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One measure of the structure of a finite solvable group G
ig its p-length [,(G). A problem connected with this measure
is to obtain an upper bound for [,(G) in terms of ¢,(G), which
is a numerical invariant of the Sylow p-subgroups of G. This
problem has been solved but the best-possible result is not
known for p =2, The main result of this paper is that [,(G) <
2¢,(G) — 1, which is an improvement on earlier results. A
secondary objective of this paper is to investigate finite solva-
ble groups in which the Sylow 2-group is of exponent 4. In
particular it is proved that if & is a finite group of exponent
12, then the 2-length is at most 2,

Introduction and discussion of results, The object of this
paper is to obtain bounds for the 2-length of a finite solvable group.
Following Hall and Higman [4], we call a finite group G p-solvable if
it possesses a normal series such that each factor group is either a
p-group or a p'-group. The p-length, [,(G), of such a group is the
smallest number of p-groups which can ocecur as factor groups in such
a normal series. ¢,(G) is defined to be the smallest » such that 2™ =1
for all « belonging to a Sylow p-subgroup of G.

For an odd prime p, it is proved in [4] that [(G) < e,(G) if p is
not a Fermat prime and [,(@) = 2¢,(G) if p is a Fermat prime. Further-
more these results are best-possible. A.H. M. Hoare [6] then proved
that in a 2-solvable group G, [,(G) = 3e,(G) — 2 provided that
1,(G) =2 1. The primary purpose of this paper is to prove the follow-
ing improvement:

THEOREM A. If G is a fintle solvable group and 1,(G) = 1, then
lz(G) = 262(G) - 1L

Feit and Thompson [1] have proved that solvability and 2-solvability
are equivalent notions for finite groups. Thus no loss of generality is
involved in requiring G to be solvable in the theorem.

Theorem A will be shown to be an easy consequence of the
following theorem about linear groups:

THEOREM B. Let G be a finite solvable linear group over a field
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F of characteristic 2 and assume G has no nontrivial normal 2-
subgroup. Then 1f N is the largest normal 2'-subgroup of G and
tf g 18 an exceptional element of order 2™ im G, it follows that g*™*
is n the largest mormal 2-subgroup of G/N.

Here, following [4], an element 2 of order p” in a linear group over
a field of characteristic p is said to be exceptional if (x — 1)*"~*=0.

Whether or not Theorem A represents a best-possible result is not
known, but it seems likely that further improvements can be made.
Indeed, the author knows of no group whose 2-length exceeds its
2-exponent. In the special case of finite solvable groups satisfying
e,(@) = 2, i.e., solvable groups whose Sylow 2-subgroups are of exponent
4, 1 think it likely that [(G) < 2 instead of the bound I,(G) =3
furnished by Theorem A.

In §4 of this paper, groups satisfying e,(G) = 2 are studied in
more detail. A sufficient condition for [,(G) < 2 in this special case is
established, and, as an application, we prove that ,(G) = ¢(G) if G is
a finite group of exponent 12.

2. Proof of Theorem A from Theorem B. For the rest of
this paper we adopt the convention that all groups referred to are
assumed finite, and, if G is such a group, then |G| denotes its order.
If H is a normal subgroup of G, we write H <] G.

We now recall the definition of the upper 2-series of the solvable
group G:

1:P0§N0<P1<N1<"'<P1§NZZG.

Here N,/P, is defined to be the greatest normal 2’-subgroup of G/P,
and P,., /N, the greatest normal 2-subgroup of G/N,. The least inte-
ger | such that N, = G is the 2-length [,(G). (If there is no danger
of confusion we write simply [..)

It is proved in [4] that the automorphisms of P,/F, where F/N, is
the Frattini subgroup of P,/N,, induced by G represent G/P, faithfully.
Thus G/P, is faithfully represented as a linear group operating on P,/F
(P/F is an elementary abelian 2-group and so is considered as a vector
space over the field with 2 elements).

Now if 1,(G)=1, the conclusion of A is trivial. Also the p-length
group is at most equal to the class of a Sylow p-subgroup [4, Theorem
1.2.6]. An immediate consequence of this ig that if G is solvable and
e(@) =1, then I(G)=1. Thus l, =2 implies that ¢, = 2 so the result
again follows. Now if [, > 2, then [(G/P,) =1(G) — 2 =1 so that
Theorem A would follow by induction on [, if we could prove that
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62(G/P2) = ez(G) — 1.

Now suppose ¢ is an element of maximal order 2™ in a Sylow
2-Sylow subgroup of G/P,. If g is not exceptional, then [4, Lemma
3.1.2] we have e,(G) = m + 1. If ¢ is exceptional, then, since G/P,
satisfies the hypothesis of Theorem B, ¢**! is in P,/P, if Theorem B
is true. Thus, assuming the validity of B, we obtain in all cases
¢(G/P,) £ ¢,(G) — 1 and Theorem A follows.

