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Suppose y'(t) = [A+ V(t)+R(@)]y(t) is a system of differential
equations defined on [0, ), where A is a constant matrix,
V{t)— 0 as t — co and the norms of the matrices V'(t) and R(t)
are summable, If the roots of the characteristic polynomial
of A are simple, then under suitable conditions on the real
parts of the roots of the characteristic polynomials of A + V(¢)
a theorem of N, Levinson gives an asymptotic estimate of the
behavior of the solutions of the differential sysiem as {— oo,
In this paper Levinson’s theorem is improved by removing the
condition that the characteristic roots of A are simple. Under
suitable conditions on V(¢) and E(f) and the characteristic roots
of A+ V(t), which reduce to Levinson’s conditions when the
characteristic roots of A are simple, asymptotic estimates are
obtained for the solutions of the given system,

The proof given here, with essential modifications, will follow the
proof given by Levinson [3] [2, p. 92]. One interest in the improved
theorem is in its application to the problem of finding the deficiency
index of an ordinary self-adjoint differential operator, which will appear
in a subsequent paper. We shall establish the following.

THEOREM." Let A be a constant n X n matric whose minimal
polynomial 1s of degree m and is of the form

X(X) - H (N - kk)nk) >\’j :’é )\’Ic fo/}ﬂ j i kr Z nk =MNn.
k=1 k=1

Let ¢+ 1=max n,, V() an n X n matriz with (q + 1)-times continu-
ously differentiable elements satisfying | v'(t) |V e L' for 1 £r <
g+1and V({t)—0 as t—oo. Let the roots of det (A+ V() —AI)=0
be (M (O} and for t =1, we suppose the minimal polynomial of
A+ V(t) is

where \(t) — N\, as t — o, For a given k, let

Received February 3, 1964. Research supported by NSF Grant G 24834,
1If Ais an n X n matrix with entries a;; we shall write | 4| = Yijlai;]. If o
is a vector with entries x; we shall write |x| = 2 | @ ].
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dij(t) = Re(u(t) — (D)

and suppose that all j,1 < j = n, fall into one of two classes I, and
t

I, where je I, if and only if t7¢ expgd,ﬂjﬂ o as t— oo and
0

(lt—flq—]—l)exp~gtdk,-<M<oo for t=7=0,

jel, if and only if Stdkj <logM for t=7t=0. Let R@) be a
matric  valued funcrtv}on with measurable elements such that
I R(t)|e L'. Let {q,;1 =7 =} be a set of “principal vectors”
Jor Ny te., @y = (A — M) %79y, (A — NI Y7, # 0 and (A —
M) %Gy, = 0. Then, given the differential equation

(L.1) y(t)=[A+V(QE)+ B®]y@®)

there ewists a t, and a fundamental system of solutions {y,;(t);1 =
JI=n,1=<k=<m} such that

j—1 t —1
I:(_jt—«—l)’ €Xp Smxk(r)d‘[] Yiui(t) — Qi — 0,6 — oo .

2. We begin the proof by first considering a differential system
of the form

2.1) y'(t) = (AQ®) + E)y@®) ,

where A(t) is a matrix with blocks {J;(¢)}i* down the main diagonal
and zeros elsewhere, J;(f) being an n; X n; matrix with the same
number A\;(t) down the main diagonal, 1 down the superdiagonal and
zeros elsewhere, and R(f) has measurable entries with 7| R(¢)|e L',
where ¢ + 1 = max{n;, 1 < j = m}.

One fundamental matrix ¥ for the system

(2.2) y'(t) = A(t)y(t)

has blocks {P;}* down the main diagonal and zeros elsewhere, where
P; is an n; X n; matrix of the form

1 ¢ /2!~ t" Y (n; — 1)
] 0 1 ¢ --et"(n; — 2)!
(2.3) Py(t) = eXpS N L
to .
0O - - « 0 1
This may be checked by a direct computation. Again, it may be easily
checked that
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1 —¢ /2l — 81« (=) " (m; — 1)1
. 0 1 -t /21 - (= 1) (my — 2)]
P;i(t) = exp — S N .

to

and

2.4 L (t—7) @—op2l-- (-2 (n; — DI

¢ | 0 1 t—17) oo (t—0)"/(n; — 2)!
P(t)P(c) = exp erj .

