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The convolution transform is defined by the equation

(L) F@) = S G — De(dt = G *p)a) .
If the kernel G(t) has a bilateral Laplace transform which is
the reciprocal of an entire function E'(s), then E (s) is called
the inversion function of the transform. This terminology is
appropriate in view of the fact that the transform (1.1) is
inverted, in some sense, by the operator E' (D), where D stands
for differentiation with respect to z:

(1.2) ED)f (@) = ¢lx) .

It is the purpose of the present paper to prove (1.2) when the
roots of K(s) are allowed to be genuinely remote from the
real axis.

Formula (1.2) was first proved by Widder [7] in 1947 for a large
class of entire functions E(s) and by Hirschman and Widder [3] in 1949
for the whole Laguerre-Polya class. The latter functions have real
roots only, indeed are the uniform limits of polynomials with real roots
only, see p. 42 of [5].

In 1951 Hirschman and Widder [4] extended this inversion theory,
allowing the roots of E(s) to be complex. However, the roots were
asymptotically real in the sense that their arguments clustered to 0 or
to 7. At the same time A. O. Garder [2] allowed the approach to
the real axis to be slower. We require only that they should ocecur in
pairs symmetric in the origin and in a sector inside the sector
[tan (arg s)| < 1. More precisely:

Bo=T(1-2) S <=
1 aj, k=1

=T _ 0 T
larga’k|—4 77’ <77<4

We wish also to call attention to some new asymptotic relations.
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428 JOHN DAUNS AND DAVID V. WIDDER

If
11D
Gl =TT (1~ ) 60,
we show that
(1.3) Gy, (1) ~ k(t, v,) (n— <2)

umiformly for —co <t < . Here k(t, v) is the fundamental solution
of the heat equation,

f(t, v) = (47v)~"* exp (—t/4v) ,

with —co <t < o, with Rev > 0, with the square root one-at-one,
and where v, is given by

v, = D .
n+41

In order to establish (1.3) we are obliged to make an additional assumption
on the distribution of the roots of E(s), see Condition B in § 4.
As a consequence of (1.3) we prove that

(1.4) | 1G] dt ~ (o8 p, — sin’ ,)- (n— ),

where ¢, = (1/2) arg v;*. This result tends to indicate that present
methods cannot be employed for the inversion of (1.1) if the roots of
E(s) lie outside the 45° sector used above.

Finally we compute explicitly the functions G,,(t) corresponding to
E(s) = cos as where |arg a| < w/2. Here all roots lie on a line through
the origin. In this case the integral (1.4) tends to infinity with % when
|arg «| = m/4. This result indicates clearly that our arguments must
fail if the roots of E(s) are not restricted to lie inside the 45° sector.

2. A first inversion theorem. Let us introduce the following
conventions.

Condition A. The sequence a,, a,, - -+ of complex constants satisfies
Condition A if

Mla|* < and Jarga| =T =7

for some 7 in 0 <7 < mw/4. It is assumed that the a, are arranged in
an order of nondecreasing real parts with Rea, > 0, i.e.

0 < Rea, < Rea, = Rea,,, (k=1,2,+:-).

DEFINITION. The class of entire functions A consists of all entire
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functions E(s) of the form

o 82
B =1 (1 - 2)
1 al
where the roots ¢, satisfy condition A.
For example, cos (2 + ¢)s belongs to the class A.
We now state the main theorem of the present section, a result
that will be improved in § 3 by more complicated methods.

THEOREM 2.1. If for —e <t < o

1 G(t) = 15” ¢ s (E(s) € A)
’ 277 J—ieo F(s) '
2. o(t) is bounded on compact sets and
p(t) = O(e™") (jt|— ,0 <0< Rea,) .
3. fe) = |” G — vttt

then

hmH@_

n—roo

2V fw) = 9@
ay
at any point t = x of continuity of @(t).

We shall establish this result by the series of Lemmas 2.2, 2.3,
and 2.4,

Consider a fixed function E(s) in the class A. Then let K, (s) be
defined by

(2.1) B =11 (1- =) (=012 ).
n+1 ak .

Define S, by

2.2) 8, =3 lal (n=0,1,2 .

