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Some conditions are given which guarantee the existence
of best Tchebycheff approximations to a given function f by
generalized rational functions of the form

g,(@) + -+ - + Gngn(®)
@) = §h(@) + - + buhu(®)

The principal theerem states that such a best Tchebycheff ap-
proximation exists whenever f, g,, -+, gu, 21, * * -, b, are bounded
continuous functions, defined on an arbitrary topological space
X, and the set {#y, - --, h,} has the dense nonzezo property on
X: if b, ---,b, are real numbers not all zero, then the
function bh; + +++ 4 byh, is different from zero on a set dense
in X, An equivalent statement is that the set {h, - -, hn}
is linearly independent on every open subset of X,

Further theorems assure the existence of best weighted
Tchebycheff approximations and best constrained Tchebycheff
approximations by generalized rational functions and by ap-
proximating functions of other similar forms,

Terminology. Let X be an arbitrary topological space, and let
C[X] be the linear space of functions f continuous on the space X,
normed with the Tchebycheff norm

1£lle = sup| f@)] .

In this paper, we investigate the conditions necessary to guarantee
the existence of a best approximation to functions f'e C[X] by rational
combinations of functions ¢,, +++, ¢,, Iy, +++, h,, € C[X]. Such functions
have the form

L a1 1

r, =
by A eer + b,

where v = (a,, ++-, a,, b, --+,b,) is a vector in the closed set I,,, of
all real (n + m)-tuples satisfying
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[b) + <+« + 10, =1.
One such condition is that 7, be well defined at points x, such that
bihy(we) + + o+ + bph () =0 ;

thus, we shall restrict our attention to sets of functions {h, ---, h,}
for which we can guarantee a unique definition of 7.(z,).

A set of functions {h,, -+, k,} is said to have the dense monzero:
property on X if, for any verl,.,, the function

bh, + -+ +b,h,

is different from zero on a set Y, dense in X. (An equivalent state-
ment is that the set {h, ---, k,} is linearly independent on all open
subsets of X.) If this is the case, the function 7, is well defined on
the set Y,; to define 7, uniquely at points z,€ X — Y,, we set
7(%,) = lim sup (%) .
1

We could define 7.(x,) by a liminf operation just as well; all that is.

necessary is to define the function 7, uniquely, and in such a way that
if the limit

lim 7/(z)
a:eYy, T -z
exists, it is equal to 7»(w,). Thus, if {h, +--, h,} has the dense non-
zero property on X, the generalized rational fumnction r, is uniquely
defined on X for all ve I,,,.

For each set {g9,,+:-,9,, hy, ++-, h,} such that {h;} has the dense

nonzero property on X, let R denote the set of generalized rational
functions

R: {T')’:'Yepn—%m} .

Then for each fe C[X] there exists a real number dist (R, f) represent--
ing the distance from f to the set R:

dist (B, f) = inf || f—m || .

If there exists a function 7,, € R such that
]]f—‘ Tys H = dist (R: f) ’

then 7, is called a best rational approximation to f, and dist (R, f),
is the error of the best rational approrimation.

After a brief survey in 2 and 3 of previous existence results
and nonexistence phenomena, we demonstrate in § 4 that under the
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conditions prescribed above, there exists for every fe C[X] a best
rational approximation 7,.. Some extensions and specializations of this
existence theorem, including its relation to the nonexistence phenomena
of §3, will be givenin §5. In §6, we present some existence theorems
for two other approximating families similar in nature to the family
.of rational approximations.

2. Previous results. The special case m =1, h(2) =1 corresponds
to approximation by generalized polynomials a,g9, + -+« + @,9,; it has
been the subject of much fruitful study due to the feature of linearity
in the coefficients a,. An existence theorem was obtained in this case
for Tchebycheff approximation of continuous functions f by algebraic
polynomials

gx) = '

by Borel in 1905 [2]; his proof was extended by Achieser [1] to ar-
bitrary elements g, in a normed linear space S.