0 Y S | b
Let us fix k£ and let ¥, be that matrix with zeros everywhere
except for diagonal blocks {P;;je L}, where each such P; has the
same position as in the matrix ¥. Let ¥, be the corresponding type
matrix with diagonal blocks {P,;5¢ I,}. Clearly ¥ =7, + 7,,
Let e; be the vector with jth component equal to 0,;, d,; being
the Kronecker symbol. Now set © =1+ Y*Zln; where 1 =21 =< n,,
and consider the equation

(2.5) 40 = Te, + | OV @R
~ | mer-©rEE: .

It may be checked by a straightforward computation that, at least
formally, ¢ is a solution to (2.1). Hence, if it can be shown that a
solution to (2.5) exists, where the integrands are in L', then this
solution will also be a solution to (2.1).

We proceed by successive approximations. Choose ¢° == 0 and hence
o' = ¥(t)e;,. It follows that

=1

(2.6) 16t — ¢ < [eXp S:ORW] 5% i

Now, the matrix ¥,(¢)¥ (z) has blocks along the main diagonal which
are zero in those positions for which je I, and of the form (2.4) in
those positions for which je I,. Hence, using the hypothesis of the
theorem of §1, for {, <t =< ¢ we have

2.7
PP @ORE)| = Cllt— <+ exp (—| du) exp ([ Row) 1 R

< CM|R(z)| exp StRexk ,
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where C is a suitable constant dependent only of ¢. In the same way,
for t =7 < oo,

2.8) | TOT (R | < CM[|t — i + 1]| R() | exp —g”Rexk .
t
Using the estimates (2.6), (2.7) and (2.8) we arrive at the estimate

|8~ ¢ exp—| Ron,
(2‘9) t t(;——l oo 1—1
< CM{St B@)| 5, w/ilds + St B@|lt -7+ 1% z-f/jldz'} i

Now using the fact that ¢*| R(r)|e L' we can choose £, so large so
that

(2.10) |6 — 6| exp —S’Rexk <1/2 for t=t,.
ty

Using (2.7), (2.8) and (2.10) and proceeding by induction we find that
for 7 =1,

| g7+t — 7] exp — S: Re,
@1 = wzoM{| 1R@|de + |11t - 710+ 1 R@)|de)

= (1/2y .

This means that there exists a function ¢ so that on every compact sub-
interval of [t,, =), ¢/ goes uniformly to ¢, and indeed, using (2.6),

2.12)  |¢— & | < (1/2) " exp S: Reon,, | 6] = C[t* + 1] eXpS: Ro\, .

The estimates (2.12) taken together with the estimate (2.8) shows that
the integrands in (2.5) are in L' and that indeed ¢ is a solution of

that equation.
We claim that

(2.13) [6(t) — ¥ (t)e,] exp — g: N0 as t— oo .

To show this, it is enough to show that

(2.14) exp <—— St Rexk>8t V.7 (c)R(t)p(t)dr — 0 as t— oo, and
to to

2.15)  exp (—Y Rexk>ryfz(t)w—l(z)R(T)qs(f)dr 0 ast—oco .
ty ¢

Using (2.12) and (2.8) we see that the norm of (2.15) is less than or
equal to
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CM( [t — e+ e + 11| RE) | ds,

which goes to zero as t— o. To prove (2.14) we use the fact that
t oo

t—exp | d,;— c. Choose ¢, so that CMS |R(z) || ¢(r)|dr < e. Then
t, t

the norm of (2.14) is less than or equal to'

e+ exp ([ Bow) |70 1770 || R2) | 166) | dr

Now,

¢ I
exp (—S Rexk>|§1fl(t)} = Ct? > exp — 3 di;—0 as t— oo,
to J€I; to

Hence we see that (2.14) is valid.

t
The vector [exp —S xk]w (t)e; has the entry t*=7=*/(l — 5 — 1)! in the

17

% + 7 position, 0 =< 5 = 1 1, and zero elsewhere. Hence

(2.16) {(ltrll)! exp S:ohk}_lgb(t) —e¢,—0 ast— .