Let G,,(t) and G(t) be defined by

2.3) Gu(8) = ds, G(t) = Git)

S—onM(S)
(—Do <t< 00;’}’&:0,1,2, "')-

If P, (D) is defined as
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(2.4) P =T11(1-2) (n=0,1,2,--"),

Wy
then the next lemma will show that the integral (2.3) converges, that
Pzn(D)G(t) = Gm(t) ’

and furthermore it will give lower bounds of the function E,(s) in
terms of both s and ». It will become clear later that exactly these
lower bounds are the ones needed to obtain the required information
about the kernels G,,(%).

LeEMMA 2.2. Let the roots a, = rie’?, 9, K, (s), and S, be as in
Condition A and equations (2.1) and (2.2).

A. Let re?® with r>0 be any point in the angular sector defined by
[tan 6| = tan(lr— —37—> .
2 2

Then
| By (re®)| = 1 + 7S, siny
and also

|Eo(re®) | = 1 + risin’y >, »7r77.
n<1<j<oo
B. Define K to be the constant
K=Lsn?l,
2 2

Let n be arbitrary, n=20,1,2, «+-, but fized. Let re®® with r > 0 be
any point tn the triangular region defined by the imequalities

[tan6|.§tan<-72£—_2->, |reosfd| <= KS;7* .
Then
By (re?)| 2 2.
3
Proof. A typical term of the infinite product E,,(re*’) satisfies

[1 — %P [1 — r’ri%e %0-F] = 1 — 2¢%r;% cos 2(0 — B,) + r'rit.

Since in case A, the argument ¢ satisfies either 7/2 — /2 = 0 < /2 + 7/2
or —mw/2 — /2 <60 = —7/2 + n/2, and since the argument B, of any
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root satisfies —m/4 +n = —B, = w/4 — 5, it follows that in case A
we have —cos 2(0 — 8,) = sin7. Consequently, by multiplying out the
infinite product, we obtain

| B, (re®y| = T1 1 + rri*siny > 1 + 78, sin7) .
n-+1

Similarly, we also obtain the second inequality in A.

For the proof of B, take k > n and restrict 7e¢*® = o + iy to the
angular sector |y| = |o|cotn/2. By using the latter inequality, we
see that a typical term of the infinite product E,.(¢ + ty) has the
lower bound

1— (0 + 1Y)
/r‘;’ce?’iﬁk

2 2 2
=1-2"Y ty gl—%<1+cotzl>.
Pk T 2

This latter lower bound is positive. The inequalities 7S, > 1 and
|o| = KS;** imply that

o’ 2w\ _ o 1
——1{1 + cot —) = —.
7, < " 2 4’ Kr: < 4

By use of the latter and by multiplying out the infinite product we
obtain

B0 +ig)| > 1= 54787 S ki,

n<k(1)<+++<k(p)<oo

where the indices k(1), ---, k(p) range over the integers.
Use of the inequality

—2 o o o _Z p
) Tietw < Sk
n<k(l)<e +<k{p)<oo

leads to
| By (re) | = % .

Thus conclusion B has been established.

The next lemma gives some facts about the kernels G,,(t). Once
the lower bound given by part A of last lemma is available, the next
lemma can be proved exactly as in the case of real roots a,, see [6;
p. 265] and [5; p. 108]; we omit the proof.

LEMMA 2.3. Let E,(s), G,.(t), and P, (D) be defined by (2.1),
2.3) and (2.4). In particular, the roots a, defining K, (s) satisfy
condition A, and consequently

0 < Rea, < Reay,, F=n+1,n+2 ).
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Let n=0,1,2, -+- be arbitrary.
A. For any g in |o| < Rea,.,,

1 otiee est
G, (t) = P, (D)G(t) = _ ds .
©) = PuD)G®) = o | R

B. Let a, as a zero of E,(s) be of multiplicity ¢+ 1. Then
there s a polynomial p(t) of degree u such that for any k in —Rea, <
k < Rea,., and any tnteger v = 0,1, 2, --- the following holds

d d

(ﬁ?)vG(t) = ( dt )v[p(we“”“w] + 0™, (t]—).

C. For all s=0 4+ it with || < Rea,,, and —co <7 < oo

1

Eo(s) = Sﬁme“ G,,(t) dt S szn(t) dt = 1.

In the next lemma a sufficiently good upper bound of the kernel
G,,(t) in terms of both ¢ and % is proved in order to have an inversion
formula as an immediate consequence.