3. Proof of Theorem B. Neither the hypothesis nor the con-
clusion of the theorem is affected by an extension of the field F.
Hence, without loss of generality, we assume that F' is algebraically
closed. Since an element of order 2 cannot be exceptional, m must be
greater than 1. Let h = ¢>"* and so h? = ¢g»™ .

In proving B we will define subgroups H and H, such that
H< G, H <|H, ke H, and g normalizes H,, It then will be shown
that if = is any element in the largest normal 2-gubgroup of H,/H,N N
then (k% ) = (h, )*. From this it will follow that 4* is in the largest
normal 2-subgroup of H,/H, N N, and, finally, from this the theorem
will follow.

First we need two lemmas which are of use later and which
motivate the definition of H. Here, and elsewhere, we denote the
space on which G operates by V.

LEMMA 3.1. If Q is any 2'-subgroup of G which is normalized by
g, then h* fizes every minimal characteristic F — @ submodule of V.

Proof. A minimal characteristic F — @ submodule is simply the
join of all those F — @ submodules operator isomorphic to a given
irreducible F'— @ submodule. Now if @ is a 2-group, V can be
written as the direct sum of the minimal characteristic F — @ sub-
modules. ¢ normalizes @ s0 ¢ must permute the minimal characteristic
F — @ submodules. If the lemma were not true, then g, as a permut-
ation of these submodules, would have a cycle of length 2™ which
would contradict the assumption that ¢ is exceptional.

LEMMA 3.2. If Q is any abelian 2-subgroup of G and x is any
element of G normalizing Q and fixing every minimal characteristic
F — Q submodule of V, then x centralizes Q.

Proof. Let V; be any minimal characteristic ' — @ submodule of
V. Since @ is abelian and F' is algebraically closed, @ operates on V;
as a scalar multiplication, i.e., if ye@ and ve V, then yv = y;(yjv
where %;(y) is a scalar. We now obtain
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(@ yx)y = 27'y(xv) = 57 Y (Yav = L(y)v .
Thus (y, ) is the identity on V; for all ye @ and the lemma follows.

Now let H be the normal subgroup of G consisting of all elements
which fix every minimal characteristic F — @ submodule for every
normal 2’-subgroup @. Since the largest normal 2-subgroup and the
largest normal 2'-subgroup of H are normal in (G, we see that H has
no normal 2-subgroup greater than the identity and the largest normal
2'-subgroup of H is HN N. By Lemma 3.1 2* must belong to H.

Let M be the largest normal nilpotent subgroup of H. Clearly
M is a 2'-group and M <|G. Furthermore, since H is solvable, M
contains its own centralizer in H [2].

LeMMA 3.3. M s of class 2,

Proof. Since h*e H, h* does not centralize M. Thus by Lemmas
3.1 and 3.2, M is not abelian. Now let ¢ be the class of M and sup-
pose ¢ = 3. Then if I',(M) is the ith term in the lower central series
of M I'{M)=M and I',.,(M) =" (M), M)) and if d is the first
integer = (¢ + 1)/2, we have [3, Chap. 10]

(TM), M) =Ty (M) #1 (since d < ¢ — 1),

and
(La(M), I'(M)) = I'y(M) = 1.

Thus I'y(M) is abelian and, of course, normal in G but is not central-
ized by M. From Lemma 3.2 and the definition of H we see that this
is impossible, and so ¢ = 2.

M=M x M, x -+« where M, is the Sylow g;-subgroup of M and
q; is an odd prime. Kach M, is of class at most 2 and so M, is a
regular ¢;-group [3, p. 183]. Then the elements of order at most g,
form a characteristic subgroup K; of M;. Let K=K, X K, X -+ An
automorphism of M; of order prime to g, centralizes K; only if it is
the identity automorphism [7, Hilfssatz 1.5]. Therefore no 2-element
of H, except for the identity, centralizes K. Hence K cannot be
abelian (since k* is a nonidentity 2-element of H) and so K must be
of class 2.

We now are prepared to define the subgroup H,. For this purpose
decompose V for each K, into the sum

V=V.®V.®:---

where the V,; are the minimal characteristic F'— K, submodules. Let
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Cy;={x|xeH and (K;,z) =1 on V;;}. C;; is a normal subgroup of
H although not necessarily normal in G.

Take H, to be the intersection of all the C,; which contain A%
If 4* is not in any C,; then set H, equal to H. In any event H,<| H
and H, is normalized by ¢g. As was the case with H, H, has no
normal 2-subgroup greater than the identity and the greatest normal
2’-subgroup is H, N N.

