for any sequence {b;}, the infinite system of equations

(1) S a5 = b,
i=1

can be solved such that for each %, x; = 1. Here, b, is allowed to
be either a real number or +o.

Proof. If k=1 =1, for any ¢ > 0 there exists N(¢; ¢, k, [) such
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2 DONALD C. BENSON

that

n

DI Y
+1

j=m

(2) <eand |a;,| <e/2,

provided m, n > N(g; 1, k, 1).

We define the solution {z;} inductively along with positive integers
M,, which will be defined whenever » is a positive integer and m is
a nonnegative integer such that m < n. The ordered pairs (n, m)
are ordered lexicographically, i.e., (n, m) < (n,, m, if and only if
either nw <m,, or n =n, and m < m,. The induction will be with
respect to this order.

The following definitions will be used with m < and © < n:

b, if b, is finite

+(n—1)if b, = + and © >m

b, if b, is finite
+(n — 1) if ¢t =m and b, = + oo

(@m 5+ D if i< m

(5) Oinm = 2(n — i)(n — 1 + 2m/n? if i = m .

Let us suppose that positive integers M,, have been defined for
(n, m) = (s, t), and «x; for + < M,, such that the following conditions
are satisfied:

(AY M,, < M,, if and only if (n, m) < (p, @).

(B) M,, = NQ1/n* ¢, k,n) for all 1,k <n (7 = k).

My,
(C) | 3% — Bouun| < 1/n* where m +# 0.
=1

M, ,..if m=0

D) fi<n—1and M, =
( ) P o p>{Mn—l.n—1 ifm:(),

then

(D1) A, — S < z 35 < Binn + Osun if Asvn = Binn
and J

(D2) B, — 0, < g i35 < Apn -+ i if Biuw = Aune

We wish to determine M,, where (u, v) is the immediate successor
of (s, t), and %, t = M,, + 1, - -+, M,,, such that the conditions (A)-(D)
are valid for all (n, m) =< (u,v). There are two cases to consider.
Either we have s=1¢, or s > t.
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Case I. s=1t. In this case the immediate successor of (s, t) is
(s + 1,0). Putting M,,,, equal to the largest of the numbers M,, + 1
and N(1/(s + 1)%4,k, s+ 1) for all 4,k < s+ 1 (2 # k), we see that
(A) and (B) will be satisfied.

We now put «; = 2, (j =M, +1,+--, M,,,. Condition (C)
remains satisfied because the newly defined quantities do not occur
in (C). Condition (B) holds with # = s by the inductive assumption.
Therefore, | 3Vt 1., @550, | < 1/s*, provided k,1 > M,, and ¢ =s. We
have §,,, = (2(s — 1) + 1)/s% 0, .10 = 2(s + 1 — 7)/s’, and hence 0, 41,
— 0,,, = 1/s*.  From the equality A,,, = B, = A, ;110 = B g0 for 1 <s,
we see that (D) holds with 2 < s. It must be shown that (D) holds
with ¢ =s. We have also B,,, = B, 1,0 = A,,+1,0- Recall that

< 1/s*.

!
Z ;%05
J=Mgg
‘Since 9,,,.1,0 = 2/s* and (C) holds with ¢ = s, the result follows, namely
that (D) holds with ¢ = s. This disposes of Case I.

Case II. s >1t. The immediate successor of (s, t) is (s, ¢+ 1).
‘We use the fact that 35, a,.,;%,01,, = + 0.

Subcase ITA. For some | > M,, we have

!
Y 2
L Qpi1,i %505 — Biinsern| < 1/8%.

Jj=1

In this case, we put | = M,,,,, and o; = %0, 5 = M,, + 1, -+, M, ,\..
Subcase IIB. If the above never happens, then
l
J'E—;—l Wi, %h0s — Bernsa

must keep the same sign for all I > M,, because, for 5 > M, we
have |a,.,,;| < 1/2s*, from inductive assumption (B).

Let 0 = +1, depending upon whether the sign stays -+ or —.
Because the series 35, @,.1,;%,,,.1,, diverges to + oo, there exists K > M,,
such that

l l

(6) i D i, 0, + DL Gy, g, > 0

J=Mgt+1 J=Mgt+1
for all I > K. Let K, be the smallest number K with this property.
We put L; = Ljosy Mst < .7 < KOr and X; = ij,tﬂys,j - KO; Tty Ms,t+1)
where the integer M, ., will now be defined. Because 37, @yu1, %41,
= +oo, and | ;| < 1/28* for § > M,,, there exist integers M > M.,
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such that (C) is satisfied for n =s,m=+¢+ 1 and M,,., = M. Let
M, .., be the smallest integer with the above property.