LEMMA 2.4. Let G, (t) and S, be as defined by equations (2.8)
and (2.2). Then there exist constants M and K independent of both
n and t such that

IGZn(t)| é MS;1/2 exp(——KS;lI2|t|) (—OO < t < o, N = O’ 1; 2y c ') .

Proof. Use of the fact that G,.(t) is an even function of ¢ and
use of Lemma 2.3 shows that

6~(a‘+iv)t

—_——dy
(0 + 1Y)

provided ¢ satisfies 0 < 0 < 7,4, €08 B, (where r,, e+ is that root
of E,,(s) with smallest positive real part). Let K be as in Lemma 2.2
the constant K = (1/2) sin (y/2). Assume for the rest of the proof that
o is restricted to 0 < ¢ = KS;¥». Then since cospB,., > 1/V2, it
follows that

Gult) = = |

0 <o = @1/2)sin ()/2)r,+; < 7,1,€08 B,4q «

By setting A = tan(n/2 — %/2) and using the lower bounds of
Lemma 2.2 we obtain

3A et (= 1
Go(t)| = 34 goot S
I ) o o¢ + T Jeal +yZSnsin77

Replace the lower limit ¢A in the last integral by 0, set o = KS;'
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and let M be the constant M = 3AK/2r + (1/2)(sinn)~"*. Since G,,(t) is
an even function, the last inequality shows that for all » and ¢, the
function G,,(t) satisfies the conclusion of the theorem

|Gou(t) | = MS;'" exp (—KS*[t]) .

REMARK. In the previous lemma the constants M and K are
functions of » only. As 7 tends to 0, M tends to « and K tends to
0, thus making the upper bound of the theorem meaningless as 7 tends

to 0. These are phenomena which are typical of the theory and which
we will encounter again.

Now we are in a position to prove Theorem 2.1.

Proof. By letting M, be the constant guaranteed by hypothesis
2 of Theorem 2.1, i.e. for any fixed = and all ¢,

lp@ —0) — (@) | = M,
and by using Lemma 2.3 we find that for any 6 > 0
PoDYGp)(@) — pl@)| = sup | plo — &) — p(@) | |1 Gunlt) |t

+ Mog |G, (t) |07 dt

§<|t|<eo
Replacement of |G,,(t)| by its upper bound given by Lemma 2.4,
|G.,(1) | = MS;"" exp (— KS;*|t]),

and use of the continuity of ¢(f) at ¢ = = immediately give the theorem.

3. A second inversion theorem. We now remove the bound-
edness condition on ¢(t), assumed in Theorem 2.1, assuming here instead
only local integrability. The inversion formula will be valid not only

at points of continuity of ¢(¢f) but at all points of the Lebesgue set
for that function.

TuHeorEM 3.1. If G(t) and f(x) are defined as im Theorem 2.1
with @(t)e L* in every finite interval and if

St@(u)du — O(e"tYy (t|— ,0 < 0 < Reay),
0
then

lim T (1 - aﬂ) F@)=e(®)

n—oo 1

Sfor all x im the Lebesgue set for o(t).
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We first prove a result about the derivative of G,,(t).

LeMMA 3.2. Let the roots a, = rie’, 0, G, (t), and S, be defined
by Condition A and equations (2.3) and (2.2). Then there exist
constants M,, K,, M,, and K, independent of both n and t such that
Sor all n=0,1,2, -« the following holds:

A. If n satisfies S, = 4r;2,, then

| G2 () | = M,S exp (— K,S5 | ¢)) (—oo <t < o).
B. If n satisfies S, < 4r;2,, then

|G | = Myrisiexp (— Korpi | ) (—o0 <t < o0).
Proof. TFirst conclusion A will be proved. Let K be the constant

K=2Lsn®.
5 My

Restrict ¢ to 0 < o < KS;'». The latter guarantees that 0 < ¢ <
7,11 €08 8,4, and hence G;,(t) is given by

dy .

GLt) = -1 S"" e "o + iy)
" o Jow B, (0 + iy)

With A = tan (7/2 — 7/2), the above becomes

’ g—ot o4 o+ |yl
(1) |G| = or L,A | E,(0 + y) |

e S _ oty
27 Jos<ii<= | Ky (0 + 1y) |

The assumption that S, = 47,3, guarantees that S, — r;*=1/2S, for
all & > n. Hence the second lower bound given by part A of Lemma
2.2 becomes

B+ ) 21+ Fy'sivg 3 (8, - 1)

2 k<t 2

T
1 .\
=1+ <§y2Sn sin 7)) .