Now let P be a 2-subgroup of H, such that P and ¢ belong to
the same Sylow 2-subgroup of G and P(H.NN)/(H,NN) is the largest
normal 2-subgroup of H,/(H,NN). Since, modulo N, P is normalized
by g, it follows that g normalizes P.

LEMMA 3.4. If xe P, then (h%, x) = (h, ©)%.

Proof. TFirst we show that this lemma finishes the proof of
Theorem B: i normalizes P so that (&, x)’c @(P) where @(P) is the
Frattini subgroup of P. Thus the lemma implies that h* centralizes
P/®(P). Therefore from [4] we conclude that A*c P. Since h* is
in the greatest normal 2-subgroup of H,/(H, N N), it follows that h?
is in the greatest normal 2-subgroup of H/(H N N) from which the
conclusion of Theorem B follows.

To prove the lemma, let k = (h% x}h, )™ and suppose k + 1.
Since k¥ cannot centralize K, (K, k) is not the identity on some V.
Since ke H,, we must have (K, »*) also not the identity on V;;. (This
last statement is the motivation for our choice of H)).

In what follows let V' =V,;, ¢ = q;, and @Q, z,, &, the restrictions
of K;, x,k, respectively, to V’'. Let ¢ be the first power of ¢
fixing V'’ and let g, be the restriction of ¢ to V’'. Now h* is not
the identity on V' and [4, p. 13] g, must be exceptional

(e, (g — 1" =0),

and thus n must be at least 2. Let h, = ¢*" °. k, = (b3, 2)(h,, ©)"
and both (@, k}) and (@, k,) are not the identity.

Since g, is exceptional and (Q, 2} # 1, @ cannot be abelian. Thus
@ must be of clags 2. V' is the sum of absolutely irreducible F' — @
submodules all of which are operator isomorphic to each other. Hence
Z(Q), the center of @, is cyclic and is generated by a scalar matrix.
Since @ is of exponent ¢ and @’ = 1, we see that

Z@) =Q = 9(@Q)

and so @ is an extra-special ¢-group [4, p. 15]. We note also that if
S is the 2-group generated by x, and g,, then (Z(Q), S) = 1 since Z(Q)
is generated by a scalar matrix.
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Now let V" be an irreducible F' — QS submodule of V’'. V" is an
irreducible F'— @ module [4, Lemma 2.2.3], and V'’ is the sum of
F — @Q modules operator isomorphic to V. Thus (Q,h}) %1 on V"
and g, is exceptional on V”. From [4, Theorem 2.5.4] we have the
following:

(1) 2" —1 is a power of ¢, and

(2) if g, is faithfully and irreducibly represented on Q,/Q’ (such
a @, can always be found since A’ is not the identity on Q/Q’), then
@ can be written as the central product of @, and a group Q, and g,
transforms @, trivially. It now follows [6] that 2" — 1 =g¢ and
1Q/Q"| = ¢~

The representation of @ on V' is isomorphic to the representation
of @ on V'’ so that (g,, @) =1 on V" implies that (¢,, @,) = 1. Thus
the centralizer of ¢, in the space @/Q has co-dimension 2 over GF(q).
The minimal equation of %, on @,/Q" must be ¢*+ 1 =0 so that A’
must have the representation

-1 0
o )

on Q,/Q’. We now can conclude that for every power of g, (except
for the identity, of course), the co-dimension of its centralizer in Q/Q’
is 2. Also, since ¢ = 3 (mod 4), GF(q) contains no primitive 4th root
of unity. Thus if » = 2 then in the completely reduced representation
of ¢? on Q/Q' there is only one nontrivial block. If n = 2, there are
two nontrivial blocks.

Now if ¢ is a generator of @', define p(a, b) for a,be @ by the
equation

(a,b) = ¢ .

o(a,b) is bilinear and skew symmetric and gives Q/Q’ the structure of
a symplectic space over GF(q) [4].

o is of maximum rank since Q" = Z(Q) so Q/Q" must have dimension
2r. Since (S,Q’) =1, S preserves the symplectic structure of Q/Q’.
Thus the representation of S on Q/Q’ may be considered as a subgroup
of a Sylow 2-subgroup of the symplectic group on Q/Q’.

Q/Q’ is of dimension 27 over GF(q) so that @/Q" can be provided
with the structure of a vector space U of dimension » over GF{(g?.
If w, -+, u, is a basis for U, the expression [4]

oXau;, IBu;) = Y(a,B) — aiB)/7,

where o’ = a’ and v is a primitive 4th root of unity, is a skew
symmetric bilinear form on U of rank 27 with values in GF(q).
Let 0 be a primitive 2**-th root of unity in GF(¢*) and let T be
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the group of transformations of GF(q*) generated by the two transfor-
mations « — f*« and o — fa’. All transformations y of U of the form

yQau) = X(T,a)u,, ,

where the T, are taken from T and ¢ is a permutation taken from a
Sylow 2-subgroup of the symmetric group on the numbers 1,2,---, 7,
form a Sylow 2-subgroup of the Symplectic group on Q/Q’ [4].

