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Let G be a locally compact abelian group and B+(G) the
family of continuous, complex-valued non-negative definite
functions on G. Set

B (G) = {feB*(G): f(0) < 1}
O(G) ={feB*(G): f0) =1}

A complex-valued function defined on the open unit disk is
said to operate on {Bf(@),Bt@)} if feBf(G) implies
F(f)eB*@G), similarly for {#(G), ?(G)}. Recently C. S. Herz
has given a proof of a conjecture of W. Rudin that F operates
on {BH(G), B*(@)} if and only if

*) F) = fj, Con2™Z% Con 2 0, 2] < 1.

m 0

for a certain class of G. We shall show by independent methods
that F operates on O(RY) if F' is given by (*) for [z| <1 and
F'(1) =1. This answers a question posed by . Lukacs and
provides in addition an alternate proof of Herz’s theorem.

Let A, B denote two familes of funetions ¢, b: X — Y. A function
F:Z<Z Y—Y is said to operate on (U, B) provided that for ecach ac A
with range (¢) & 7 we have F(a)e®B. If A =B we say simply that
F operates on A. Recently there has been considerable interest in
determining, for particular families (2, B) the class of functions which
operate.

If A is the family of complex-valued 2m-periodic functions on R'
which have absolutely convergent Fourier series

9 — {a:a(e) ~ S g with S ] < oo}
f=—oco E=—co

then a classic result of N. Wiener [10] states that 1/ae 2 provided
that a(8) = 0(0 = 6 < 2r). P. Lévy [3] generalized Wiener’s theorem
by proving that analytic functions operate on 2.

If A is the family of all non-negative-definite matrices (a,,;) with
—1 < a;; <1 then I. J. Schoenberg [8] proved that any continuous
function F' which operates on 2, F: (a;,;) — (F(a;, ;)) must be of the form

Fw) = 3, e,a”
(c,z20 -1<a<l)
m.]une 20, 1964, and in revised form August 23, 1964.
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The theorem of Wiener-Lévy can be obtained in a more general
setting. Let G be a locally compact abelian group and G its dual
group, i.e. the set of continuous homomorphisms of G into the
multiplicative group of complex numbers of modulus one, endowed
with the weak topology. For g a complex-valued, regular measure on
G with finite total variation we define its Fourier-Stieltjes transform by

A0 = | #@pdn) (e
and denote by B(@) the family of such transforms. Then

THEOREM. Real entire funciions operate on B(@) (see [7] for
definition).

In particular by taking G = Z (the group of integers) we obtain
the Wiener-Lévy theorem.

A few years ago a converse to this theorem was obtained by
H. Helgon, J. P. Kahane, Y. Katznelson and W. Rudin [1]. They
proved that if F' operates on B{@) then F' is a real-entire function.

In probability theory the elements of B(@) which are of most direct
interest are those Z which arise from nonnegative measures /i, i.e.
according to Bochner’s theorem the /£ which are nonnegative-definite
on G. Let B+*(G) denote this family. Rudin has conjectured [6] that
the functions which operate on (B (Z), B*(Z))" must have the form

F(z) = i Cp, @ 2™ .
<oy
Recently C. S. Herz [2] published a proof of Rudin’s conjecture for
(B (&), B*(G)) under certain restrictions on G. His proof consists of (1)
showing that if F, defined on the unit disk, operates on (B (G), B(G))
then F operates on (B (/",), BT({",)) where I, is the discrete multiplicative
group of complex numbers of modulus one, and (2) characterizing the
functions which operate on (B (/), B*({)).

Lukacs posed in [5] the question of determining the class of
functions which operate on the set of characteric functions @(RY),
where @(G) = {f e B*(G): f(0) = 1}.

We shall answer here the question posed by Lukacs, directly and
by quite independent methods. This will actually yield an alternate
proof of Herz’s more general result by making use of some of his
preliminary propositions. In § 1 we state the main theorem and outline

the proof. The details occupy us in §2-§4. In §5 we show how to
obtain the more general result.

1 Z= the additive group of integers with discrete topology, B;(G)=
{feB*(G): f0) < 1}
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1. Statement of the main theorem and outline of the proof,
THEOREM 1. If F operates on O(R') them F is given by

) Flz)= 20 ¢,.22"  (z]=1).
n,m=0
(en,mz0)

With >\ o Cmyw = L.