Use of the last inequality and the estimate of part B of Lemma 2.2 in
equation (1) gives

(2)  16LO1S AL+ Ao+ |7 OEY gy,
T T o4 1+ (Eyzsn sin 7])
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Replace the limit 04 by 0 in the last integral; define the constants ¢,
and ¢, as

?

Cl:r 1 du , czzr " du
o 1+ wu o 14 ut

let K, and M, be the constants

K =K, M1:—3-A(1+A)K2 011/2(s1n7]) 2K 4 ,
2z nsmﬁ

and set 0 = KS;"?. Then equation (2) gives
|G:.(1) | = M,S;" exp (— K,S;* [ )

for all ¢ and all »n satisfying S, = 4r;2..
For the proof of part B, G,,(t) has to be expressed in the form

(3) G2,(1) = (¢ % Ga10) (1)

where g(t) is the function
— 1 —a 1t]
g@t) = E‘anﬂe ntl (—o0 <t < ).

Differentiation of (3) under the integral sign and an integration by
parts gives

(4) GL(t) = — L S U g Gyt — ) ds -
2 e u]

By use of the estimate

| Ganial®) | = MISTIT exp (— KS;3E | 8))
of Lemma 2.4, equation (4) becomes
(5) 16G.@)]

1 9 * 1 —-1 2 —1/2
< 2 M| exp(— | u])Sitt exp (—KS7 u — ) du.

By integrating equation (5) by parts we obtain

(6)  16L0)| = MErexp(—F=r,ult])

M

21/2K“+IS exp(——vlfz_frnﬂlui — KS73%2 | w — t]> du

If » satisfies S, < 4r;2, as in conclusion B, then

Spin — T2 =8, — 2r73 < 2773 and SiME > . /V'3 .
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Substitution of the latter together with the inequality |[¢] —|u|=
lu — t] in equation (6) gives

() 1600 = ME i exp(— —=r]¢])

-+ WLQKTEM exp (—T/%Kmﬂ It |> S; exp <— l/}_%__éil/_gr,m | u |> dw .

Let M, and K, be the constants

M,= MK+ MV3E (V3 — KVZ)', K=_—-K.

N
o)

Then equation (7) shows that
|G ()| = Morsi,exp (— Ko, | )

holds for all ¢ and all » satisfying S, < 47;%,. Hence conclusion B
has been ectablished.
Now we prove Theorem 3.1.

Proof. If +(¢) is given by
¥(®) = | o — u) — (o)) du (e << 20),

then by the hypotheses of Theorem 3.1 there is a constant M, for which
[ (8) | < Mee™"! (—o0 <t < e0).

If ¢ =« is in the Lebesgue set of ¢(t) then for any & > 0 there is a
0 > 0 such that |y (t)| =< ¢|t| for any ¢ in |£| < J. An integration by
parts, easily justified by Lemma 2.3, yields

| PADI@x@)@) = p@) | = ¢|” |10 1dt + M| _ | GL) et

§<it}

Replacing | G}.(t)| by either one of the two upper bounds given by the
last Lemma 3.2, we easily obtain the conclusion of the theorem.

4, Asymptotic estimates. For the estimates of the present section
we need to place further restrictions on the roots of the inversion
function.

Condition B. The sequence of complex constants a,, a,, « - - satisfies.
Condition A and in addition

lim|a, |** 3 |a, | = o .
Nn—oc0 n
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For example the sequence a, = n satisfies Condition B. The sequence
a, = 2" satisfies Condition A but not Condition B. In the latter case
the above limit becomes

limo2en(—4 Y=o
n—roo 3.22%

DEFINITION. The entire function E(s) belongs to the eclass of
functions B if

B =11 (1- 2
a
where the roots of E(s) satisfy Condition B.
We can now state the prinecipal result of this section. To do so
we adopt the notation of § 1 for the function %(¢, v). Set

(4.1) Sy =3 lal™
and
(4.2) b= S g

741

THEOREM 4.1. If

N 1 joa est
G(t) = -1 S_m T (E(s)€ B) ,

2me
G =11 (1~ )60

then
(4.3) G..(t) = k(t, v,) + O( @, |72S7°?) (n— co)

untformly on —oo <t < oo,

Observe that the remainder term in (4.3) tends to zero with w»,
under the assumption E(s) e B.