Let us designate the solution we have obtained in the previous
considerations by ¢;. Then the set of solutions {¢,}? is a fundamental
system for (2.1). Indeed, it is clear that the determinant of the matrix
@ with the vectors ¢, as columns is nonzero for ¢ sufficiently large.

3. In order to use the results of §2 to prove the theorem of §1
it will be necessary to establish the following.

LEMMA. Suppose the matrixz A + V() satisfies the conditions of
the theorem of §1. Then for all sufficitently large t there exists a
differentiable and invertible matrie P(t) such that 9| P~(t)P'(t) | e L,
POIA+ VRIP () s a Jordan canonical form, P(t)— P and
Pty — P as t— o, where PAP™ is a corresponding Jordan
canontcal form for A, and the colummns of P™' are a given set of
principal vectors for A.

Proof. Let A, Ny +++, \,, be the distinct eigenvalues of A. Since
the coefficients of the characteristic polynomial of A 4 V(¢) are con-
tinuous functions of ¢ in a neighborhood of oo, using the hypothesis
of the theorem, there exists a neighborhood of o so that A 4+ V(t)
has eigenvalues \,(t), - --, \,(t) which are continuous for all ¢ in that
neighborhood. In particular, this means that A (¢) — A\, as t — oco.

In fact, for ¢ sufficiently large, each \,(t) is (¢ + 1)-times continu-
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ously differentiable. To see this, we consider the characteristic poly-
nomial

(3.1) Fn, 6) = 3 Fio = (=1 T 0= 20y,

where f;(t) is (¢ + 1)-times continuously differentiable. If we set
G\, t) = 0" (N, ) /o, then G, (\(7), T) = 0, but 8G,.(\.(7), T)/0N = 0.
Hence, the implicit function theorem tells us that there exists a neigh-
borhood about 7 and a (¢ + 1)-times continuously differentiable function
., defined in this neighborhood, so that g.(z) = \.(7) and G,(2.(2), €)= 0.
Moreover, if any other continuous function satisfies the last two con-
ditions, then this other function coincides with f¢, in some neighbor-
hood of 7. Hence \,(f) = p.(t) in some neighborhood of 7, which
proves our assertion.

Let {g.;; 1 =<7 < n,} be a given set of principal vectors for A\, and
let @ be the matrix whose columns are {q., ="+, Qu Tors =5 Qany =" *,
Qwis ***» Qun, ), in the given order. Then, since the minimal and charac-
teristic polynomials of A are of the same degree, @ '4Q is in the
Jordan canonical form (see e.g. [1], Ch. XVII). If V, is the subspace
generated by {g:;;1 =7 = n,}, then A is reduced by V,. Hence, if
we set

Ti(d) = 11 (A =\,

then this matrix is reduced by V, and the restriction of 7, (4) to V,
has an inverse. Let us set h, = 7;(A4)qs,,, where by 7;*(A) we mean
the inverse of the restriction of m,(A4) to V,.

Let us write the minimal polynomial, ¥(n, ¢t), of A + V() as

X()"; t) = O" - )Vk(t))nknk()‘” t) ’
where
w0 8) = T1 (v = M0) .

Set ¢, () = m(A + V(¢), t)hy; then since m,(A + V(¢),t) — m(A4) as
t — oo, it follows that if we set

2:i() = (A + V() — M(0)"¥7q1, (D)

the set {q.;(¢)}i* forms a set of principal vectors for the eigenvalue
Me(t), provided ¢ is sufficiently large. Indeed for ¢ sufficiently large,

(A + V(@) — M), (B) #= 0,
but
(A + V(&) — M@ = X(A + V), Hhe = 0.
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If Q@) is the matrix whose columns are the vectors

{qu(t)9 M) qlnl(t)y qzl(t)y A qznz(t), Sty qml(t)9 Yy anm(t)} ’

in the order given, then Q*(t)[A + V (£)]@(t) is in the Jordan canonical
form ([1]).