Assuming that F is continuous it is first shown that F operates
on Bi(RY). It then follows that

F(re')y = ]gw a,(r) exp (2k0)

0=+ =<1) whereaq,(r) =0k =0, =1, £2, -..), Having obtained this
representation we prove that not only is «,(r) nonnegative, but also
absolutely monotonic. Thus

(1) Flre®) = S, S a,.7" exp (ik0)

lp=—o0 n=0

with a,, = 0. On the other hand, if the theorem is to ke true, then

=00 m=0
n—m=k

F(re) = i { > cn,mr”“‘} exp (tk0) .
k n,

In order to pass from (1) to (*) «,(r) must actually be of the form

ak(r) = /},,lkl Z bk,n/rﬂn
n=0

with b,, = 0. To prove that the exponents of » in a,(r) increase by
two can be done directly (Lemma 5). To prove that a,(r) = O(r'*)
(near r = 0) we introduce the more general representation of F'

F(r,exp (ing) -+ ryexp (INE) + +++ -+ 7, eXp (TN,0))

= 5 e, (a7 e ) exp (i3 kot
1gisn

where (ry, 7y, +-+, r,) varies in a suitable cube of R". The vanishing

of a,(r) to the correct order is then deduced from the simple observation

that @ ,uy,.i, (T T2y =20, 70) = O(rry -+ - 7,) if all k; # 0 (Lemma 4).
Finally we turn to the question of continuity. Since F(¢) is a

continuous function for every ¢ ¢ @(R'), the natural approach would be

to prove directly that z,— 2, implies F(z,) — F(z,) by constructing a
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ch.f. ¢ together with a bounded sequence {t,} such that ¢(t,) = z,.?
However, as the referee has observed it suffices to prove a slightly
weaker interpolation property; namely that some ¢ € @(R!) exists which
interpolates, on a bounded sequence, some subsequence of the {z,}. His
lemma and proof are given in § 4.

2. Several lemmata. In this section we assume that F is
continuous on 4 = {z:]2] = 1} and operates on @(RY).

LemMmA 1. If pe Bi(R') then F(p)e Bf(RY).
Proof. 1t suffices by Cramey’s criterion [5, p. 65] to show that
SASAF(p(t — w)) exp (it — w))dtdu = 0

for all real @ and A > 0. If the lemma were false there would exist
therefore and 4, > 0 and 2, such that

(2) S:‘OS:DF(Z?(t — w)) exp (1%t — w))dtdu = —d < 0°.
The function
_ |t .
Pt = {(1 pO)(1 - L) it o=
0 if [¢]> ¢

is in B (R") for every ¢ > 0, [5, p. 70] and thus ¢, = p, + p< B*(R").
It is, in faect, in O(R') since ¢,(0) = 1. Because F operates on @(R').

(3) S: OS :OF@E(t — u)) exp (iwt — w))dtdu = 0 .
On the other hand
IS: OS:O {F(p(t — w) — F(g(t — w))} exp (Gt — u))dtdu]

- HGS {F(p(t — w)) — F(g:(t — u))} exp (Gao(t — u))didu ’ < 44,
Go={tu:0=<t=<A,0=<u=<A,|t—u| <e

since |F(?)| =1 on 4. If we take ¢ < d/44, then (3) contradicts (2).
Let n be a positive integer and 2w, A, A, -+- A, be rationally
independent real numbers. For each vector m = (m,, m,, -+, m,) with

2 We were not able to deduce this strong interpolation property for @(R!) and
this necessitated a somewhat round about argument in the original version of this
paper.

3 That the integral in (2) is real follows from the easily verified identity F(z)=F(Z).
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integral components and each vector r = (v, 7, --+,7,) with 0=
r; <1l/m @1 =4 =mn) we formally define a,(r) by

(4)  a,(r) = limit —1 g F(Z frk eXp(mkt))epr it mkhk}dt.
T k=1 ( k=1

Toe 2 -7

LeMMA 2. The limit in (4) exists and ts independent of
Ny Ay, =00y N, (Drovided that 2w, Ny, Ny, + ++, N, are rationally independent
real numbers).

