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MONOTONE APPROXIMATION

0 . SHISHA

How close can one approximate a monotone function by a
monotone polynomial of degree ^ n, or a convex function by
a convex polynomial of degree ^ nt This leads to the follow-
ing general question. Let k and n be given, and suppose a
real fuction / satisfies f{k)(x) ^ 0 throughout a closed, finite
interval [a, &]. How close can one approximate / on [α, b] by
a polynomial of degree ^ n whose A th derivative, too, is ^ 0
there? We give an answer to the question.

2 THEOREM 1. Let k and p be integers, 1 ^ k ^ p, and let a
real function f satisfy throughout [α, b]

f{k)(χ) ^ o ,

λ being a constant. Then for every integer w(Ξ> p) there exists a

real polynomial Qn(x) of degree1 ^ n such that

( a ) Q{

n

k)(x) ^ 0 throughout [α, 6],

( \ p—lc + l Γ P "1—1

4 ) (6-oHiSι!Π(n + l-v) .
3* To prove Theorem 1, we begin by quoting the following result

of J. Favard [2] and N. Ahiezer and M. Krein [1] which strengthens

a previous result of D. Jackson.

THEOREM 2. (Favard, Ahiezer-Krein) Let f (with period 2π)

map the reals into the reals, and satisfy for every real xu x2

(1) 1/(^-/(^)1^x1^-^1 ,

λ being a constant. Then for n = 0,1,2, , there exists a

trigonometric polynomial Tn(x) = Σv=o ain) cos vx + bin) sin vx such that

^ \f(x) - Tn(x) \ < X(π/2)[l/(n + 1)].

From Theorem 2 one obtains by the method of [3], pp. 13-14 the

following

THEOREM 3. Let f be a real function satisfying (1) throughout

[a,b], λ being a constant. Then for n — 0,1,2, •••, there exists a

Received March 17, 1964.
1 By degree of a polynomial we mean its exact degree. (The degree of the poly-

nomial 0 is —1).
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polynomial Pn(x) of degree S n such that

For future use, we make the following simple observation. (Com-
pare [3], p. 16).

LEMMA. Let f be a real function, continuous in [α, b] and
differentiate in (α, b). Let n be an integer ( ^ 0), qn-λ{x) a real
polynomial of degree S n — 1, and let ε be such that \f'{%) — ?w-i0*0l
g ε throughout (a, b). Then there exists a polynomial Pn(x) of degree
5Ξ n such that

( 2 ) ^ δ α

To prove the lemma, set r(x) = f(x) — \ q^-^dt. Throughout
(α, 6), I r'(x) \ ̂  ε, and therefore, throughout [α, 6], | r(x2) — r(x^ \ S
ε\x2 — α?i |. By Theorem 3, there exists a polynomial τrΛ(a?) of degree
^ w such that max t t ^^ | r(x)~-πn(x) \ S e(π/A)(b—ά)l(n+l). SettingPΛ(a?) =

Qn-i(t)dt, we obtain (2).
α

Prom Theorem 3 and the Lemma one gets readily (cf. [3], pp.

16-17) the following

THEOREM 4. Let f be a real function satisfying throughout [a, 6],
for some constant integer p(^ 0) and some constant λ,

Then for every integer n(^ p) there exists a polynomial Pn{x) of
degree g n such that

max \f(x) - Pn{x) \ £ \\^{b - α)~ΠTπ (n + 1 - ι>)V .
aSx^b L 4 J Lv=0 J

3* Proof of Theorem 1. Let n be an integer ^ p. Set fn(x) =
f{k)(x) + λ[(π/4)(6 - a)]p-k+1[Uϊ=An + 1 - v)]'1- Then throughout [α, 6],
IΛ^^fe) —/^"fc)(ί»i) I ̂  λ|α?a - x±\. By Theorem 4, there exists a
real polynomial Pn-.k(%) of degree ^ n — k such that

max |/.(αθ - P..4(α) | ^ λΓ^(6 - α ) ] ^ ! ] ! (n + 1 -

So, throughout [α, 6], P,_*(a5) ^ /«*'(») ^ 0. Let
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Qnix) s rSίψix - ay] + \tk+1 \tk . f P^tύdtM ... Λ.
Lv=O yi J Ja Ja Ja