LeMmA 4.2, Let E,(s),v, and S, be defined by (2.1), (4.2) and
(4.1) with the roots a, = r,e'*t satisfying Condition B. Then there
exist two strictly positive constants ¢ and 6 such that for any w in
—0 = u =0 we have

1

L exp (=) + O[S, exp (—erd S ud)]
E,, (r, )

The O-term denotes a function of both n and u such that for some
constant M and all w and n the absolute value of this function does
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not exceed M times the quantity inside the O-symbol.
Proof. Let J,(w) be the function
T, () = e — exp (— 70,07 (n=0,1,2,--").
L, (27,4)

Let 0 be arbitrary in 0 < 6 < 1/2 and assume that % is restricted to
|#| < 6 throughout the proof. If ¢, (n) is defined as

Cop(m) = (—=1)?(1/p)rE, k;ﬁ a;*? n=0,1,2«:p=1,2,--4),
then
(1) T =exp (=rhva) {exp[ S entmpr | -1} (uis0).
It is interesting to observe that lim,_..| ¢,,(n) | = c for all p, if r, = k*
with « in 1/2 < &« < 3/2, Next it is shown that c¢,,(n) satisfies the
inequality

|C2ﬁ(n)i§lri+lsn (n:()!l’Z!...;p:l’z’...)'
p

If N(¢) and 0(t) are the functions

NGO = 3,1, 60) = | dNe) 0=t< ),
rp<t t
then |c,,(n)] is given by
lenm) | = —Lpn {7 gwsagap) .
p J"n+1

An integration by parts gives the required inequality

(2)  leum)] = —1—Ti+1Sn —(»— 1)7‘3’11800 ()dt < L/"‘;)z+1sn .
p Tn+1 P

Use of the inequality Re v, = S, sin 27 and (2) in equation (1) gives
(3) | J.(w) | =< exp (—7r2.,S,u* sin 27) {exp [(1 — &*)*r..S,u'] — 1} .
Choose any 4, in 0 < §; < 1 and consider the two cases:
Case 1. 1 —) "2, S.u*=9,,
(4) Case 2. (1 — )™, Su*>9,.

In Case 1, an application of two geometric sum estimates to (3) give
the conclusion of the lemma, i.e.
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(5) [ Juw) | = (1 — 61 — 6,)7'7,,S . u" exp (—u'ri,-,S, sin 27) .
For the proof in Case 2, the inequality (3) gives

(6) | J.(w) | = exp (—u'ri,,S, sin 27)
+ exp {r. S, w[(1 — 0)'u* — sin 29} .

Now choose ¢ as 0 = (1/2)(sin 29)">. Then using the inequality
1 — 0w —sin2p = —(2/3) sin 29

and by multiplying (6) by (4), we obtain the conclusion of the lemma
for Case 2:

(7)) 1@ =201 — )70, ut exp [ —u*r),,8,(2/3) sin 27] .

Thus (5) and (7) together prove the lemma.
Next Theorem 4.1 is proved.

Proof. The change of variable y — »,, % in the integral

1 (= cosyt
Gt :_S _cosyt g
O=2) B ”

and Lemma 4.2 imply that
8

(1) Gulty = "2 " cos (r, ) fexp (—r20,)
0

dy .

+ O[rh S, exp (—erh S,u))du -+ S Cos o

rpaq EZn(/Ly)

The hypothesis that lim, .. 7/},S, = < guarantees that for all »

sufficiently large we have S, — #;2 > (1/2)S,. Hence for all large »
the second lower bound of part A of Lemma 2.2 satisfies

|E,(iy)| = 1+ —;—y sipS (5, - L)z=1+ <%yS sin 77>2.

2 2
ekl ’)"k ’)"k

The latter inequality shows that

; b 1 -
(2) ————dy = O(r;%.S?) (n— o).
I8 41 | E?’IL(/Ly) ] )

Note that

0S8 = O(T»Z?ilsis’z) (n— °°) .