Proof. Combining Lemma 1 with the observation that
;:]1 7, exXp (4N, ) € BT (RY)
we see
F(35 i exp (i) € B (R)

and hence the limit in (4) exists [5, p. 43].
The Kronecker-Weyl theorem [9] next shows that

o= (G T [ #( o)

(5) n
X exp —1 Z m$,, d¢1d¢2 e d¢n
e

and hence «,(r) is independent of the particular {\;} chosen.
A function f defined on the cube 0 =2, < a(l =17 =n) is called
absolutely monotonic function if

J1tdatee i
Q - . - f(xuxzy""xn)go
0ri102i2 « -+ 0xin

throughout the cube for j5,,7; *++,5,=0,1,2, --- Just as in the case
of one variable, an absolutely monotonic function admits a power series
expansion with nonnegative coefficients.

LEMMA 3. The pointwise limit of absolutely monotonic functions
1s absolutely monotonic.

Proof. For m =1 the lemma is well known. We then proceed
by induction to n + 1. Suppose

lmit fo(ry, 75y o0y Toss) = f(r, Py 000y 7o)

k—oo

For fixed », 7, +-+, r, we have



1284 ALAN G. KONHEIM AND BENJAMIN WEISS

Folryy Poy ooy o) = ; ey i(T1y Ty =0y Ta)Vhgs — (1, Ty 200, Tar)
and hence
Sy 7oy o oey Puy)) = g} (T, Ty * ooy To)Tin
with
ATy, Tay v o0y Ty) = lir_)rgt i (Pyy Tay =005 T0) o

Since a,, {7, 75, -+, 7,) i8 an absolutely monotonic function the induction
hypothesis implies a;(r,, ,, -+, 7,) i8 likewise so and lemma is proved.

LeMMA 4. In the cube 0 = r, <1/n(1 =7 = n)
(4i) a,(r) is an absolutely monotonic function

(6) (1) = 5 iy, (myriine 7l
1§:77'§n
and

(4ii) If m; # 0 for every 1 (1 =t =< n) then a;;,...;,(m) =0 if
4; =0 for some j (L =5 < n).

Proof. 1. Generalizing a result of Rudin [6, p. 618] we will show
that if f is continuous in the cube 0 < x; < ¢ (1 <4 < n) and satisfies

2w (2w 2
(7) S S S fla, + b, cos b, a, + b,cos by, ++-,a, + b, cosd,)
0 0

0

X f[ co8 j,0,d0, = 0
k=1

for all integers 7., 75 +++,4,.=0,1,2, -+« whenever 0 < b; < a;, a; + b; < a,
then f is absolutely monotonic in the cube 0 =2, < a (1 =17 = n).
2. To see that a,(r) satisfies (7) (with @ = 1/n) we observe that

I: < 1 >”b SMS%‘. .o SZﬂa’m(al + bl COS8 01, e, _I_ bﬂ cos 0%)
271' 0 Jo 0

X II cos 7,0, do,
k=1

n (*2r (f2n 2r
=<?17r—> S S g a,(a, + b cos by, «++,a, + b,cos0,)
0 0 0

X exp —1% Enj 7.0, d6.d6, -+ - db,
k=1
since the integrand in I is an even function of each of the {¢,}. Next,

the integral representation of a,(r) and the Kronecker-Weyl theorem
yields
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n (27 (27 2T
2w 0 Jo 0
x F((a, -+ b, cos 0,) exp (¢¢,) + --- + (a, + b, cos 0,) exp (14,))
X exp —1 ]Z:l (710, + my8,) db, « -+ dO,d, - -+ do, .
A final application of the Kronecker-Weyl theorem shows

T n
I = limit 2_1f§ F(kz (@, + b, cos C,t) exp (mt))

oo -r
X exp —1 é,l (7.8, + mN, )t det

and this limit is nonnegative because
/z:‘ (@, + by, cos Cy+) exp (i) € BA(RY) ,

Lemma 1 and [5, p. 43].

