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Let C be the Wiener space and K be the space of com-
plex valued continuous functions on 0 <¢ <1 which vanish at
t = 0. The Fourier-Wiener transform of a functional F[x],
x € K, is by definition

Gyl = SwF[x +iylde, yeK.
(1)
Let E, be the class of functionals F'[x] of the type
Flol = 0| [ wit)dat), -, |[ttrdae)]
0 0

where ©,(¢;, -+-,.) is an entire function of the » complex
variables {{;} of the exponential type and {«;} are n linearly
independent real functions of bounded variation on 0 < ¢ < 1,
Let £, be the class of functionals which are mean continuous,
entire and of mean exponential type,

We define the convolution of two functionals F', F, to be

(B, + Fola] = Som[yzfjf]n[%;f ]dwy , zeK.

Then if F\,F,cFE, or F\, F,€FE,, the convolution of F|, F,
exists for every x € K and furthermore

Gr, %G 2] = G, [{72] Gﬁz[m ;m] , 2¢K.

Let K be the space of complex-valued continuous functions
defined on 0 = ¢ = 1 which vanish at ¢ = 0 and let C be the Wiener
space, namely the subspace of K which consists of real-valued elements
of K. Let Flx] = F[x(-)] be a functional which is defined throughout
K. 1If it exists, the functional

1.1) Gly] = SwF[x +iylde, yekK
/)
is called the Fourier-Wiener transform of F[x].
The first class E, of functionals is defined as follows: A functional

F[x] belongs to E, if

(1.2) Flo] = @F[Szal(t)dx(t), S:an(t)dw(t)]
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where @,(,, +++,{,) is an entire function of the n complex variables
{¢;} of exponential type

1.3) [@(Cyy + ooy Co) | < Meetsris-s1gud

and a;(t) are n linearly independent real functions of bounded variation
on 0 =t =1. The function @, as well as the constants M and a depend
on F.

The second class E, consists of functionals F'[x] which are mean
continuous, entire and of mean exponential type: that is, E, is the
class of functionals satisfying the following three conditions;

1° lim,., F[2™] = F[z] holds for all x and ™ in K for which
1
lim, .. S |&™(t) — x(t) [*dt = 0.
0

2° F|[x + \y] is an entire function of the complex variable » for
all # and y in K; and

3° there exist positive constants A, and B, depending on F' such
that

(1.4) | Fl»]| < A, exp {BF(S | () [2dt>m} for all z¢ K.

According to Theorems 1 and A, [3], if F'[x] belongs to E,or E,,
its transform G[y] exists for all y € K and belongs to the same class.

We now define the convolution of two functionals F[x] and F[x]
to be

L5  (FxF)z] = SoFl[yzflz” ]Fg[y;”x]dwy . xeK
if the integral in the right side exists.
The result of this paper is stated in the following two theorems:

THREOREM 1. If Fz], FJlx]e E, the convolution (1.5) exists for
every x< K. Morcover, the Fourier-Wiener transform G,.p[z] of
(1.5) exists and satisfies

1.6) Gyarl2]l = Gy, [-2%] GFZ[—— %-I for every zc K .

THEOREM II. Exactly the same as in Theorem I holds for any
two functionals belonging to E,,.

Theorem I and II will be proved in §2 and §3 respectively. From
these theorems follows the Parseval relation of [3].
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2. NOTATION. We introduce the notation @([{;],) for the func-
tion @, ---,¢,) of m complex variables, @(|Z;],, [(;].) for the func-
tion &y, +-+,,, L0, -+, ) of m 4+ m complex variables. In particular,
@(|Z;l., £') stands for the function @((, ---,{,,{) of n+ 1 complex
variables.

We first make a few remarks on the entire functions of exponential

type.

REMARK 1. If @(&].), @.&;],) are two entire functions of ex-
ponential type, the two factors in the right hand and consequently
the left hand of

(2.1) (&1, [E31,) = Ou[277(E + EDLIP(27(Es — LD

are entire functions of exponential type of the % complex variables
&, -, Z, for fixed ¢, ---, &, and, similarly, of the » complex variables
C{’ . ) C:L for ﬁXed C]! °t Y Qn'

RemaARk 2. If @(uy, ---,u,, () is continuous in the » -+ 1 variables
for — o <u; < 0,7=1,2,---, % and { € R, a region in the complex
plane, and is analytic in e R for fixed u,, ---, %,, the uniform con-
vergence over R of the integral

Sw P Sm ¢(ul’ s, Uy, C)dul cee dun
implies that the integral is an analytic function of { € R.