For any » with Rewv > 0, the function k(¢, v) has the representation

(3) ke(t, v) = lgwe"'”“z cos tudu (—o0 <t < 0),

T Jo
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Use of (2) and (3) in equation (1) together with some elementary power
series estimates of the exponential function give the conclusion of the
theorem.

We saw in Theorem 2.1 that the essential step in the proof of the
inversion formula was to show that

| le.@ldt = 0w (n— =) .

The next theorem gives a more precise asymptotic formula for the
L*-norms of the kernels G,,(¢).

If » and v, are as in Condition A and in equation (4.2), let ¢, be
defined by

(4.4) v, = | v, @7

with | @, | =< /4 — 7. The latter implies that in the next corollary we
have

(cos? @, — sin® pn)~¥* < (sin 29)~* ,

COROLLARY 4.3. Let G,,(t), p,, and 7 be as in Theorem 4.1,
equation (4.4) and Condition A respectively. Then

I 16.0)1dt ~ (cos* @, — sint 9 (n— o) .

Proof. Our first estimate of G,,(t) from Lemma 2.4,
| Ga(t) | < MS;* exp (— K8 (L)),
shows that
| 1Gumia~ | 1G.®1a (=) .

An eclementary integration shows that

S“ | k(ty l Vy [e—2i<pn) Idt = ((Zos2 @, — sin? @n)--llz ,

and that

1im§ e, v,) | dt = 0 .
1<t <oo

n-—rco

Finally, our second estimate of G,,(t) from Theorem (4.1),
Go(t) = K, v,) + O(l @, | 7S,

together with the assumption B that |a,.,|2S7;¥* goes to zero with 1/n,
gives the conclusion of the theorem,
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Sﬂ@mmh@w%mmwwm (n— o) .

REMARKS 1. If the roots a, defining the kernels G,,(f) are
of the form a, = 7,6 for some | 8| < /4, then ¢, = B for all », and
the asymptotic formula of the previous corollary becomes infinite as
B — /4. The latter fact suggests that our present methods cannot be
used to generalize the inversion theorem 3.5 in order to allow the roots
to lie in any angular sector about the real axis exceeding or even equal
to forty five degrees.

2. It is an open question whether all the results of this section
are valid if the hypothesis that lim, . #2.,S%* = <> is replaced by the
weaker assumption that lim,_. 7%.,S, = <o,

3. It is also an open question whether under some assumption
similar to Condition B the integral

AT
is asymptotic to a constant times (cos®p, — sin® ¢p,) %2,

5. An explicit example. In this section the sequence of kernels
G.,,(t) is explicitly evaluated corresponding to E(s) = cos (we=*’s) where
B is some number in |B| < /4.

If KE,.(s) is the funection

oo 2
K = 1”‘——S—“> :Oylyzy"' ’
(5) = 11 ( g (n )
then as in equation (2.3), the kernel G,,(t) is given by
o 1 700 est ) . B
G2n(t)" 3 ds ('—‘uO<t<OO’n_.O,1’2"").
211 J—ie 2n(s)

Let ¢ and w be a = ¢ and w = ¢**. For k > n, the residue of the
integrand e*'/E,,(s) at s = (k — 1/2)a is

Q kv {\ET] 1 — (k —1/2) — k=1 __1ynk k+n— 1)
T (=TI U~UW> i T
where ¢ is defined as

_ aexp (at/2)2"n!®
T(2m)!?

The kernel G, (t) is easily seen to be the sum of the residues in the
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right half plane Res > 0, i.e.

2n 020
Gzn(t):cwn<%> 17:10 (— <t<co;m=0,1,2, +++).

By use of the Leibnitz rule for differentiation of products, we obtain

(5.1) Gzn(t) = Ma[sech EE_]%“ (o <t <eoym=0,1,2,.++).
w(2n)! 2

RemMARKS 1. Although the above computation is also valid for any
B with /4 < |B]| < /2 it can be shown that

lim Sw i G2n(t) l dt = co
and

lim S” | 6G(E) | dt = o

n—oco

for such a G.

2. Perhaps the inversion Theorem 2.1 remains valid if the roots
a, are allowed to lie in an angular sector of exactly forty-five degrees
provided the function ¢(t) is continuous and of bounded variation at
the point £ = x at which its value is to be recovered. The latter has
been shown to be true in [1] for the special kernel G(t) given by (5.1)
with 8 = w/4.
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