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In this paper we shall be concerned with the questions
of existence, uniqueness and constructability of those poly-
nomials in k + 1 variables (xί9 x2, , xk9 y) of degree not
greater than ns in xs and m in y which best approximate
zero on Ji x J2 x X h+i, Is = [—1, 1], in the Chebyshev
sense.

It is a classic result that among all monic polynomials of degree
not greater than n there is a unique polynomial whose maximum over
the interval [ — 1,1] is less than the maximum over [—1,1] of any
other polynomial of the same type and moreover it is given by Tn(x) =
2λ~n cos [n are cosx], the normalized Chebyshev polynomial.

Our method of attack will be to prove a generalization of an in-
equality for monic polynomials in one variable concerning the lower
bound of the maximum viz. m a x ^ ^ ^ | PJx) | ^ 21~n where Pn(x) is
a monic polynomial of degree not greater than n. The theorem will
show that the only hope for uniqueness is to normalize our class of
polynomials. This is done in a very natural way viz. by considering
only polynomials, if they exist, of the form:

(0.1) P(xu x2, , xk, y) = Am(xl9 , xk)ym

for which Am{xu x2, , xk) is the best polynomial approximation to
zero on Iλx I2x x Ik. Thus if k = 1, we consider only polynomials
of the form:

(0.2) P(xu y) = fn(xdym + Am_1(x1)r~1 + + 4,(«i)

We find in the case of (0.2) that there is a unique best polynomial
approximation and it is given by Tn{x^)fm(y). Thus we can consider
the question of existence, uniqueness and constructability of a polyno-
mial of the form:

(0.3) P ( x l 9 x 2 , y) = f ^ 4

+ A m ^ ( x l 9 x2)ym-1 + + A0(xlf x2)

that best approximates zero. We find in this case there is a unique
best polynomial approximation and it is given by T^x^T^x^TJty).
Continuing in this way we shall show that the question is meaning-
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ful in general and that there is a unique best polynomial approxima-
tion to zero of the form (0.1) given by f^fa)T%2(x2) ••• Tnjc(xk)Tm(y).

The uniqueness and constructability are the most surprising results,
since as Buck [1] has shown, F(x, y) = xy has amongst those polyno-
mials of the form

p(x, y) = α0 + cφ + y) + a2(x2 + t)

infinitely many polynomials of best approximation which are given by:

α/i + βf* , « ^ 0 , /3 ̂  0 , α + £ = 1

where

/ ( a 1/) = (*2 + 2/2)

A(χ, y) = χ + v - -|-(*2 + t) - ~-.

We shall finally normalize the polynomials in a different way and
show by construction, the existence of a polynomial, of best approxi-
mation in this class. However in this case the question of uniqueness
remains open.

1* NOTATION. Let nί9 n2, , nk be positive fixed integers. Let
σ be the finite set of "vectors {(xUl, x2j2, , %kjk)}, where j u j 2 , -- ,jk

are integers with 0 ^ j \ ̂  nlf 0 ^ j 2 ^ n2, , 0 ^ j k ^ nk; and where
also - 1 ^ xUi ^ 1, — 1 ^ x2J2 g 1, , — 1 <* ̂ yfc ^ 1 and no two of
the xl5l are the same, no two of the x2J2 are the same, , no two
of the xkJ k are the same. Let Q(x, y) — Q{xu x29 , %, y) be any
polynomial in xux2, ' ,%k and y of d e g r e e ^ ^ + n2 + + nk + m — 1
where Q is of degree ^ %, in a?β, s = 1, 2, , Jk and of degree ^ m in
2/. Let π be the set of all such polynomials. Thus if Q(x, y) is in π

Q(χ, y) = pm(χ)ym + vm-ι{%)ym~x + + po(«)

where 2>m(#) is a polynomial in xu x2, , xk of

degree ^nι

Jrn2+ + wΛ — 1

and pa(x), 0 ^ s ^ m — 1, are polynomials of degree ^ nx + n2 + + nk

in ajj, a;a, , xk. Let

AbOT; π, σ] = min | xΓ1^^ — a?ϊ* — pjajj, aja, , xk)
x in σ

which does not depend on the particular Q, but only on the class π
and the leading coefficient polynomial of y.
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THEOREM 1. If Q(x, y) is any polynomial in π and if σ is any
set of the type described above then

max I xpxp xί*ym - Q(xu x2, , xk9 y) | ^ A[pm; π, σψ~m .