Remark 3. If @(¢]., [Ci].) is an entire function of exponential
type of 2n complex variables, the integral

|" - oaen i@ty exp =g oo — gz -

is an entire function of exponential type of the » complex variables
&, oo G

Proof of Theorem I. For F|zx], Fijlx] e E,

(2.2) Fllz] = (b([g:aj(t)dx(t)l) , i=1,2

where @,(I¢;],), ¢ = 1, 2, are two entire functions of exponential type
of n complex variables. We first prove the theorem for the special
case where {«;(t)} are an orthonormal set on 0 <t < 1. We quote a
result by Paley and Wiener [7] which states that for any orthonormal
set of real functions {a;(t)} of bounded variation on 0 <t <1, the
equality
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o5 Lr([[aodem] Jdor = 207 o [ v

X exp{—ui — «++ —ulldu, «-- du,

holds for every function Z([u;],) for which the integral on the right
side exists as an absolutely convergent Lebesgue integral. By (1.5),
(2.2), (2.1), (2.3),

FxFylal = | o] [awave | [ [awao] .y

S i)
X exp{—u} — <o —ulldu, «-- du,

for every x € K, where the last integral exists becuase @([¢;]., [C5].) is

an entire function of exponential type in {{;} for fixed {{} according

to Remark 1. This proves the existence of (F,xF,)[x] for every x € K.
Now according to Remark 3,

e o, iy exp (et — - — gjag, -z,

is an entire function of exponential type of {{/}, and hence, Theorem
1, [3] applies to the last member of (2.4). Thus the Fourier-Wiener
transform of (FxF,)[x] namely G, [z], exists for every z¢ K and is
given by (1.1) as

(2.5)
GrordA = "L o 17 0w, [ [atvdo + s [tz | )
X exp{—u} — o0 —ulldu, -+ dun}dwx .
Now since

e o 16 + gl exo (-0 — - — cujdg, - 2,

is an entire function of exponential type of {{}} for fixed {7}, (2.3)is
applicable to the last integral of (2.5). Thus

Georftl = 2\ |70t [os + i [avaz) ] )

X exp{—ul — vi— oo —ud — 2}du, --- du,dv, - -+ dv,

- ﬂl S‘; S:@([z—lﬂ(uj o+ S:aj(t)dz(t)ﬂ”)

% (1)2([2—1/2(%. P S:aj(t)dz(t)>]n>

X exp{—ul = v} — +++ — U, — V3}duy -+ du,dv, -+ - dv, .



CONVOLUTION IN FOURIER-WIENER TRANSFORM 735
Let
wy = 27"™u; + ),
/v;:z—l/?(uj__vj)’ j:1!2,“'7n

and apply (2.3) to the result of this transformation. By (2.2), (1.1)
we have

GF:*Fz[z]:{S: (D aj(t)dx(t)+2—llgg J(t)dz(t)]) }

Aol oo & fann]
o[l 5]

This proves Theorem I for the special case.
In the general ease where «,(t) are % linearly independent real
valued functions of bounded variation on 0 < ¢ £ 1, according to the

argument on p. 493, [3], we can write F[z], 2 = 1, 2 defined by (2.2)
as

Fx] = @f([slag(t)dx(t)] ) , i=1,2
0 n
where @¥([{;],) are entire functions of exponential type of {{;} and ()

are n orthonormal functions of bounded variation on 0 =< ¢t < 1. Now
the result for the special case applies and the theorem is proved.

3. LEMMA. Let {F,,|z]}, F|x], {F,.[x]}, F.lx] be such that
1° (8.1) lim,.. F, [x] = F[z] for every x€ K, 1 =1, 2,
2° the Fourier-Wiener transform exists for every F,.[x] n =

1,2, ---,9=1,2; the convolution (F,,*xF,,)[x] exists, tts Fourier-
Wiener tramsform also exists and satisfies

(3.2) Gy a2l = Gm[z—z,—]Gr[—gzu—] ;

Jor every ze K, for n=1,2, --+; and

3° (8.3) |Fi.l2]l= Aexp{Bl||z|[}, n=12--,1=1,2
where A, B, >0,2>¢>0and |||2]|]| = maxoc;<;|2()|. Then the Fourier-
Wiener transforms of F|x], FJx], the convolution of Fi[x], F,[x] and
the Fourier-Wiener transform of the convolution exist and (1.6) holds.
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Proof of the lemma. By (1.5), (1.1), the equality (3.2) can be
written as

b R Y+ x4+ 12 Y — & — 12
R R e L e e L

—{[Fufe + 2 ael{[[ 7o~ ]as}, n=12,-

We prove the lemma by justifying the passing to the limit under the
integral signs on both sides of (3.4). To do this, we observe that for
any p complex numbers {,, +--, ,,