3. Suppose first that f satisfies (7) and is of class C=. To show
that
(8)

fitriatttin
- - - f(xlra:b'”;xn)go
axflawéz e 6”1{"

in the cube 0=, <a(l=t=n) welet N=j,+7,+ --+ + 4, and
write, by Taylor’s theorem,

f(a’l + bl Cos 617 ey Ay + bn cos 07;)

(9) :§—1-<blcost9l 0 + e +bncosi>kf
=0 k! ox, ox,

’”if‘zi
1=isn

zy=a;+n;b;0080; o
1=izn

1 (b 0,0 ... 4 b,cos0,-2 )N“f
cos cee « COB U,

(N + D1\ Yo P
Multiply (9) by TI%-.cosj.f,dd, and integrate from 0 to 27, Set b, =
b < min, a, and let b | 0 to obtain (8).

4. If f is a priore only continuous, we proceed as follows: let
g: R'— R satisfy

(i) geC~

(ii) g@) > 01if 0 <t <1;g(t) =0 otherwise

1

(iif) Sg(t)dt: 1.

If f satisfies (7), then so does

Fildy @ oevy 1) = SS S

0,0 0

1 n

X @+ Oy -+ ey @+ 00 1L @Ay

¢ The numbers 2z, A1, * -+, An, {1, -+, {» are taken to be rationally independent real
numbers.
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onthecube 0 =2, <a—d(1 =% =n). Nowf;€C>and the argument
in 3. applies to show that f; is absolutely monotonic. But f;— f
(pointwise) in the cube 0=z, < a (1 =% = n) and Lemma 3 permits
us to complete the proof of 4(i).

5. If m, # 01 = k = n) then from (5) we see

a’m(O’ Tay * o2y /rn) - am(lrly 07 Tgy =2y Irn) = e
= (r, Ty ***, Try, 0) =0

and this yields (4)ii.
LeMma 5. If

W) ax(r) = o= | F(rexp (i9)) exp (~ik) dg
E=0,+1, £2, ...

then
5(1) ay(—7r) = (—1)fa,(r)
and

5() ar) =S @ —l=r=1
J=0
with
a5 = 0 %ak,:‘< oo .

Thus

Zoak,z,-'rzf if k is an even integer

£

a,(r) = -
E;)ak,gmfr”“ iof k is an odd integer .
&

Proof. For 5(i) note

a(—7) = gl;r—gm expi(@ + 7)) exp (—ik¢) dg = (—1)a(r) .

Proceeding as in the proof of Lemma 4, we show that

2r
S a,(cos 0) exp —wvd df = 0
0

y=20,+1, +2 ...

so that a,(cos-)e BT(R"). It follows from [4, p. 202] that

a,(cos ) = i b,,; cos 5O
=0
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with

H\/

0>,
7=0
If T; denotes the jth Tchebychev polynomial then
(11) w@) = 30, Tiw) —1=a<1.

Jj=0
But for 0 < 2 =1, Lemma 4 yields the representation

Q@) = 3 a0
=

with

Oy = 0 5; Ay, < 0,

=
Using elementary properties of the Tchebychev polynomials and

the fact that the Fourier series of a C* function may be differentiated
term-by-term, 5(i) and (11) imply that the equality

> Q7 = Z by, Ti(x)
7=0 j=o
extends to —1 < 2 < 1, and this proves 5(ii).

3. Proof of Theorem 1 with hypothesis of continuity.
F(r exp (1¢)) is a continuous, periodic, nonnegative definite function.
We can therefore write

(12) F(rexp (i9) = 3_au(r) exp (ikd)
0=sr=<1 0=g¢=2n
with
() 2 0k =0, £1, %2, -++) 3\ ay(r) = F(r) .

In (12) we set z = r exp (¢¢) and use Lemma 5 to conclude that

(13) F@) = S con2@"+ S (dpn"[7™ + e, 2" /2")
n,m=0 1Sm=En<eo

with
Com=0(m,m=20,1,2,--.)
dnmzo bon Z20(L=m=mn < )

nym + Z‘ (d’ﬂym + en,'m) = 1 .

=0 l=m=n<oo

K

U

n
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We will now show that d, ., = 0. Let 27, A, -+, ), , \ be rationally
independent real numbers and set
70
(14) 2z = rexp (Int) + > 7, exp (PN, 1)
k=1
in (13) where
0s=r<2B8 r.=7r2n QA=k=n).