Thus we may assume that x,, g,, h,, the representations of x,, g, ,,
respectively, on Q/Q’, are of this form. Since (@, s}) = 1 and (@, k) # 1,
we have Al 1 and (i, x)) # (h, x)*. We now need more information
on g,.

LEMMA 3.5. The permutation ¢ associated with g, ts the identity
permutation.

Proof. o is of order less than the order of g, from [4, p. 23].
First suppose ¢ is of order > 2. Then n > 2 and so the represen-
tation of ¢ on Q/Q has only one nontrivial irreducible block. But
the permutation associated with ¢; is ¢° which has at least 2 disjoint
nontrivial cyeles. Clearly this is a contradiction. Thus ¢* = 1.

Now suppose ¢ = 1. Assume, say, o(1) = 2, 6(2) = 1. The repre-
sentation of g, on Q/Q" has only one nontrivial irreducble block so g,
must be the identity on

> .

i#1,2
Now gia.u, + au,) = T,Tau, + T.T.a.u, and so one of T,T, or T.T,
must not be the identity of 7. But then neither one can be the
identity. Therefore the representation of /@’ would have 2 nontrivial
irreducible blocks. This can happen only if » = 2. This implies that
T,T, and T,T, are of order 2 and thus must equal the transformation
a— —«a. (This is the only element of order 2 in 7.) Thus the
centralizer of ¢! in Q/Q" has co-dimension 4 over GF(q) whereas it
ghould have co-dimension 2. This proves that ¢ = 1.

Hence ¢, fixes each u; and must act trivially on «; for all but
one value of 4, ¢ = 1, say. Therefore

g.(Zau) = Aau, + 3 agu,
=1

where A is an element of order 2" in 7. Then
hQaw) = A" aw, + > au,;,
1

and
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RQeauw) = —au, + >, au; .
11

We may assume that

x(Sau;) = ET 0, .

Case 1. m(1) # 1. Assume, say, that z=*(1) = 2. Straight forward
calculation yields

(hu xl)(Sa’iui) - A_2n—2a1u1 + T2—1A2”—2T2a2u2 + Zl a;u; .

11,2
But A is the unique element of order 2 in T. Thus

(hy, x)'(Fou;) = —au, — au, + ;l:nzaiui
and it is easgily vérified that this is the same result as (hi, x,).

Case 2: w(l) = 1. In this case we easily find that (hl, x,) is the
identity while
(hy, ) (Sn) = (A%, Ty, + S e .
Now the group T easily is seen to be a generalized quaternion group

of order 2"*! go that the only conjugates of A in T are A and A~
Thus

(A7, T)p = A" T(A™ )T, = 1.

Thus (h,, x,) is also the identity.
Therefore it has been shown that

(h, x,)* = (A, x.)

in all cases. This completes the proof of lemma 3.4, and, by a previous
argument, Theorem B now is proved.

4. Groups with ¢, = 2. If G is a solvable group whose Sylow
2-groups are of exponent 4, then we know from Theorem A that
1,(G) £ 3. We now investigate conditions for 1,(G) < 2 to hold. The
argument is similar to that used in proving Theorem B, but a more
restrictive hypothesis is needed. That no loss of generality is involved
in assuming the stronger hypothesis is insured by the following
reduction theorem, which is stated in a slightly more general form
than needed.

A proposition R will be said to be of type 4.1 if it is of the
following form:

If G is a finite p-solvable group satisfying condition C, then
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1(Q) = f(e,(G)), where f is a monotonically increasing function defined
for nonnegative integral arguments, f(0) = 0, and condition C either
is vacuous or states that e, (G) = a; for some set, possibly infinite, of
primes p, and nonnegative integers a,.

Note that the proposition that I,(G) < e,(G) if G is a finite solvable
group satisfying e,(G) < 2 is of type 4.1. One of the results of this
section is that I(G) =< e(G) if G is a finite group of exponent 12.
This statement is also of type 4.1 since the condition that G be of
exponent 12 is equivalent to stating that el(G) = 2, ¢(G) =1, and
e,(G) = 0 for all other primes.

THEOREM 4.1. To prove a proposition R of type 4.1 it is suf-
ficient to prove the proposition for the following spectal case:

(1) G is the normal product of V by G, where V is a wvector
space over F, a finite field of characterisizc p, and G, is a p-solvable
linear group on V having mno normal p-subgroup other than the
identity.

(2) Any irreducible representation of any p'-subgroup of G,
over F is in fact absolutely trreducible.

(38) All groups of order at most |G,| satisfy R.

(4) V 1s an trreducible F' — G, module.