(tk+1 being here and below, x). Then Qn(x) is a real polynomial of
degree ^ w, and Qίk){x) — Pn-k{%) ^ 0 throughout [a, 6]. Furthermore,
throughout that interval, we have

f(x) = ϊSfψi* - ay] + p \tk (VίtJΛ, ^ f
Lv=0 j T J J α J α Jα

and therefore

I fix) - Q,(x) \ί\'"'\''•••]'', l/"'(f.> - p . - i (« !<*'.••• <"•

S 2 xfe6 - .)f*Tfi (. + 1 - 4 ' i ^ f *
L4 J L v ^ J kl

( w\P-k+l Γ p "1-1

Y) (b - α) p + p! Π (w + 1 - y)J .
4. The following Theorem 5 deals with a somewhat more general

situation than that of Theorem 1.

THEOREM 5. Let k and p be integers, 1 ^ k ^ p, and let a real
function f satisfy throughout [α, b]

f{k)(x) ^ 0 ,

M being a constant. Let ω{x) be the modulus of continuity of fm

in [α, δ]. Then for every integer n(^p) there exists a real poly-
nomial Qn(x) of degree ^ n such that

(a) Qίk)(x) ̂  0 throughout [α, b] ,

max I/(a?) - Qn(x)\

< b ' ^

(an "empty" product means always 1).
Theorem 5 is proved by means of the following Theorem 6, in the

same way that Theorem 1 was proved by means of Theorem 4.

THEOREM 6. Let f be a real function having a bounded pth
(p ^ 0) derivative throughout [α, δ]. Let ω(x) be as in Theorem 5.
Then for every integer n (Ξ> p) there exists a polynomial Pn{x) of
degree ^ n such that throughout [α, b]
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\f(x) - Pn(x) I <: ( l + ̂ -)\^-(b - α)lTff (» + 1 -
\ 4 / L 4 J Lv=o % p +

5* Theorem 6 follows from Theorem 3 by Jackson's method ([3],
pp. 15-18). For the reader's convenience we hereby prove Theorem
6 in full. We do it by induction on p. Suppose first p = 0. Let n
be an integer ( ^ 0 ) . Let Φ(x) be the function whose graph is obtained
by joining successively the points (ξv,f(ξy) {v — 0,1, , n + 1) of the
x, y plane, where ξv = a + [(b — a)/(n + l)]v. For v — 1, 2, , n + 1
we have | ^(fv) - ^ (^ j ) | ^ ω[(6 - α)/(w + 1)]. Hence, if a ^ xx < x2 g 6,
then

x2 — x1

By Theorem 3, there exists a polynomial Pn(x) of degree ^ n such
that throughout [α, δ]

b — a \n + l/4tn + l 4

Clearly, for every xe [a, b], \f(x) - Φ(x) \ S ω[(b - a)/(n + 1)]. There-
fore, throughout [α, δ], \f(x) - Pn(x) | ^ [1 + (ττ/4)]ω[(δ - a)/(n + 1)].
This proves Theorem 6 when p = 0. Suppose the theorem was proved
for some p — 1 ( ^ 0 ) . We shall prove it for p. Let w be an integer
( ^ p). By our hypothesis there exists a polynomial Pn-2(x) of degree
g w — 1 such that throughout [α, b]

^ (l + ̂ )Γ^(6 - α)Γ ΐ f f (n + 1 - ^ f
V 4 / L 4 J Lv=i J

By the lemma, there exists a polynomial Pn(x) of degree S n, such
that

+ ^)Γ - ( b _ α )ITff (*
4^L4 J Lv=o

This completes the proof.
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