Results are more sparse for the general rational problem (m > 1)
in which the coefficients do not enter linearly. Walsh obtained in 1931
[6] an existence theorem for ratios of polynomials of the same degree
defined on a perfect set X in the complex plane.

THEOREM (Walsh). For any feC[X], X a perfect set in the
complex plane, there exists a best Tchebycheff approvimation vy, to f
among all rational functions of the form

ay + x4 oo + ax”

7. ==
) by + b + +-+ + b "

Jor v€ [ypise

Walsh also proved in [6] a similar existence theorem for L? norms.
Achieser gives in [1] an incomplete proof of theorem above for ratios
of polynomials of arbitrary degrees on an interval [a, b] of the real
line. Cheney and Loeb [3] have recently obtained a similar theorem
for rational trigonometric approximation.

Furthermore, the Achieser and Cheney-Loeb theorems show that
with no loss of generality the denominator of the best approximation
may be assumed to be strictly positive on the interval of definition.

3. Nomnexistence phenomena. Some of the possible pitfalls in
the existence problem are illustrated by the following two examples of
nonexistence phenomena. In the first example, we consider the problem
of approximating f(z) = x in the Tchebycheff sense by a rational function
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of the form

a,x’

) =

on the interval [0, 1], with the additional condition that the denomina-
tor be strictly positive on [0, 1]. Here, however, by setting a, =b,=1
and letting b, | 0, we see that dist(R, f) = 0, although no allowable
ry€ R achieves this minimum distance.

The second example shows that difficulties may arise when the
dense nonzero property is violated. Consider the problem of approxi-
mating f(x) = (x —1)(@ —2)/2 in the Tchebycheff sense by a rational
function of the form

a

ry(®) = __‘—'bl T ba ’

with the three points 0, 1, 2 comprising X. Since f(0)=1, f(1) =
f(2) = 0, we see that the deviation of the approximation ¢/(x + ¢€) from
fon X is no greater than &/(1 4+ ¢), which can be made arbitrarily
small by making ¢ small. Thus dist(R, f) = 0, although again no
choice of r,€ R achieves this minimum.

4. An existence theorem. We shall find it convenient to state
part of the theorem as a separate lemma.

LEMMA 1. If f,hy ++-, b, are bounded functions on X, an
arbitrary topological space, such that the set {h;} has the dense non-
zero property on X, and if the set of functions {g,, +--, ¢,} 1s linearly
indepsndent on X, then any sequence {v,} of wectors in I',., such

that
}:ijgllrykwfll=inrf ||y — fll = dist (R, f),

Y€ln+m
has a cluster point v,€ 'y,
Proof. (i). Define the functions A = > a,9;,, B = > b;h;, with

Sy 1b;| = 1; define A, and B, similarly. The boundedness of the #&;
implies for any B that

IBl| = N = max || h;|| ;

the linear independence of the set {g;,} implies the existence of a posi-
tive number & such that

S la;] =1 implies|| A|| = 8.
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It is clear that for sufficiently large K, k = K implies

dist(R, f) + 1= ||ny, || = Hﬁ![

Hence, for t = K
| 4|l = N[dist (R, f) + 1],
and by the definition of the number 8, for ¥ = K,

S lay, | = M= 2 jdist (B, ) + 1].

Thus, for k& = K, {7} is restricted to the compact set

{r:Xlel =M, 2[b;[=1}.

By the Bolzano-Weierstrass theorem, then, the sequence {v,} has a
cluster point v,e [,.,,.

THEOREM 1. If f, 9.+, 9. Iy, ~++, h,, are bounded functions in
CIX], X an arbitrary topological space, and if the set {h;} has the
dense monzero property on X, then there exists a best rational Tcheby-
cheff approximation r,, to f on X.

Proof. (i) Select a maximal linearily independent subset {g,, « -+, 9,}
among the functions g;, and let d = dist(R, f). Then, any sequence
{v:} of vectors v,€/l,,, such that

Nry, — fll=d+ 1k

has by Lemma 1 a cluster point v, = (@, ***, Ay, b1, ***, 00) € L pise
We shall show that

7y, — flle=d .
Clearly, since v,€/[,,,, we need only show
7y, = fllz = d .