Proof. 1In proving this theorem we assume R is valid for the
special case and then prove it is valid for the general case.

Now suppose G is the group of smallest order which satisfies the
hypothesis but not the conclusion of R, and let

1=P=<N,<P<--+<P<N=¢G

be the upper p-series of G. Since f(0) = 0 we must have [, (G) > 0.
If F\/N, is the Frattini subgroup of P,/N,, then, as is shown in [4],
L(G/F) = 1,(G) so that if F,==1 we would have a proper factor group
of G satisfying the hypothesis but not the conclusion of R.

Hence assume F, = 1. Thus P, is an elementary abelian p-group
which we identify with a vector space V, over GF(p). G/P, is faithfully
represented as a linear group G, on V, and G, has no normal p-group
greater than the identity.

From [4, p. 4] we may assume that G has only one minimal
normal subgroup. This subgroup must be contained in V, and we
denote it with M. If M=V, and G, is faithfully represented on
V. /M then we have 1,(G/M) = [,(G) so that we would have a contra-
diction to the minimality of G.

Now suppose M = V, and G, is not faithfully represented on V,/M.
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Then the elements of G, centralizing V,/M form a normal subgroup
of G, greater than the identity. If @ is a minimal normal subgroup
of G, centralizing V,/M, then @ must be a p’-group so that V as a
Q-module is completely reducible. Thus there exists a Q-module M,
such that V, = M@ M,. @ is the identity on M, but not on M since
@ is faithfully represented on V,. Now if M, is the centralizer of @
in V, then M, is normal in G, M, is not the identity, and M, does not
contain M. This contradicts the minimality of M.

Thus we see that M =V, which implies that G, is irreducibly
represented on V,. A consequence of this is that if H is any normal
subgroup greater than the identity in G, then H can have no nonzero
fixed vector in V, Otherwise all the vectors fixed by H would form
a nontrivial submodule of V..

Now pick F to be a large enough finite extension of GF(q) such
that any irreducible representation of any p’-subgroup of G, over F
is absolutely irreducible. Let 1 =6, 6, ---, 8, be a basis for F' over
GF(p) and let v, v,, ---, v, be a basis for V, over GF(p). Finally let
V be the vector space over F with basis ¢, ---, »,, i.e., the vectors
of V are the formal sums

s T
Z Z C;i0:v;
F=11=0

where ¢;;€ GF(p). G, acts on V in the obvious way.

Consider the group G* = G,V, i.e., the normal product of V by G..
If ¢g* is of order p™ in G* then either the image g of g* in G, is of
order p™ or g is of order p™! and ¢ is not exceptional on V. In the
latter case (g — 1)»™ v, = 0 for some v, from which it follows that ¢
is not exceptional on V. Thus ¢,(G) = (m — 1) + 1 =m.

Therefore in any event ¢,(G) = ¢,(G*). Since ¢,(G*) = ¢,(G) for
q # p, G* satisfies condition C. Furthermore 1,(G) = [,(G*) so that if
G* satisfies R so does G.

Now suppose H is any normal p’-subgroup other than the identity
in G, and suppose

s T
v = Z Z ¢:30:0;
=1 1i=0

is a nonzero vector fixed by H. Since v = 0 the coefficient of »; is
not zero for some 7,7 =1 say. Then there exists ac F' such that
a(Si,cq0) =1. H must fix av which can be written in the form
av = v + v where

»

8 8
v =+ 3o v = 3 2 00; .
i=2 7=2

=1

For H to fix av it must also fix " which contradicts the fact that
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H has no nonzero fixed vector in V,. Thus H has no nonzero fixed

vector in V.
If V is an irreducible F' — G, module then we have arrived at the

special case of the theorem. Therefore assume U is a proper submodule.

If G, is not faithfully represented on V/U, then let @ be a minimal
normal subgroup of G, centralizing V/U. @ must be a p'-group so
that V is completely reducible as an F' — @ module. Thus there exists
a nontrivial F — @ submodule on which @ is the identity. This is
impossible since @ can have no nonzero fixed vector.

Hence G, is faithfully represented on V/U. Thus [,(G*) = [ (G*/U)
and, of course, ¢,(G*) = ¢,(G*/U) so that if G*/U satisfies R so does
G* and then so does G.

We still have that any normal nonidentity p’-subgroup H of G,
has no nonzero fixed vector in V/U since V is completely reducible as
an F — H module. Therefore if G, is not irreducibly represented on
V/U then the same argument as before yields that G, is faithfully
represented on a nontrivial factor module of V/U. Continuing in this
way we ultimately arrive at the special case where G, is faithfully
and irreducibly represented on some vector space over the field F.
This finishes the proof of Theorem 4.1.

