
Pacific Journal of
Mathematics

ON SOME CLASSES OF NEARLY OPEN SETS

OLAV NJÈ§STAD
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The open sets in a topological space are those sets A for
which A°=>A. Sets for which A0~°^A -"α-sets"- or A°~^A
-"β-sets"- may naturally be considered as more or less "nearly
open". In this paper the structure of these sets and classes of
sets are investigated, and some applications are given.

Topologies determining the same class of α-sets also de-
termine the same class of β-sets, and vice versa. The class
of β-sets forms a topology if and only if the original topology
is extremally disconnected. The class of α-sets always forms
a topology, and topologies generated in this way-"α:-topolgies"-
are exactly those where all nowhere dense sets are closed.

The class of all topologies which determine the same α-sets
is convex in the ordering by inclusion, the ^-topology being
its finest member. Most topologies ordinary met with are
the coarsest members of their corresponding classes; in par-
ticular this is the case for all regular topologies.

All topologies determining the same α-sets also determine
the same continuous mappings into arbitrary regular spaces.

Since the paper was submitted, it has come to our attention that
Freud, in [5], has investigated problems which have a certain con-
nection with parts of those here treated.

1* Let ̂ Γ be a topology (identified with its class of open sets)
on a set E, and let ° and ~ denote interior and closure with respect
to ^ \ We shall call a set A with the property A°~°ZDA an a-set
(with respect to j^"), and we shall denote the class of all such sets
^~«. A set B with the property B°~ z> B (or equivalents B°~ = B~)
shall be called a β-set (with respect to ̂ "), and the class of all such
sets denoted J7~β. A class consisting of exactly all the assets (resp.
β-sets) of some topology shall be called an a-structure (resp. β-
structure). Evidently κ3

Γa^r~(*c:^~β. We notice that every nonempty
β-set has a nonempty interior. If all sets of the family {Bi}i€I are
jS-sets, then

C Uier ̂ C (\Jiel £?)" C (U**e i

that is: A /9-structure is closed with respect to arbitrary unions.
We shall now characterize ^~* in terms of
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PROPOSITION 1. Let ^~ be a topology on E. ^r'a consists of
exactly those sets A for which A p{Be^~β for all

Proof. Let Ae ^~«, Be ^~β, xe A n B and let U be an open
neighbourhood of x. Clearly U Π Ao~~° too is an open neighbourhood
of x, so V = (Uf)A0-°)nB0 is nonempty. Since 7 c A ° - this implies

u n (A° n B°) = F n A° ̂  φ .

It follows that

i.e. A n # e .^.-Conversely, let i n δ e ^ for all Be^~β. Then
in particular Ae %3Γβ. Assume xeAf] C(A°~°)(C denoting complement).
Then x e B~, where B = c(A°"). Clearly {x} U B e . ^ β , and consequently

An({x}\J B)e^-β .

But

A n (M us ) = {^},

hence {x} is open. As xe Λ°", this implies a; e A°~°, contrary to as-
sumption. Thus x e A implies x e A0"0, and A e ̂ ~". This completes
the proof.

-Thus we have found that J^" is completely determined by ^ β ,
i.e.: all topologies with the same /3-structue also determine the same
α-structure, explicitly given by Prop. 1. We shall see that conversely
all topologies with the same α-structure determine the same /3-structure,
so that ^7~β is completely determined by

PROPOSITION 2. Every α-structure is a topology.

Proof. J7~β contains the empty set and is closed with respect to
arbitrary unions. A standard result gives that the class of those sets
A for which A Π Be^~β for all B e y β constitutes a topology, hence
the proposition.

-Henceforth we shall also use the term a-topology for ^-structure.
Two topologies determining the same <x-structure shall be called
(^-equivalent, and the equivalence classes shall be called a-classes.