Since the set of functions {#,;} has the dense nonzero property on
X, the set Y, of points # at which the denominator By(x) is different
from zero, is dense in X. At points x€ Y,, we have for each k
|7y, (@) — f(@) | = [ 7y (@) — 7y,(@) | + [ 7y, () — f(2) |
< [ 7y®) — 7 (@) |+ d + 1k .

As the functions &; are bounded on X,



24 BARRY BOEHM

B, — B,

k-0
uniformly on X. Since Byx) # 0 for xe Y,, this implies

A() Ay(w)
Bi{x) *= Byx)

for xe Y,. Hence, for v Y,,

lim | 7, (@) — 7,@) | = 0,

and thus
| @) — f@)| = d .

It remains only to obtain this inequality for points z,€¢ X — Y.
(ii). By the definition of the rational functions »,, we have for
€ X — Y, that

ry (%) = lim sup 7r(x) .
0 xGY.YO 2o

Thus, there exists a sequence {x,} of points in Y, such that
[ T4,(@0) — Ty(y) | = 1fv
[f(@) — fl@)| =1/
(since also fe C[X]). Hence,
| (@) — F(@o) | = [ 1y (®0) — To(@) | + [ 1y(@) — () |
+ [ f(@) — fl@) | =1y +d+1/v.

Since the left hand side of this inequality is independent of v, it
follows for x,€ X — Y, that

| 'ryo(xo) —fl@)| =d.

Therefore || 7, — fll» = d, implying, since ¥,€ [, that || 7, — fllr=d,
showing that indeed there exists a best approximation 7, = r, to f.

5. Extensions and specializations. Theorem 1 can be extended
to the problem of weighted Tchebycheff approximation, in which the
distance between f and 7, is measured by the functional

| s(ry = £)lr

for some prescribed weighting function se C[X]. This problem is
equivalent to that of approximating the function sf by rational com-
binations of the functions sg, and h;; existence of a best approxima-
tion is thus guaranteed whenever the products sf and sg; are bounded
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functions and the functions A; satisfy the hypotheses of Theorem 1.

Also, the proof of Theorem 1 is valid if the coefficients v are res-
tricted to a closed set C,., < I’,., containing at least one feasible vector
7° such that

I(rp = £)lle < oo

A slight but straightforward modification of step (ii) of Lemma 1 is
needed if no vectors of the form (0, --,0,b,+--,b,) are in C,,,,.
Thus, the following theorem holds.

THEOREM 2. If .f,8, 0., ***y Gu Py, +++, I, € C[X] are such that the
functions sf, sg., -+, 89, are bounded on X, an arbitrary topological
space, and the set {h;} has the dense nmonzero property on X, then
for any closed set C,., I, Of coefficient vectors including a feasi-
ble wvector ¥, there ewists a best weighted rational Tchebycheff ap-
proximation ry. to f, such that

[ s(rye — f)llz = inf [ s(ry — llr .
YE€Op+m
If the closed set of coefficients C,,, of form
Cosn(e) ={velp: | Xbihi(@) | Z € >0, ze X}

is nonempty, we can obtain existence theorems with much weaker hy-
potheses on the functions involved, since in this case the set Y,
comprises all of X, and step (ii) of Theorem 1, the only step requiring
the continuity of f, s, g,, and h;, is not required in the proof. Hence,
the following theorem holds in an arbitrary normed linear space.

THEOREM 3. If the functions f,s,9y, ***, Gu, By, *+*, b, are such
that sf, sg., ++*, 89, by, +++, h,, are bounded on X, an arbitrary set of
points x, and tf the set C,. ()T ,., 18 nonempty, then there exists
a best weighted rational approvimation ry. to f such that

I8y =PIl = int || s(r, = f)

On+m

| .