Among the results we now shall prove is that if G is of exponent
12 then (@) = ¢,(G). Before doing this it might be well to justify
this work. For in a group of order 2°3° the 2-length and the 3-length
can vary at most by one. Thus if it were true that the 3-length of
a group of exponent 12 was one, then it would be trivial to state
that the 2-length was at most two. However in [5, p. 5] is found an
example of a group of exponent 12 but with 3-length two.

For the rest of this paper we make the following standing as-
sumptions.

(1) G =(G.V, the normal product of V by G, where V is a
vector space over a finite field F' of characteristic 2 and G, is a
finite, solvable linear group having no normal 2-subgroup other than
the identity.

(2) V is an irreducible F'— G, module.

(3) Any representation over F of any p’-subgroup of G, is abso-
lutely irreducible.

(4) e(G)=2.

We are interested in seeing under what conditions can [,(G) exceed
e(G). But if e(G) =0 then both e¢,(G) and I,(G) are 1, and if
e(Gy) =1 then [,(G)) =1 so that I(G) = ¢,(G) = 2. Thus we may as
well agsume
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(8) e(G) =2.

Later we shall add to these assumptions the further one that G
is of exponent 12. Actually, until we restrict ourselves to groups of
exponent 12, we will make no use of the fact that G, is irreducibly
represented on V.

Now let N be the largest normal 2’-subgroup of G,. We shall show
that a certain 2-subgroup, to be described later, must be contained in
the greatest normal 2-subgroup of G,/N. In particular if 1,(G) > 2
(which is the same as [,(G,) > 1), we shall see that there must exist
an element of order 4 of a special type in G..

First let H be the following normal subgroup of G,: x€ H if, and
only if, for every normal nilpotent subgroup @ of class at most 2 in
G,, © fixes every minimal characteristic F — @ submodule of V. A
normal nilpotent subgroup of G, must be a 2-group so that V splits
into the sum of minimal characteristic F' — ¢ modules.

From (5) there are elements of order 4 in G,, and from (4) all
such elements must be exceptional. Thus if ¢ is of order 4 in G,
then ¢* must be in H by lemma 3.1. Hence H is greater than the
identity. H has no normal 2-subgroup except for the identity and the
largest normal 2'-subgroup is H N N.

Let D be the greatest normal nilpotent subgroup of H. D =
D, x D, x --- where D, is a Sylow ¢;-subgroup of D for an odd
prime ¢,. H centralizes any normal abelian subgroup of G, so that,
by the proof of Lemma 3.3, we obtain ¢(D) = 2. Now, as before, let
K, be the subgroup of D, consisting of all elements of order at most
q; and let K=K, X K, X +-- We again have that no non-identity
2-element of H centralizes K.

Now take H, to be the subgroup of G, consisting of all elements.
which fix every minimal characteristic ¥ — K; module for all ©. H, <G,
and, since ¢(K;) =2, H < H,. H, has no normal 2-subgroup except for
the identity and its greatest normal 2'-subgroup is H, N N.

Let P be a Sylow 2-subgroup of H,. P+ 1 since if g is any
element of order 4 in G, then ¢g*c H. Now the square of any element
of P must be in H. Thus P/(PNH) is of exponent 2 and thus abelian.
Therefore P’ << H. We now prove two lemmas which enable us to
show directly that PN/N is normal in G,/N.

LEMMA 4.2. Suppose that g and h are two elements of P and
V' 48 a minimal characteristic F — K, submodule of V. Let @, g,
and h, be the restrictions of K;, g, and h, respectively, to V'. Then
if (@, k) = 1 it follows that (@, (g, ) = 1.

Proof. Assume (Q, (g, #.)) = 1. Therefore neither g, nor &, central-
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izes Q. If (@, g}) = 1, then straight forward calculation yields

@, (9:h)) = @, (g, h)) # 1,
(Q’ (glh’ly h’l)) = (Q, (glhl)_l) # 1.

'Thus, replacing ¢, by ¢, if (Q,¢) =1, we may assume that
(@, g1) #= 1 along with (Q, k}) =1 and (@, (g, 1)) = 1.

Now exactly as in the proof of Lemma 3.4 we obtain that @ is an
extra gpecial ¢-group (actually ¢ = 3 since ¢, is of order 4 and thus
exceptional so that 4 — 1 must be a power of ¢), Q/Q" is a symplectic
space, ¢, and h, preserve the symplectic structure of Q/Q’, and we
may assume that ¢, and h, operate on Q/Q’ as follows:

g.Qau) = Aau, + > au,;,
=
hQau;) = 2T 0, ,

‘where ¢ is a permutation of order = 2 (since (@, %}) = 1), and A and
the T; are chosen from a group isomorphic to the quaternion group
of order 8 (since ¢ = 3). In addition A must be of order 4 since
(@, g1) #+ 1.