It will be shown that conditions (A)-(D) hold for both subcases.
Conditions (A) and (B) are evident. Condition (C) follows immediately
from the construction above. Condition (D) is somewhat more difficult.

It will be shown first that (D) holds with 1+ =t + 1,n =35, m =
t+ 1. We may suppose 1 =n — 1, ie.,, t +1=s—1. We have

(7) BtJrl,s.H—l - Bt—H,s,t = 2/32 ’
and
Bt+1,s,t = AH-l,s,t = At+1,s,z+1 .

From inductive assumption (D), we have

Mt

(8) z{atﬂ,a‘xj - Aaﬂ,s,eﬂ‘ < Opia,see1 — 2[8°
=

Thus, in Subcase ITA with M,, < »p < M,,,.;, and in Subcase IIB, with
M, < p< K, < M,,.,, we have

»
Zlat+1,jxa' - At+1,s,t+1‘ < Optgaers — 1/8% .
=

This disposes of Subcase IIA, because the above inequality is stronger
than (D). It must be shown now that (D) holds for K, <p =< M, ,.,,
witht=¢t+1,n=s,m=1¢t+ 1.

From the inequalities,

Ko

Ko
o ;Haﬁl,ixios + 2 BB > 0,

J—amgpT J=mgpta
Ko—1 Kp—1
g Z Qy11,i% 505 -+ X Z Qi11,i %5, 41,8 é 0 ’
F=Mgp+1 F=Mypt1

(where an empty sum is taken to equal zero), it follows that we have:
(p = M,,.1n)

Ko—1

(10) 2 Qy+1,5C50s

J=Mgyt+1

A

At11,5% 5t +1,5
0

.,

P
=0 3 1a”1’jxj

J=Mg¢+
»

< = 20 G, T + 2] Oir1,x,
J=Mgt+1

?

< = D @i, T 1/

j=Mg+1

using (B) and the definition of z;, M,, < j = M,,;+,. Now, from (6), we:
have
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P

?
(11) - DU i, e < O D, By, ;o
J=Mgg+1 J=Mgg+1

Combining (1), (11) and (B), we have

¥4 ¥4
(12) O D Qi < —0 >, Quiy, %0, + 1/8* < 2/8% .

j=1|lst+1 J=Mgp+1
From (8), we have

Mst

(13) g Z.lazﬂ,jxj < OA a1+ O — 1/87
Putting (12) and (13) together, we have

Y4
(14) a]giatﬂ,jwj < aAt+1,s,z+1 + 5t+1,s,t+1 .

From the definition of ¢ and the fact that if A, 41 & Bii1,s,:01, then
| Aisee1 — Bisaysin | = 1, it follows that o(A;iy,s,41 — Bitrser) = 0.

Thus (D1) or (D2) must be demonstrated, depending on whether o =
—1 or +1.

If 0 = —1, we have from (14)

»
At = O < 2 Qt41,5% 5
i=1

which is half of (D1). From the definition of M,,.,, we have

2
Zla't+1,jxj < By + 1/8° < Byyysenn + Opinpeins
=

provided M,, < p < M,,,.,, which gives the remaining half of (D1).
Similar considerations show that if ¢ = 1, then (D2) holds. This con-
cludes the demonstration that (D) holds with i =t+ 1,n=s,m =
t + 1.

It remains to show that (D) holds for 1 #t+ 1, n=s,m =1t + 1,
1=s—1.

We have 6., ., — 0, = 2/s%, so that it is sufficient to show

(15) < 2/s

P
i DL
J=Mgt+1

for Mst < p é Ms,t+1'
In Subcase IIA, we have, using (B),

p
Z ;% 505

J=Mg+1

¥4
> G,

J=Mgt+1

(16)

< 1/s*.

In Subcase IIB with p < K,, (15) is valid once again because (16)
holds.
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In Subcase 1IB with p = K,, we have

P Kop—-1
¥9) l D0 = ) D A T
J=Mgt+1 J=Mgp+1

< (1/8*) + (1/s)

V4
Z Gii%5,041,s

because of (B). This concludes the demonstration of Case II.
The definition by induction is completed by setting M,, = N(1;1, 0, 1)
and observing that thereby (A)—(D) are satisfied withn =1, m = 0,4 = 1.,
It remains to show the sequence {x,} constructed in this way sa-
tisfies the infinite system of equations (1). However, this follows from
the fact that {z;} satisfies condition (D).

2. Systems with finitely many equations. The extension of
Theorem 1 to systems with finitely many equations is accomplished
by producing an infinite system which can be treated by Theorem 1
and which is equivalent to the given finite system.