Let m = (m,, 1,1, ---, 1) and note by Lemma 4
\_—ﬂ/—ﬁ—/

o

(15) am(r, Tiy Toy =02y 'rno) = lerrllrz s oy —+ 0(7'7'1'}"2 fe 7"”0)

— 1 >n0n+l no+1
_C'"<2n0 PRt g o(pmott)

Examing the term 2%/2f with 2z as in (14) we obtain
70 a
(7‘ exp (at) + > 7, exp (i)nkt)>
k=1

ng B
(7’ exp (—oAd) + > 7, exp (—ikkt)>
k=1

(16) = ret(oxp (7d) + = 3 exp (ind)) exp (G6M)
2n, k=1
oo 1 ng . » B
S0l oo ) -

so that only the terms 2°/zf with B8=m,—J,a=n,+50=j5=m,—1)
yield a contribution to a,(r, 7\, 75, +++, 7,). But with 2 as in (14)

T
limit -2%5 [0 exp (—i(ma 4+ Ny 4 - e MO

—-r

— Djrng~m0+2j
with Dj.= 0 for j = 0. Thus (15) implies that d,,., = 0. A similar

argument shows e, ,,, = 0 and the theorem is proved with the hypothesis
of continuity.

4. The continuity of F?, We begin with an interpolation lemma.

LeMMA 6. Let z,—2,(2,|<1,n=0,1,2,--+). There exists a
ch.f. ¢, a sequence (of real numbers) t, — 1 and a sequence (of integers)
{n} such that ¢(t,) = z,,.

Proof. Let z,=1—(2/3)9"; then (9"/2)r, = (1/6) (mod 1) while
9*t"/2)z, = (1/2) (mod 1) for m > 0. Hence

5 We wish to acknowledge our thanks to the referee for the statement and proof
of Lemma 6.
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cos_9”7 = 1/23 , c0579”+”r =0(m > 0)

and cos (7/2)9" = 0. Let {,} be a sequence of positive numbers such
that

120]‘!‘27]%<1.
n=1
We define inductively a sequence {¢,} of positive-definite functions
as follows; let
§50(t) = lzo l ei(a\rgzo)t )

Assume that ¢, ¢, ---, ¢, have been defined such that ¢;(1) = 0 for
j > 0. Choose integers m,, and n,., such that

v
Vpr1 = ]Z([) ¢j(Tvnp+l) - an+1 <
i=

Y p-a
2

and define '
?pri(t) = 27, (cos slet)(cos 9o+ 1t> iAp1t
where ¢,., and \,,, are chosen such that
»
¢1>+l(fmp+1) - ”p+l 2:.11 ( mp+l) .

We shall assume that the sequence {m,} is strictly increasing. If we

set ¢, = 7,, and

o(t) = z 6:(1) - eA(t)

where 4(z) = max (0,1 — 2|z|) and ¢ > 0 is such that ¢(0) =1 then
8(t) =2, (k=1,2,---) and ¢ ¢ O(R").

LEMMA 7. F 1s continuous in the open unit disk {z:]z]| < 1}.

Proof. Suppose not; then there would exist a z,|2,| <1 and a
sequence {z,} (|2, | < 1) such that z, — z, and F(z,) 4 F(z,). By passing
to a subsequence if necessary we can assume that {F(z,)} converges.
By Lemma 6 there is a ch.f. ¢ and a sequence (of real numbers) {¢,}
with limit one such that ¢(¢,) = Z,,. But then

Fzo) = F(9(1)) = limit F(¢(¢,)) = limit F(z, )

which is a contradiction.
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REMARK. For future reference let us note that Lemma 1 now
shows that F' operates on Bi(R") U @(R").

LEMMA 8. F is continuous on —1 <2 <1,

Proof. By observing that F(cos:)e @(R'), we obtain, just as in
Lemma 5

F&) = 3, p,T.()

where p, = 0 and

Since | T,(x)| <1 on —1 <2 =<1, F is continuous there.
THEOREM 2. F is continuous on 4.

Proof. Aswe have already remarked, F' operates on B (R') U @(RY).
Now Lemmata 2-5 carry over mutatis mutandis to prove that

(20) Fz) = S ¢, 22"
nym=0

lz] <1

where ¢,,,, = 0. Setting z = ¢ in (20) and using Lemma 8 we see that

ComX®* =F(1)=1.