If o does not fix 1 then (g, k) would be of order 4 but its
.centralizer in Q/Q would have co-dimension 4 over GF(3). Thus (g, h))
would be of order 4 but not exceptional which is impossible.

Hence o fixes 1 and, since (Q, 2}) = 1, we must have

h(Zau;) = +am, + % T: 0%y
K3

It is now an easy matter to verify that (g, k) = 1 and the lemma is
proved.

COROLLARY. If g, he P and h* =1, then (g, h) = 1.

Proof. (g, h) is in P’ and thus in H. So if (g, h) # 1 then
(K, (g, h)) #1 for some K,. Then lemma states that this cannot
happen.

LemMA 4.3. If g, he P, then (g, h)* = 1.

Proof. Suppose that (g, h)* #+ 1. Then for some K;, (K;, (g, h)*) = 1.
‘Choose V' to be a minimal characteristic ' — K; submodule of V such
that (K, (g, h)?) is not the identity on V’. If Q, g, and &, are defined
as in the previous lemma, then, if either (Q, ¢3) or (@, h}) is the
identity, (gi, ;) = 1. Therefore assume neither ¢ nor i} centralize Q.
Thus g, and h, are both exceptional of order 4. @ is an extra-special
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3-group and we may assume g, and h, operate on Q/Q’ as follows:
g(Xau) = Ao, + ;, au; ,
171
h(Xau;) = Bou; + > ou; .

175

Now if 7 = 1 then (g, A) =1 and if 5 = 1 then
(gu h1)2(2aiu’i) = (Ar B)zalul + Z AUy .
1751

But A and B are elements of a quaternion group so that (4, B)® is
the identity and the lemma is proved.

THEOREM 4.4. PN/N <| G,/N.

Proof. We shall prove that P(H,N N)/(H.NN)< HJ/(H,NN)
which is equivalent to the theorem since H, <] G,.

Let P, be the subgroup of P such that P(H.N N)/(H,N N) is.
the largest normal 2-subgroup of H,/(H,NN). P, <] P and P, contains
the center of P [4, Lemma 1.2.3]. Thus by the corollary to Lemma
4.2, P, contains all elements of order 2 in P. The elements of order
2 in P form an elementary abelian group P, which is normal, modulo:
H, NN, in H,. The elements of H,/(H,N N) which centralize both
P, and P,/P, form a normal subgroup of H/(H,N N). But if any
2'-element centralized both P, and P,/P,, then, as easily may be seen,
this element would centralize P, contrary to the fact [4, Lemma 1.2.3]
that P, contains its centralizer in H,/(H, N N). Thus the elements.
centralizing both P, and P,/P, form a normal 2-subgroup of H,/(H, N N),
and from the corollary to Lemma 4.2 and from Lemma 4.3, P must.
be contained in this normal 2-subgroup. But P is a Sylow 2-subgroup-
of H, and thus it follows that, modulo H, N N, P is normal in H,.

COROLLARY. [(H) =1.

Now let S be a Sylow 2-subgroup of G, which contains P. From.
the theorem it follows that P is normal in S.

LEMMA 4.5. If P contains all elements of order 4 im S, then.
L(G) = 1.

Proof. If S = P we are done. Therefore assume S = P. Then if
xeS — P we must have 2°=1. Also €S — P, ye P imply that.
2ye S — P so that (xy)* = 1 which implies that x*yx = y~*. Thus
induces the automorphism y— y~* of P. This can be an automorphism
only if P is abelian. Now if both z, and =, are in S — P then 2z,
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centralizes P. But e,(G,) = 2 so that P does contain elements of order
4. Hence x,x, cannot be in S — P.

Therefore |S/P| = 2 and P is abelian. Now if xS — P, ye P,
then (z,y) = ¢7'y oy = y* € O(P) and thus x centralizes P/@(P). Hence
[4, Lemma 1.2.5] PN/N connot be the largest normal 2-subgroup of
G/N. But P is maximal in S so that SN/N must be the largest
normal 2-subgroup of G,/N. This implies that [,(G,) = 1.

To our assumptions (1)~(5) we now add

(6) G is of exponent 12.

This implies that K must be a group of exponent 3 and class at
most 2. We prove that [,(G,) = 1 in this case by showing that the
hypothesis of Lemma 4.5 are satisfied.

For this purpose assume that ¢ is an element of order 4 in S — P.
g°isin Hso (K,g)#1. Let V=V, BV,P--- be the decomposition
of V into minimal characteristic F' — K modules. Since ge S — P, ¢
does not fix some V,. ¢* does fix each V, and if ¢* is not the identity
on a V, then ¢ must fix that V, for otherwise g could not be ex-
ceptional [4, p. 13]. We now need the following result:

LEMMA 4.6. There exist 2 and y wn K such that ((x, g%,
(¥, 9°) # L.