Notice that the elements of Q(f) are polynomial functions in
@)} and the elements of A -4 V(t), and hence the elements of Q*(¢)
are rational functions in these variables, where the denominator of each
rational function is det Q(¢). Hence, if we set P(f) = [det Q(?)]Q7' (%),
then the elements of P(t) are polynomials in the previously mentioned
variables and P@)[A + V(#)]P~(t) is in the Jordan canonical form.
Further, from the assumptions of the lemma, and the manner of con-
struction of Q(%), it is clear that Q(t) — @, where Q'AQ is in the
Jordan canonical form. Hence P(t) — P, where PAP™"is in the Jordan
canonical form.

Since P~(t) — P, it is clear that P~'(¢) is bounded in a neigh-
borhood of infinity. Hence, if we can show that t*|P’(t)|e L' we
will have proved the lemma. The elements of P’(f) are linear functions
of {(\i(t)} and {v;(t)} (the entries of V'(¢)) with coefficients which are
bounded in a neighborhood of infinity. Since, by hypothesis % | v};(t) | € L',
if we can show that #*|\,(t)|e L' we will be done.

Use (3.1) to obtain

0" F'(\(8), 1) — é FrENei(E)
ot = *

= (= ma! T ) — ) [ -

Since Iz (\i(t) — Nj(E))" is uniformly bounded away from zero and
M (t) is bounded, in a neighborhood of oo, it follows that there exists
a constant N such that

G2 MO NSOl s NS

Each function f; is the sum of suitably signed products of elements
of A+ V(). A typical term in the sum representing f; is say
a,(t) «+- a;(t), where a,(f) is an entry of A + V(¢). The n, derivative
of this product is given by

Z Ci] """ ija/iil)(t) e a.(iij)(t) ’

where C;,,...,; , are the constants which appear in the multinomial ex-
pansion of (¥, + ++- + ;)" and the sum is taken over all j-tuples of
nonnegative integers, (3, «+-, %;), whose sum is n,. Hence if
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(3.3) 29 @iV « .. @i e L1

it will follow that | A, |e L' and hence t*| P'(t)|e L.
If 3i_,4, = n,, we may apply Holder’s inequality to get,

(3.4) S?t

ﬁ a,“'” Ing < 11[ [S £ | g ir 11/17]171% ,
r=1 | =t

where we make the convention that if ¢, = 0, then

Ing

lla,|l. = sup|at)| = [Sw £] g lin ]“ir]"
tzty %

From the hypothesis of the lemma it follows from (3.4) that (3.3) is
satisfied and hence lemma is proved.

4, Using the results of §2 and § 3 it is now an easy matter to
finish the proof of the theorem stated in § 1. Make the transformation
x(t) = P()y(t) in (1.1) and we get the equation

(4.1) o' = [P(A+ V)P — P7P' + PRP™x .

The matrix P(A + V)P~ is in the Jordan form of the matrix A(¢) of
(2.1) and t*|PRP™' — P7'P’|e L. Hence, we may apply the results
of §2 and for ¢+ =1+ >\tzin;, 1 <1 £ n, we find a solution #; such
that

tl—-l t —1
[(Z D exp St xk] 2,(t) —e;,—0 as t— oo .
— 1) .

Hence, if y,(t) = P7'(t)x;, we get

[tH Sx]l(t) P, —0 ast
ex (&) — P, —0 as t— o,
a—1 1Y | Y
where P~ = lim,_., P7'(¢).

The vector P, is the i¢th column of P~ which by Lemma 3 can
be taken to be the given principal vector ¢,,. Since the vectors
{0;1 =1 = ny, 1 = k < m} are linearly independent, the vectors {y,(t)}"
form a fundamental set of solutions of (1.1). This completes the proof
of the theorem.

Note added in proof. The theorem of this paper can be gener-
alized in the following way. Using the same notation as in the theorem
let p be a real number satisfying the inequality 0 < p < q. Suppose
further that for each given k& all integers j, 1 < j < n, fall into two
classes I, and I, where I, is the same as in the hypothesis of the
theorem but now I, is the collection of 5 so that
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(!t—T|p—l—1)eXpStdkj<M<oo for t=7=0.

Then under the hypothesis that & |o{3({) M, 1<r=q¢+1, and
t*~?| R(t)| are summable, the conclusion of the theorem holds. The
proof of the generalized theorem follows the proof given in the text
mutatis mutandis.
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