«+) be real numbers
, +++, R) which satisfy

THEOREM 2. Let a,; t=1,---,R;j=1
such that there exist xz;, (j=1,2,--+; k=0,
the following condittons:

1. Fach x;. is equal to +1 or —1.

2. i a;;%;, converges for all v such that © + k.
i=1

3. >ia;x;; diverges to + oo,
i=1

Then, for any numbers by, «--, by, each of which is a real number or
+co, the equalions

(18) S aw; = b, (i=1,--+,R)
can be solved such that for each 1, x, = +1.

Proof. We construct an auxiliary infinite system of equations
(19) 3 aid; = 8, (1=1,2---).

We define 8;,., = b, for any nonnegative integer %, and

a;, if there exists & > 0 such that
(20) Osinr = l=Tk+n—1)+n—1 and
0 otherwise,

where T(n) = n(n + 1)/2 is the nth triangular number. The fact to
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be used about T(w) is that each positive integer has one and only one
representation in the form 7(k +n — 1)+ n — 1 = S(k, n), where k&
and 7 are positive integers.

Let us define &;;,;, = &;, as follows:

x; 1if there exists k > 0 such that [ = S(k, n), and

21 i p =
@) Coirnn X if 1= Sk, m),n #m >0.

Then we have
1. Each &;, is equal to +1 or —1.

2. > a;&;, converges for all 4 such that 7 == k.
7=1

3. > a;&;; diverges to +oo.
7=1

The hypotheses of Theorem 1 are satisfied, and therefore the system
(19) has a solution {&;}. Then «; = &, 5 =1,2,--+, is a solution of
(18).

COROLLARY. The system (1), with arbitrary right hand sides, has
a untmodular solution 1f and only 1f every finite subsystem of (1),
with arbitrary right hand stdes has a unimodular solution.

A system of nondenumerably many equations of the type described
in Theorem 1 will never have unimodular solutions for all possible right
hand sides, because the number of ways in which the right hand sides
could be prescribed would have cardinality greater than C, whereas
the cardinality of all unimodular sequences, z;, = +1, +=1,2,:--, is
equal to C. (Here C denotes the cardinality of the continuum.)

3. The metric space 7. The set of sequences {x;}, ¢, = 1
form a complete metric space under the metric

di{:}, {2 = Y1,

where [ = min {7 : 2, # zi}.

Let a;; satisfy the hypotheses of Theorem 1. Let U;,,7=1,2,---,
be nonempty open sets of extended real numbers. (U, may contain
4o or —o,) Let 75 be the set of sequences {x;} such that for all
Nz=M, % a,;x; ¢ U, for some ¢ (0 <1 = M).

A is closed. For suppose {z?} € 75 and lim,.. d({x?}, {x,}) = 0.
Also, suppose there exists N = M such that >, a;;x;, € U, for each
1 (0 <t =< M). For sufficiently large n, we have ¢, =2%5=1,--+, N,
and hence we get >\, a;;27c U, (0 < 4 = M), contrary to the assump-
tion {x}e 4.

A% is nowhere dense. For suppose {x;} € +#%. Let b, be an
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arbitrary element of U,. For any P >0, there exists, because of
Theorem 1, a sequence {x;} such that
1. zi=2,1=1,2,---, P, and
2. f:, a/,ijm_;' - bi‘
i=1
Clearly, {z{} ¢ #% and d({z;}, {=i}) < 1/P.
Thus the set Ujy-. #x = 4+ is of the first category, and since

_# is a complete metric space, .7 — .4+ is of the second category.
We have proved the following:

LEMMA 1. For any sequence {x,} in _# — 4V there exists an
wnfinite monotone increasing sequence {N,} of positive integers such
that for each k, >.)% a;;x;€ U, for 1 = k.

For any sequence {b;} of extended real numbers we may take U}
as follows:

. ({w:e — bl < 1/n} if b; is finite
P (@ — b)) >m)if b= oo .

By applying the lemma for each n to {U?} 0 < 2 < <o, we find that
there exists a monotone increasing sequence of positive integers {S.}
such that

S

(23) >vaxe Uk for e = k.
i=1

From (22), it now follows that we have

Sy
lim > a;;x; = b; for every + > 0.

k—oo j=1

In summary, this proves the following:

THEOREM 3. Let a,; satisfy the hypotheses of Theorem 1. Then
there exists a sequence {x;}, x, = =1, with the following property.
(Indeed, any sequence {x;} in the complete metric space _#Z, apart
Jrom a certain set of first category, has this property.) For any
sequence {b;} of extended real mumbers, there exists a sequence of
positive integers {S,} such that for each <,

Sk
lim Z ;05 = bi .

k—o j=1

4. Sufficient conditions. In this section we shall find sufficient
conditions on the coefficients a@;; so that the hypotheses of Theorem 1
are satisfied.
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THEOREM 4. Let {a;} be a sequence of real numbers such that
(i) a; >0

(il) S a; = oo,
=1
(iii) For every k=1, a;, — a;., 1s monotone decreasing in <.