Proof Assume not. Then there exists a Q*(x,y) in π and a set
σ of the type described such that:

max I x^xp xn

k

kym — Q*(x, y) \ < A[pm; π, σ]21~m

consider the polynomial:

P(χ9 y) = χ«iχ»* χn

kky™

- Q*(χ, y) - [xΐ'xp %l« - pΛ%)]Tm(y)

where pm(x) is the coefficient of ym in Q*(x, y) and where

( 1 ) Tjy) = 21~mTm(y) = 21"™ cos [m arc cos y] .

Then P(x,y) is a polynomial of degree ^ m — 1 in y and thus can be
written:

P(χ, v) = ^ - i W f " 1 + qm~2(%)ym~2 + + ?oO*0

where ^β(ίc), 0 ^ s ^ m — 1, are polynomials in xu x2j , xk of degree
S nλ + n2 + + wfc.

Let (£ l i i ? x2J 2, , ccΛj Λ) belong to σ and /̂r be one of the points

rTC
yr = cos — , 0 ^ r ^ m , r = integer .

m

Then Γm(τ/r) = (-l)^ 1 -^ and we can show that the sign of

±\Xijιy X232> *' t %k3kt yΛ

i s t h e s a m e a s t h e s i g n of -[x^ x \ ) h - pm{yljχ, --9xk3 k)]. Tn(yr).
To see this note that:

I Tm(yr) I I x\)λ xll - pm(xlh, , xkjk) I

^ A[pm; π, σφ~™ .

But by the assumption

max I αtfi x\*ym - Q*(x9 y) \ < A[pm; π, σ\2χ-m

.and thus a fortiori
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I sΓΛ xljkVr - Q*(xul9 , Xujk, Vr) I < Λ[pm; π, σψ~m .

If we fix x in σ then P{x,y) is a polynomial of the one variable
y and of degree ^ m — 1. And as 2/ takes on the values yr — cos (πr/m),
P{x, y) changes sign m + 1 times. Thus P(x, y) has m zeros, which
means qm^(x) = 0, gm_2(x) = 0, - ,qo(x) = 0 since P(a;, j/) is only of
degree ^ m — 1.

Since $ was an arbitrary point of σ, then

Q,[xu\9 %2j2, , a?*i J = 0 , 0 ^ s ^ m - l

where 0 ^ ^ ^ w1? 0 ^ i 2 ^ w2, , 0 ^ ^Λ ^ nk. But gs(α?) is a polyno-
mial of degree rg nλ in a?!, of degree ^ n2in x2, , of degree ^ w^ in xΛ

and thus

qs[xu x2, , xk] = 0 , 0 ^ s ^ m — 1 .

From which we see P(x,y) = 0 and thus :

xΓ1 α?ϊ*2r ~ Q*(», ») = [xΐ1 '"Xΐk- pΛ%)]Tm(y) .

But clearly:

max I xp x ^ - pm(x) \ \ T(y) \ ̂  A[pm; π, σ]2'-m

which is a contradiction and thus the theorem is proved.
Let us now consider the subset of polynomials π0 of π for which

Q{x, y) belongs to π and pm(x) — 0. Then by the above theorem, a
lower bound for the maximum is

A[0; π, σ] — min | x\ 1 xp \ < 1
x in σ

which clearly depends on the set σ. We shall next show that for
this subset 7Γ0, we get a lower bound for the maximum that is in-
dependent of σ and moreover the lower bound is larger than A[0; π, σ]
for all σ, namely it is unity. In the third theorem we shall show
that unity is the best possible lower bound i.e. there is a polynomial
in τr0 for which the maximum is 21~m.

THEOREM 2. Let Q(x, y) be any polynomial in π0, then

max I xpxp xpym - Q(xl9 x2, , xk, y | ^ 21~m .

Proof. B y c o n t r a d i c t i o n . A s s u m e t h e r e e x i s t s a Q(xlf •••,%,?/>
in 7Γ0 s u c h t h a t :

max I xl^xl^ xlkym — Q(xlf , xk, y) \ < 2 1 - w .
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Then there exist <5s's, 1 ^ s ^ k, 1 > <?s > 0 such that:

m a x I xp xpy" - Q(xu ---,xk,y)\< 2^m Π δ j .

Let Tm(y) be given by (1) and consider the polynomial

P(χ» , &*, i/) = &Γ1 %lkvm-Q(χi,•••,&*,»)-%lι %lkTm{y).