M

limit 3
z11 k=0 n

4

33
%

0
k

But the {c, .} are nonnegative and hence

Covm = 1.
0

i

7

Thus our series in (20) extends to a continuous function on 4. We
agsert that F' is equal to this extension. For let ¢ e @(R") t, — t, with
0 < |ty <1,|é(t)] =1. Then F(¢) is a continuous function and
thus limit F(¢(¢,)) = F(¢(t,)). But

limit F(¢(t)) = limit 3 0, n(#(6))" (3"

= 3 C0uld(t) @)
and thus

me:%gwmwﬂmw

n 0
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5. Concluding remarks. In order to obtain the general theorem
we require two propositions due to Herz [2 p. 165, p. 167].

ProprosiTioN 1. If a locally compact abelian group H has elements
of arbitrarily high order then every F' which operates on (B (H), B*(H))
is continuous.

ProrosiTiON 2. If a locally compact abelian group H has elements
of arbitrarily high order, then every F' which operates on (B (H), B*(H))
operates on (B (%), BT(Z)).

REMARKS. 1. In Propositions 1 and 2 it is assumed that F is
defined on {z:|z]| < 1}.

2. Proposition 1 does not include our Lemma 7 since we assume
merely that F' operates on @(R'), not on (Bf(R'), B*(RY).

THEOREM 2. If a locally compact abelian group H has elements
of arbitrarily high order, then F operates on (B;(H), BT(H)) tf and
only ©f

F) = 3 .27, (2]<1)

n,m=0

where ¢,,, = 0.

Proof. By Propositions 1 and 2 we may assume that H = Z and
that F' is continuous. It suffices, by the proof of Theorem 1, to show
that F operates on (B (R'), B*(R')). Suppose A€ Bf(R') and set ¢ =
F(\). Since ¢ is continuous all that must be verified is that ¢ is a
nonnegative-definite function. For any ¢ > 0, the sequence {», = M(nd)}
is nonnegative definite and therefore by the hypothesis {¢(nd)} is a
nonnegative definite sequence for any 6 > 0. Since ¢ is continuous

S:qui(u — v) exp (tx(u — v))dudv
= limit %’;i (1 — m)d) exp iwd(n — m) 8 .
But since {¢(nd)} is a nonnegative-definite sequence for each 6 > 0
n[il #((n — m)0) exprxd(n — m) 0*°=0
and hence by Cramer’s criterion ¢ is nonnegative definite.

We conclude with a few remarks.
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1. There is a formal relation between the result of [1] and our
Theorem 1. Every real-entire function F' can be written in the form

F=(F —F)+uF, — F)

where F, F,, F, and F, satisfy (*). On the other hand every fi¢ B(@)
is of the form

ﬁ = (ﬁl - ﬁz) + 'L(ﬁs - //24)

where £, /i, fi, and 2, are in B*(G). A direct proof of our theorem
starting from this observation would be desirable.

2. The proof given here of Theorem 1 demonstrates in one stroke
that F' is real-analytic in 4 and if it is expressed as a power series in
z and 7 it has nonnegative coefficients. If one could prove directly that
F operates on all Fourier transforms assuming values in 4 then proof
of the theorem could be completed in two steps:

(A) F is real-analytic [7, Chapter VI| and thus

F@) = 3 ¢, .22
n,m=0
B ¢pn=0(mn,m=0,1,2,..--) The second step is a consequence
of the explicit representation

r n+m
Cpym = limit limit —=  —— g F (Z 75 eXp ('é?»,j))
rl0 T—oo /}anq—m 2T 7 =

X exp (% ME—i3 xﬁkt) o

where the inner limit exists and is positive by virtue of Lemma 1 and
[5, p. 43] and the outer limit exists by (A) above.

3. For nondiscrete G with elements of arbitrarily high order one
can show by using the methods used in the proof of Theorem 1, that
F operates on @(G) if and only if F satisfies (*). If G is discrete this
needn’t be the case, and F needn’t even be continuous as, F(z) =
0(Z])<1),=1(z|=1), which operates on @(Z) already shows. For
such discrete groups we don’t know if it is true that F' operates on
@(G) implies that F must operate on B (G@). If it were true then at
least the structure of F' for |z| < 1 could be determined.
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