We may now characterize ^ β in terms of jf* in the following
way:

PROPOSITION 3. Let ̂ " be a topology on E. Then
and hence ^-equivalent topologies determine the same /3-structure.
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Proof. Let cl. and int. denote closure and interior with respect
to ^~*. If xeBe ^ β and xe Ae j ^ " , then A°-° Π B° φ ψ since A°-°
is a neighbourhood oΐ x. So certainly B° meets A°~ and therefore
(being open) meets A0, proving AP[B°Φφ, and a fortiori A Π int. B Φφ.
This means

cl. int. B-DB ,

i.e.: B e ̂ ~aβ. -On the other hand let A e ̂ ~«β, ̂ e i a n d ^ e Ve
As Ve^~a and α ecl. int. A, we have

V Π int. A Φ Φ ,

and there exists a nonempty set We ̂  such that W c V Π int. A c
In other words:

and #eA°-. Thus we have verified ^ " ^ c ^ " " * , and the proof is
complete. -Combining Prop. 1 and Prop. 3 we get ^<*a = ̂ ~a, or

COROLLARY 1. A topology J7~ is an a-topology if and only if
— J7~a. Thus an a-topology belongs to the a-class of all its

determining topologies, and is the finest topology of this class.

Evidently ^~β is a topology if and only if ^~" = JΓβ. In this
case S~** = J^~"β = J ^ , or

COROLLARY 2. If a β-structure & is a topology, then

Before proceeding with our discussion we consider the following

EXAMPLE. Let & be the ordinary topology on the set of real
numbers R. Clearly the complement of a nowhere dense, not closed
set (such sets certainly exist) is a nonopen α-set So & Φ &a.
Among the /3-sets are all intervals, so ^?* Φ &β, and &β is not a
topology.

2* We proceed to give some results on the structure of α-topologies.

PROPOSITION 4. The α-sets with respect to a given topology are
exactly those sets which may be written as a difference between an
open set and a nowhere dense set.

Proof. If A e y * we have
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A = A°-° - (A0-0 - A) ,

where A°~° — A clearly is nowhere dense. Conversely, if A — B — N,
B G ^ 7 N nowhere dense, we easily see that A°~ z> B and consequently

So the proof is complete.

COROLLARY. A topology is an a-topology if and only if all
nowhere dense sets are closed.

For an α-topology may clearly be characterized as a topology where
the difference between an open set and a nowhere dense set is again
an open set, and this evidently is equivalent to the condition stated.

PROPOSITION 5. Topologies which are α-equivalent determine the
same class of nowhere dense sets.

Proof. Let N be a nowhere dense set with respect to J7~*. For
every nonempty A e J?~ there is a nonempty Be ^~a such that Be A
and B Π N = φ. As B° Φ Φ, it follows that N is not dense in A with
respect to S"> and consequently that N is nowhere dense with respect
to jT".

Conversely, let N be nowhere dense with respect to j?~. N~
contains no nonempty set from J7~. As cl. NaN~ (cl. denotes closure
with respect to ^ ~ Ω J ) , cl. N contains no nonempty set from j7~*. So
N is nowhere dense with respect to ^" α > , which completes the proof.

The converse of Prop. 5 is naturally not true, since both the
coarsest and the finest topology on a set are α-topologies, and neither
of them possesses any nonempty nowhere dense sets.

We observe that every /3-set- and a fortiori every α-set- is the
union of an open set and a nowhere dense set. This together with
the corollary to Prop. 4 implies

COROLLARY 1. If the topology ^ has the property that all open
sets are ^σ-sets, then the topology ^ a has the same property.

A topology where no nonempty open set is of the first category
is called a Baire-topology (cf. [4, p. 109]). From what is said above
immediately follows

COROLLARY 2. A topology J7~ is a Baire-topology if and only
only if JT"" is a Baire-topology.
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We shall comment on these corollaries later on.

A set A is called minimally hounded with respect to the topology
if A°~-ΏA, A-°(ZA (cf. [1, p. 101]). (In the case of open sets,

minimal boundedness coincides with regularity in the sense of [2, p.
176]). Clearly this means A e ^~β, CA e ^~β.

PROPOSITION 6. Topologies which are α-equivalent determine the
same class of minimally bounded sets, and the same class of minimally
bounded open sets.

Proof. The first assertion is obvious. Let A e J^~", CA e J3rβ.
Then we have

A°-° => A , (cA)°- => CA .

It follows that

A°-° = A~° = A .

So A e J7~, and the proposition follows.

We recall that a topology is called extremally disconnected if the
closure of every open set is open.

PROPOSITION 7. If the /3-structure & is a topology, all topologies
^~ for which t5

r~β = & are extremally disconnected. If & is not
a topology, no ^ for which ^ r β = & is extremally disconnected.
In particular: Either all or none of the topologies of an tf-class are
extremally disconnected.