Proof. Let C ={x|xec K, (2, ) Z(K)}. Clearly C = Z(K) but
C +# K since then ¢* would centralize Z(K) and K/Z(K) which would imply
that (K, ¢*) = 1. (¢* centralizes Z(K) by Lemma 3.1 and 3.2.) K/Z(K) is
an elementary abelian 3-group so that there must be a GF(3) — g module
of K/Z(K) complementary to C/Z(K). Thus K/Z(K)=L/Z(K)DC/Z(K)
and g normalizes L. For all xe L — Z(K), (¢, ¢g°) is not in Z(K).

Now suppose z,ye L — Z(K) and (x, ¢)(y, 9> '€ Z(K). Since
K/Z(K) is abelian, straight forward calculation yields

(wy™, ¢ = (v, ¢Ny ", ¢°) (mod Z(K)) ,
1=(y "¢ =9y, g (mod Z(K)) .

Thus (xy ™, ¢%) = (x, ¢)(y, ¢ =1 (mod Z(K). This implies that
xy~'e Z(K). Therefore we have shown that (z, ¢*) = (¥, g*)(mod Z(K))
if, and only if, © = y (mod Z(K)) for x,ye L.

It immediately follows from this that for any a2 € L, there exists
a ¥y such that z = (y, ¢*)(mod Z(K)). Now L cannot be abelian since ¢
normalizes L and ¢g* does not centralize it. F¥rom all this we see that
there exist z, ye L such that ((x, g%, (%, %)) = 1.

Now taking x and y to satisfy the lemma, we may assume without
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loss of generality that ((z, g%, (¥, %) is not the identity on V.. This
implies that ¢* is not the identity on V, so g must fix V,.

Since g does not fix every V,, assume g does not fix V,. Therefore
¢* is the identity on V, which then also must be the case for (w, ¢%)
and (y, g°).

V is an irreducible F'— G, module so that there must be an
element taking V, into V,. Such an element must be of the form zh
where e S and z is from a Sylow 3-subgroup of G, which necessarily
must contain K. We shall derive a contradiction by showing that z
and K generate elements of order 9 which is impossible in a group of
exponent 12.

If V, =V, then 2V, =V,. Set g, = hgh™'. Then

(@7, gd), 7, g)

is not the identity on V,. Now suppose ¢.V, = V,. Then gh~'V, =
r'V,, and, since gV, = V,, this implies that A=V, =V;, 5 = 2. Then
we would have gV, =V;. But gh—'eS so that (gh~')*e H. Thus
(gh™')* fixes V, and, therefore, gh~'V; = V,. (2™")* also must fix V, so
we have h='V; = V,. From this we conclude that V, = gh~'V; = gV,
which is a contradiction. Hence g,V, # V,. A consequence of this is
that V,, = V, for V,, =V, would imply that AV, =V, which would
imply that ¢,V,= hgV, =V,. Since V, # V, it follows that z is not
the identity and so is of order 3.

If we replace V,, g, «, and y by V,., g, "', and y* ', respectively,
we may assume that 2V, =V,, gV, + V,, and ((x, ¢, (¥, g°)) is not the
identity on V,. Let x, = (%, ¢° and 9, = (¥, ¢°). «, and ¥, must be the
identity on V, since g, is. Since z is of order 3, we have zV, =1V,
2V, =V, n=1,2), and 2V, =V..

Let V=V, @V,BV,. V' is fixed by 2z and the restrictions of
2, Y, and z to V' are

0 0 4 Mo 0 N 0 0
z=|B 0 0),9}1:(0 I 0),y=(0 I 0},
0 C 0 0 0 M 0 0 N,

where I is the identity and 0 the zero matrix. Now (z,, %) is not the
identity on V, but (x,, ¥,)¢€ Z(K) and Z(K) is represented on V, as a
cyclic group generated by a scalar matrix. Thus (M, N) = ol where @
is a primitive third root of unity. From 2* =1 we obtain C = A~'B,

Now z, %, and y, all belong to the same Sylow 3-subgroup of G,.
Thus (22,)° = (zy,)’ = 1. From this direct computation yields that
M,=A*M™A, N, = A'N—'A. Thus (M, N) =AM, N"HA. But M
and N generate a group of exponent 3 and class 2. It follows easily
that (M, N*) = (M, N) = wl. Thus
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wl 0 0
(xl’ yl) =10 I 0
0 0 wl

It is now a simple matter to verify that (2(x, v,))® # 1. Hence
2(x,, ¥, is a 3-element of order greater than 3 which is impossible in
a group of exponent 12. This contradiction proves that the hypothesis
of Lemma 4.5 is satisfied and thus:

THEOREM 4.7. If G is a finite group of exponent 12, then
L(G) = e(G).
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