(iv) a; tends monotonically to zero as © — oo,
Let a;; = (—1)¥*a;, Then a,; satisfies the hypotheses of Theorem 1.

Proof. We must find sequences {£;,,}, 1 S j < 0,02k < 0,1 <
l < oo, such that conditions (1), (2) and (3) of Theorem 1 are fulfilled.

k=0. First we show that by putting x;, = 1, the conditions are
satisfied for k& = 0. Condition (3) is fulfilled vacuously and condition
(1) is trivial.

It will be shown that condition (2) holds, i.e., that |7, (—1)li"*Iq;
converges for each ¢. Let

(24) (1), = S, (—1)ig,
j=k-at
Then we have
(k+1)28—1
(25) b= > a;>0.

j=lk-2t
From (iv), b, is monotone decreasing, and hence >} (—1)*b, converges.
The condition (2) follows because

k . (k+1)28—1 .
(26) S(=Db= X (~Du,

k0. Let x;, = (—1)U*, Since it is assumed that 3=, a, = oo,
we have >, a;;®,;, = o, and thus condition (3) holds.

We will show (2) holds and thereby complete the proof by showing
that

27 i (—1)wrn %[j/zk]a]_
i=1
converges if 7 > k. We have
(28) [5/2] + [3/2°] = 1(7 + 29)/27] + [(4 + 29)/2] — 1 — 2"
and
(29) (=W = _(1)(GH2DG vl k)

Putting

(30) (—1ye, = "3 (~pyuneunhg,

J=n-2
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we have

(n+1)28—1 Lok
(31) ¢, = 2. (=1,

jEmeat

neolpok1 gl—k—l_g

= 2 > (@)1 2mat — it amrn-an) -

j=n-2% m=0
Evidently ¢, is positive. Also, ¢, is monotone because, from (iii),
a; — @, is monotone decreasing in ¢. Thus >\>.,(—1)", converges.
Since we have

(32) S (—1)ie; = Mzi:l (— 1)l kg,
7=1 7=0

it follows that (27) converges if ¢+ > k. This concludes the proof of
Theorem 4.

The sequence a; = 1/2%, for positive a =< 1, is an example satisfy-
ing (i)-(iv) of Theorem 4.

This result can be extended with the help of Abel’s test for con-
vergence.

THEOREM 5. Let {a;} satisfy the hypotheses of Theorem 4. Let
{vi;}, 1,7 =1,2, --- satisfy the following:

1. v;>0.

2. For each 1,{v;;} ©s monotone (increasing or decreasing) with
respect to 7.

3. Siaw; = oo for each <.
i=1

Then (—1)¥*a;v,; satisfies the hypotheses of Theorem 1.

Proof. We take the same definition for x,, as in Theorem 4.
Then 3>\, a;;x; converges for ¢+ k by Abel’s test, Further, we
have

lea’ijxjil = Ziaﬂ)ji = F oo,
i= i=

We obtain a result which allows us to transform any array of
coefficients «;; which satisfies the hypotheses of Theorem 1 into a
different array satisfying the same conditions. First we need a lemma
which is related to Abel’s test for convergence.

LEMMA 2. Let {v;} be a monotone decreasing sequence of real
numbers which is bounded away from zero; i.e., there exists b such
that 0 < b =w, for all ©. Suppose >0, = +co. Then >, v,0, =
+ oo,
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Proof. Lets,= >\, a, and let i, = inf,.,s,. We have, if m = p,

?
(33) :1 a0 = (U — V) e b S (Ve — V) 8,7,

3

z hl(vl - /Um) + h’m/vm
> h v+ hb.

The result follows because h, — co as m — oo,

THEOREM 6. Let a,; satisfy the hypotheses of Theorem 1. Let
v,; satisfy the following:

1. There exist ¢; such that 0 < ¢; =< v,; for all positive integers
1 and 7.

2. For each v, {v;;} is monotone decreasing with respect to j.

Then a,v;; satisfy the hypotheses of Theorem 1.

Proof. The conditions are satisfied by using the z;, which are
assumed to exist in Theorem 1. We have that 37, a,,v,,2;,, converges
if ¢ k by Abel’s test and diverges to + o« for 42 = k by Lemma 2.

UNIVERSITY OF CALIFORNIA, DAVIS
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