P(xlf , xk, y) is a polynomial of degree ^ m — 1 in ?/ and of degree ^ wβ

in xs 1 ^ s ^ k.
Let σ* = {(x^, x2J2, , %i;,)} where j l 9 , j k are integers with

0 ^ j , rg ^ + 1, 0 ^ i 2 ^ n2 + 1, , 0 S j k ^ nk + 1;

δi < ^ ^ 1, δ2 < £2 i 2 ^ 1, , δk < xkjfc ^ 1

and the x ^ are distinct, •••, the xk3 k are distinct.
Note that for x in σ*, the sign of P(x13'lt , xkjv y) is the same

as the sign of —xΊ}x xn

k

k

nkfm{yr) for yr = cos (rπ/m), r = 0,1, , m.
This follows from the fact that:

I ̂  ^ ^ Γ - Q(Si, , »*, ^ ) | < 21— Π §nss

and the fact that:

~ k k

I ^ 3 J ! Xk3k

1 m\Vr) — Δ I I Xsjs > * LL °sS '

Thus we conclude that P(x13-l9 , aJΛift, i/) has m + 1 sign changes

for (xUl, •• ,ίCfciA.) i n ί 7* Let us write

P(χ, y) = Pm-iWy™-1 + Pm-2(χ)ym-2 + + po(»)

where pa(x), 0 ^ s ^ m — 1, are polynomials of degree ^ ^ s in a?β, 0 ^ s ^ Λ.
For each x in σ**, P(x, y) has m + 1 sign changes and thus pm-i(χ) — 0,
pm-*(x) = 0, , po(») = 0 for each x in σ*. If for (x l i i ? x2J2, , xkj})
in σ*, we fix all but the first component, we get nx + 2 values in σ*
for which ps(x) = 0 , 0 ^ s ^ m — 1, but these p8(x) are of degree ^ nλ

in α?! and thus ps(xlf x2J2, x3J3, , ίcAj fc) = 0 for all real xx. Continuing
in this way, we see that ps(xlf x2, , %k) = 0 for all (xu x2, , xk), xs

real. Thus:

P(xl9x2, •••,%, y) = 0

for all real xs and real y. Thus

But
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max ix^ 'Xpfjy)] =

which gives a contradiction and the theorem is proved.

2* Normalization of competing polynomials and construction
of the best polynomial* We shall now consider a subset π(β) of the
set of polynomials π. We shall then answer the question of existence,
uniqueness and constructability of the best polynomial approximation
in the maximum norm to zero within this class π(β) on the cube

It is apparent from Theorem 1, that if we want uniqueness independent
of σ, it is necessary to consider some subset of π.

DEFINITION. A polynomial

Q(x, y) = pjxlt x2, - ,xk)ym

+ Pm-i(Xu aa, , a*)!/1""1 + + Po(x» %2, , xk)

which is in π and for which

xfrp . . - a ; * - pm(xl9 x2 xk) = T^xJT^x,) T%k{xk)

is said to be in π{β).

LEMMA. Let q(y) be a polynomial in y, let yQ > yx> > ym,
be any set of real numbers for which

Q(Vo) ̂  0, q(yi) ^ 0, q(y2) S 0, . . . (-l)mq(yj ^ 0 .

Then q(y) has m zeros including multiplicities on [y0, ym].

Proof, (by induction): For m — 1 obvious. Assume theorem to
be true for m ^ k. Let y0 > yλ > y2 > > yk+1 be any set of real
numbers such that

Q(Vo) ̂  0, q(Vl) ^ 0, (-l)kq(yk) ^ 0, (-l)k+1q(yk+1) £ 0 .

Case 1. q(ys) Φ 0 for some 1 ^ s ^ k. Then by the induction
hypothesis q(y) has s zeros on [y0, y8] and has k + 1 — s zeros on
h/8,1/fc+i]. But q(y8) Φ 0 thus q(y) has s zeros on yo^y^y8 and thus

has s + {k + 1 — s) = k + 1 zeros on [τ/0, Vk+i]-

Case 2. Q(^/0) < 0. Then unless q(y8) = 0 for 1 ^ s S k we are in
Case 1 and we are finished. Therefore, assume q(y8) = 0,1 ^ s ^ Jfc..
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We may as well assume q(y) < 0 on (y0, yj since if not then q(y) has
a zero there because q(yQ) < 0, and we are finished. Also, we may as
well assume q(y) > 0 on (ylf y2) since if not and q(y) has no zeros on
(Vu yd (if does have a zero then we are finished) then since q(y0) < 0
and q(yΊ) — 0, we must have that q(y) has 2 zeros in (yOf y2), continu-
ing in this way we see that we may as well assume that ( — l)sq(y) < 0
on (y8f y8+1) for 0 g s £ k. In particular ( — l)kq(y) < 0 for y on (ykf yk+1).
But by assumption (—l)*+1(7(2/fc+i) ^ 0. Thus by the continuity of q(y),
we have q(yk+1) = 0 and q(ys) = 0 for l ^ s ^ f c + 1 i.e. q(y) has k + 1
zeros on [y0, yk+1].