Let us now consider the nonexistence examples of §3 in the light
of the above existence theorems. The first example can be handled
by Theorem 1 by allowing the denominator b, 4+ b,z to have its zero
at a point 2,¢ [0, 1], and defining a,2%/(b, + b,x;) by a limsup operation,
which reduces in this case to a limit opreration. Thus, the function
2*/x is an acceptable rational function in Theorem 1, and is indeed the
best approximation 7.

The second example cannot be handled by Theorem 1 since the
dense nonzero property is violated. A weaker result can be given for
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both examples by Theorem 3, however, by considering only those ra-
tional functions such that b, + b,x = ¢;i.e., Y€ Cy(e). With this modi-
fication, a best approximation r,, exists in the first example and is at
least as good as 2%/(¢ + «); hence the error

dist (R, f) = ¢/(e + 1)

can be made as small as desired by taking ¢ small enough. In the
second example, 7,, again exists and is at least as good as ¢/(¢ + x);
thus again

dist(R, ) = ¢/e+1).

»

In practical problems, placing such a ‘‘ floor ”’ under the denominator
function and slightly above zero is often a reasonable thing to do, as
the inequality constraint B(x) = ¢ is no harder to deal with than
B(x) > 0.

In most continuous rational Tchebycheff approximation problems,
the existence of a best approximation is guaranteed by Theorems 1
and 2, as sets of functions with the dense nonzero property are fairly
common. They include all linearly independent sets of functions analy-
tic on a perfect set X, and all sets of piecewise analytic functions on
X which are linearly independent on each component of analyticity.

An independent result similar to Theorem 1 has been obtained re-
cently by Newman and Shapiro [4]. Their existence theorem is stated
for functions defined on a compact Hausdorff space X, and thus does
not cover such problems as the approximation of functions continuous
and bounded on the positive real axis by functions of the form

S ae N
> beHix

for \;, #; =0, a problem handled by Theorem 1. Rice in [5] has also
obtained independently a somewhat similar existence theorem for the
interval [0, 1], under the assumption that the denominator possess only

a finite set of zeros.

r(2) =

6. Existence theorems for other approximating families. The
fact that best approximations exist among rational functions with
coefficients in a closed set allows us, with the aid of the following
lemma, to state some theorems assuring the existence of best approxi-
mations in other approximating families.

LEMMA 2. The set of all wvectors (Cu, ***, Cimy Coay ***, Com) SUCh
that ¢;; = a;b; for real mumbers a;, b;, is closed.

The proof of this lemma is straightforward, and is omitted here.
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The following theorem follows directly from Lemma 2 and Theorem
3, with m =1, n = pq, and ¢, = u,v;, since the set of numerator
coefficients ¢, = a;b; is closed.

THEOREM 4. If the functions f,s, Uy, *+*, Up, Vy, +++, V, aTe SUcCh
that the products sf, su,v,, « -+, su,v, are bounded on X, an arbitrary
set of points x, then there exists a best approrimation

pP* = (aful F oo + a:up)(b}kvl + oo + bj;'vq)
to the function f, such that

I8P+ = £)|| = inf [|s[(Z aau)(S b)) — £1]] .

In a similar fashion, a theorem can be established on the existence
of best approximations by finite products of generalized polynomials of
the form

P = (3 angi)(X] @ufin) <+ (X @0:,)

In particular, if the component polynomials are of the form ax + b,
we have the following corollary.

COROLLARY 4a. Any function f bounded on a compact domain X
on the real line has, among all polynomials P, of degree w having
only real roots, a best approximation P},

The next theorem follows from Lemma 2 and Theorem 2; a similar
theorem can be based on Lemma 2 and Theorem 3.

THEOREM 5. If the functions
f, S; 7/(/1, Yy um vlv Ty /U(n hly ) hme C[X]

are such that the products of sf, suh,, -+, suyh,, sv, -+, sv, are
bounded on X, an arbitrary topological space, and the set {h;} has
the dense nonzero property on X, then there exists a best weighted
Tchebycheff approximation

P*= aju, + -+ + aju, + div A+ e e+ div,

bih, + «++ + bih,

to the function f, such thot

15P* = Dl = inf || o(S ot + 2T~ ) o
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