Proof. Let ^ β — &, and suppose there is an A e y such that
A~ £ JT". Let xeA~ - A~°. With

B = {x} U A-°, C = C(A-°)

we have

B°~ 3 A-°- = A- 3 {x}, C°- = C(A-°) - C

Hence both β and C are in ^ " β . The intersection B Π C = {x} is not
open since xe A~ — A~°, hence not a /5-set. So ^ = ^ 7 ' β is not a
topology.

Now suppose & is not a topology, and ^~β = &. There is a
5 G ^ " β such that B <£ 3r«. Asssume B°- e ̂ " . Then
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i.e. B G y ", contrary to assumption. Thus we have produced an open
set whose closure is not open, which completes the proof.

COROLLARY. A topology J7~ is extremally disconnected if and
only if ^~β is a topology.

Proof evident.

We next give a result on the continuous mappings of the topological
space (E, ̂ ) into a topological space (F,

PROPOSITION 8. All topologies of a given α-class on E determine
the same class of continuous mappings into an arbitrary regular topo-
logical space (F,

Proof. Let Jf be a topology on E and assume / continuous from
(E,^~") into the regular space (F, <%/). Let xeE, and let U be a
closed neighbourhood of f(x). There is a F e y * such that xeV
and f(V) c U. We may write V — A — N, where A e J7~', N is nowhere
dense (Prop. 4), NaA. Let yeN, and suppose f(y)& U. Then there
exists a We^« such that ye We: A and /(W) c C U. But as N is
nowhere dense we have W<£N. That is: W Π V Φ Φ, contrary to
assumption. Thus f(A) c U, hence / is continuous with respect to
and <%s and the proof is complete.

In this connection we mention that a mapping of the space (E,
into the space (F, <%?) is called quasicontiniious if for every xeEr

every neighbourhood V of x and U of f(x) there exists a nonempty
We^~ such that WaV and f{W)<zU (cf. [6, p. 184]). It is easily
seen that this is equivalent to the condition: For every

Hence we immediately get

PROPOSITION 9. All topologies of a given α-class on E determine
the same class of quasicontinuous mappings into an arbitrary topo-
logical space (F,

3* We shall now deduce some properties of the order structure
of the ^-classes. We first recall that every class contains a finest
element, namely its associated α-topology. Next we prove the following

PROPOSITION 10. Every α-class is convex in the set of topologies
on E ordered by inclusion. That is: ^ c ^ c y » implies

Proof. We assume ^~ c ^ c y * , and denote interior and closure
in J7~ (resp. ^ ) by °, ~ (resp. int., cl.). Using ~ to denote closure
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in ^7~α>, we have (for all A)

cl. int. A ZD (int. Ay 3 A0^ .

Now A0"- is the closure of an open set in ^ r a , hence minimally bounded
in j^Γ* and so also in J7~. Hence

so that

cl. int. A z> A°-° .

It follows that

int. cl. int. A Z) A0"0 .

Hence, if A e J^a

f we have a fortiori that

int. cl. int. A Z) A .

Thus

%/ c jT~" c ^ " .

Applying this result to the inclusion %/ c ^Γ* c ^/ we get

So the equality t ^ " Λ = <%/* is proved.

We shall now investigate in some detail the problem of a coarsest
topology in the α-class, and in this connection give conditions for an
α-topology to be the only topology of its class. To this end we make
the following definition: We shall say that the topology J7~ is quasi-
regular at a point x if the point has a fundamental system of mini-
mally bounded open neighbourhoods, and call the topology quasi-regular
if it is quasi-regular at all points. It is easily seen that an equivalent
condition for quasi-regularity at the point x is that it has a fundamental
system of interiors of closed neighbourhoods. Clearly every topology
satisfying the separation axiom 0in of [3, p. 54] is quasi-regular, in
particular every regular topology. With this terminology we may
characterize those topologies which are the coarsest members of their
classes in the following way:

PROPOSITION 11. A topology ^ is the coarsest topology of its
α-class if and only if it is quasi-regular at all points which are closed
with respect to ^"*.
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Proof. All topologies <%s for which ^/a = ^~a determine the same
class of minimally bounded open sets, and therefore the neighbourhood
filter with respect to ^ is coarser than that with respect to ^/ at
points where ^~ is quasi-regular. Now assume that ^~ is quasi-
regular at all points which are closed with respect to ^7"Ω5, and let x
be a point where J7~ is not quasi-regular. Then {x} is not nowhere
dense, i.e. int. cl. {x} Φ Φ (int. and cl. denote interior and closure with
respect to ^ ~ Λ ) . Every nonempty α-set contained in int. cl. {x} clearly
contains x. Now every such set contains a nonempty set from ^ ,
which of course also contains x. It follows that the neighbourhood
filter with respect to ^ constitutes a fundamental system of neigh-
bourhoods with respect to ^Γcc>. This means that all topologies of the
α-class possess the same neighbourhood filter at x. Thus the sufficiency
of the condition is demonstrated.

Now let {x} be closed with respect to J^Γ*, and suppose that J7~
(and hence ^~α) is not quasi-regular at x. Let ^~(x) denote the filter
generated by all minimally bounded open neighbourhoods of x, and
^"(y) the neighbourhood filter of y with respect to jT'" for y φ x.
It is easily verified that 3^(z) satisfies the requirements Vτ — VIV of
[3, p. 11-12] for all zeE. Thus the filters 2^(s) determine a topology
^/ on E, which is not finer than ^", since the neighbourhood filter
of x with respect to ^/ is strictly coarser than that with respect to
^~. Obviously ^ c ^ * .

Let ~ and ° denote closure and interior with respect to ^ . Closures
with respect to ^^ and with respect to ^ of sets containing x clearly
are equal. Now assume A e ^Γa. Our object is to prove A e <%s*.
Suppose this is false; then A £ ̂ , so A is an open neighbourhood of
x with respect to S~*. Clearly A0 — A — {x}. Now from x e A0" would
follow

A°~ — cl. A Z) int. c\. AZDAZD {X} .

Since int. cl. A is minimally bounded it belongs to %S, and we would
have

A0"0 Z) int. cl. A Ό A

which means A e <%s*. Thus we conclude that x £ A°~. Then there is
a B € ^ containing x such that B Π (A — {x}) — φ. Since both A and
B are contained in j ^ Λ A Π Be ^». But AΠB = {x}9 and {x} is
closed with respect to ^~a. This would mean that ^~" is quasi-regular
at x, contrary to assumption. So we may conclude that A e <%". Thus
we have shown that ^"a^S*. From ^ c J ' c F we conclude
<%/<* = j^r** = j?"* (Prop. 10). Thus if ^ is not quasi-regular at all
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points which are closed with respect to Jf*, it is not the coarsest
topology of its α:-class. This completes the proof.

COROLLARY 1. A quasi-regular topology ^ is the coarsest
topology of its a-class.

Obvious.

COROLLARY 2. If the topology ^~ is not an a-topology, then its
a-topology is not quasi-regular.

Obvious.

We see that from every topology which is itself not an α-topology
is deduced an α-topology which in a certain sense is rather pathological.
This may be of some interest, since J7~* also inherits some "nice"
properties from ^ . Thus consider the most usual Baire-spaces: those
which are locally compact or deduced from a complete metric structure.
Many of these are not ^-topologies; in these cases the construction of
the associated ^-topology gives Baire-spaces which are not even uni-
formizable (cor. 2 to Prop. 5). And to every perfectly normal topology
is associated an (a-) topology which may be far from being perfectly
normal, but which nevertheless has the property that every open set
is an ^v-set (Cor. 1 to Prop. 5). According to Prop. 8 these two
topologies determine the same real valued continuous functions, only
the open sets of the first occurring as inverse images of open sets in R.

An α-class does not always possess a coarsest topology, as is shown
by the following

EXAMPLE. Let E be an infinite set, and let ^ consist of the
empty set and all complements of finite sets. This topology clearly
is an α-topology (and even a /5-structure), not quasi-regular at any
point. Here it is easily seen that the only topology which is coarser
than all topologies of the α-class determined by ^Γ is the coarsest
topology on E. This topology itself does not belong to the class.

PROPOSITION 12. An α:-topology jf is the only topology of its
α-class if and only if it is quasi-regular at all closed points.

Proof evident.

As examples of α-topologies which are the only topologies of their
α-classes we may mention the discrete topology and the coarsest
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topology on E (both of which are quasi-regular). We have seen that
the α-topology deduced from the ordinary topology & on R is distinct
from &, so this topology is not quasi-regular.
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