Case 3. q(y0) = 0 proof is obvious making use of Case 1.

THEOREM 3. There exists a unique Q*(x, y) in π(β) such that

max 1 x^xp xv

kkym - Q*(χf y) \

is a minimum. Moreover:

Q*(x, y) = - T^ixdf^x,) Tnk{xk)Tm{y) + tipx? χ%*y~ .

Proof. Existence by construction. Let the σ of Theorem 1 be
the special set of vectors

σ(β) •=. {(χlh, χ2h, . . , χkj})}

where

xlh = cos (ofc/n^, x2h, , xk3 k = cos (jkπ/nk)

0 ^ j 1 ^ nu 0 ^ j 2 ^ n2, - -, 0 ^ j k ^ % .

Then

| ^Γ%W 2 — α?J* — ̂ m f e , x2, ,
α in σ(β)

= min \Tni(xί)T4x1) - Tnk{xk)\
x in σ(β) λ 2 Λ

= 21~Wl21~W2 21~nk .

Thus by Theorem 1
max I &Γ1&J2 %lkym - Q(a?, y) \ ̂  21~^21~n2 . . . 21~^21~

But the polynomial

Q*(», V) = ^Γ%n2 ^ * r ~ T^T^x,) . . Tnk(xk)TJy)
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clearly belongs to π(β) and

max I xpxp %\*ym - Q*(&, y) | = 21

Thus Q*(x, y) is a best approximation from the set π(β)

Uniqueness. Let Q*(x,y) in π(/3) be a polynomial of best
approximation and let

P(χ, y) = xΐ1^2 χtkym - Q*(χ, y) - f

= [xfrcp xp - pm(tf)]?/m - Vm-i(%)ym~x

,)-.- fnk(xk)Tm(y)

where gm_!(aj), , ?0(») are polynomials of degree ^ ^ s in xs 0 ^ s g fc
since O*(a?, y) is in π(β).

Let cc* = (x*> x*, , a?*) be a fixed but arbitrary element of σ{β).
Then we claim that P(x*,y) has m zeros including multiplicities in
[—1,1]. To see this let ys = cos (sπ/m), 0 S s g m, then since

P(α*, 2/o) ^ 0, P(a?*, ^ ) ^ 0, ( - 1 ) » P ( O J * , j / J ^ 0 .

By the lemma P(x*, y) has m zeros counting multiplicities for — 1 ^ y ^ 1.
Thus P(#*, 7/) has m zeros but is only a polynomial of degree m — 1,

thus P(&*, 1/) = 0. But this holds for all x* in σ(/5), thus P(», y) = 0
and the theorem is proved.

We could formulate Theorem 3 in the following way. Let 7ί(k),
k ^ 1, be the set of polynomials of the form

Q(x, y) = pm(xu , xk)xf+1 + pm-i(Φΐ+i + + po(x)

which is of degree g ns in xs, 1 ^ s ^ & and for which pm(xx xk) is
a polynomial that best approximates zero, if such exists, on the cube
Ixx I2x x Ik, Is = [-1,1], 1 S s ^ k.

Theorem 3 alternate. For Jfc = 2, 3, 4 , the following is true:

Statement k. π(k — 1) is not empty and there exists a unique
Mk(xlf x2, , xk9 xk+1) in π(k) such t h a t :

max [ Mk(xl9 x2, , α?Λ, xk+1) \

- 1 ^ 2 / ^ 1

is a minimum. Moreover:
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Mk(xu x2, ••-,&*, Xk+i) = Tni(xΊ)Tn2(x2) fnk(xk)fnk+1(xkn+1) .

Proof. Obvious.

Finally we wish to prove:

THEOREM 4. There exists a monic polynomial

P(%i, •••,»*,») = ^Γ1 %lkVm ~ Q(a?i, , xk, V)

where Q(x, y) belongs to π0 that best approximates zero on the cube

It x J2 x x Ik+U Is — [ — 1, 1]. The polynomial is

Proof. By Theorem 2

max \P(xlf •••, xfr,y)

But x^1 ••* %lkTm{y) is a monic polynomial of the correct form with

max I xΓ1 xΐkfm(y) \ = 2x~m .

Thus the theorem is correct.

The question of uniqueness in this case is an open one.
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