CON AN

= (pmax (&l 16 0) T =03 160

An estimate of the first integrand on the right hand side of (3.4) is
given by (3.3) and (3.5) with p = 2:

38 |Fufo+ 2| = dexo (Bllw i+ 21

212

Since ‘ exp {4B ||| z|||**}d,x is finite according to [4], the right side

of (3. 6) is integrable with respect to x over the entire Wiener space
for fixed z. By (8.1) with dominated convergence and by (1.1)

(3.7) tim | P+ 22 |4 = 6o [ 2]

- o2

for every z€ K and similarly

(3.8) lim SOF[:c _ 21/2](1 5= GFZ[N%] ,

for every zc€ K. From (3.3) and (3.5) with p = 3, the integrand of
the left side of (3.4) is seen to be bounded by A?exp {18B(|||x|||** +
My llFe + [12)IF7%)}. The repeated integral of the above expression
with respect to y and then with respect to x over the entire Wiener
space is finite for every z€ K. Thus by (3.1) with dominated conver-
gence and by (1.5), (1.1),

3.9 lim w{ wFl,n u_x_lj_iz]pm [L:%_;Z'_z_]dwy}dwx = GFl*F2[z]
n—eo JO ¢ 2 / 2 !

for every z€ K. By letting n — o on both sides of (3.4) and by (3.7),
(3.8) and (3.9), the lemma is established.

Proof of Theorem II. Let Fi[x]le K, ,,1=1,2, and let ¢,(t), p,(t),- -
be a complete orthonormal set of real valued continuous functions on the
interval 0 < ¢ < 1 which vanish when ¢ = 0. Let
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(3100 Full=F[Se0) [s0pmat] a=12- i=12,
and let
2 = 30.() | wp tat n=1,2

By 1° in the definition of E,,,
(3.11) lim F; ,[2] = Fi[«],

for every xe K, ¢t =1, 2, and F, [x],© =1, 2, satisfy 1° of the lemma.
To show that 2° of the lemma is satisfied, let us define @,,,([¢;].)
by

(3.12) 0LE1) = F[Ste()],  a=12-i=12.

To show that each @,, is an entire function of exponential type of n
complex variables, we set

x(t) = Cl‘Pl(t) + oo Cj—l@j—~1(t) + & 1@1‘%1(75) R Cng)n(t) ’
y(t) = pi(0) .

From (8.12) it follows that @, ,(1¢;],) = Fi[x(t) + {y(t)] and by 2° in
the definition of E,, @;, is an entire function of {;. From the arbi-
trariness of the choice of {; from {{;} and by Hartogs’ regularity
theorem, @;, is an entire function of the n complex variables {{;} for
n=1,2,--+,2=1,2. That @,;, is of exponential type follows from
(8.12) and 3° of the definition of E:

1

002101 = Arexp [Bu|

IS ?i() "at)"}

16}

= Ay exp{Br, 3161} -

o

%

= AF;, exp {qu<

It

This proves the asserted property of @;,. On the other hand from
(3.10), (3.12)

(3.13) P z] = @i,n<[gzx(t)goj(t)dt]n>  om=1,2-,i=1,2.

Now if we let a;(f) = 1cpj(t)dt, n=1,2, -+, then by integration by
1 1 t

parts Sx(t)%(t)dt - gaj(t)dx(t), and (3.13) becomes
0 0

Fi.lz] = @i,n<[5:a](t)dx(t)]n) , n=12-++,1=1,2
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where by definition «;(t) are of bounded variation on 0 = ¢ = 1. There-
fore each F; ,[x] satisfies the conditions of Theorem I, [3] and hence
its Fourier-Wiener transform exists. Moreover by Theorem I the con-
volution (F;,*F,,)[x] exists and satisfies (3.2) for every ze K for
n=1,2,---. Thus 2° of the lemma is satisfied.

Finally, let A be the greater of 4,, A,, and B be the greater of
By, By, in 3° of the definition of #,. By (3.10), (3.14)

Fondal| = Aexo {B(['| 300 [ sp.00az[ d5)"}

< Aexp {B(S: a8 | dt)uz}
< Aexp{B]||z[]%}

for 1 > ¢ > 0 and 3° of the lemma is satisfied.
By the conclusion of the lemma, Theorem II is proved.
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