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Recently an extensive work by L. K. Hua on harmonic
analysis in Cartan domains, which are called the classical do-
mains, has been translated into English. Here we give Harnack’s
inequalities for the four main types of Cartan domains treated
by Hua.

Harnack’s inequality on a type of Cartan domain was obtained [6]
for the case of square matrix spaces. Some of these inequalities are
application and extension of the results of [6]. I am grateful to
Professor J. Mitchell for her encouragement and comments on writing
this paper.

Let z be a matrix of complex entries, z* =%’ the complex con-
jugate of the transposed matrix 2z’ and I the identity matrix. Also
H > 0 means that a hermitian matrix H is positive definite. The first
three types of Cartan domains are defined by D, = {z:I —zz* > 0},
k=1,2,8, where for D, = D,(m,n), z is an (m,n) matrix (Since the
conditions I —zz* >0 and I — z*z > 0 are equivalent we assume for
definiteness that m < ».), for D, = D,(n), 2z is a symmetric matrix of
order n and for D; = Dy(n), # is a skew-symmetric matrix of order n. The
fourth type, D, = D1, n), is the set of all (1, ») matrices, or n-dimen-
sional vectors (n > 2), of complex numbers satisfying the conditions

(1) 1+ |z2'P—222% >0, [z2'| < 1.

It is known that each of the domain D, possesses a distinguished
boundary [1] or characteristic manifold [2, p. 6] C, : C, = C,(m, n) consists
of the (m, n) matrices u satisfying the condition uu* = I. C, = Cy(n)
consists of all symmetric unitary matrices of order n. C,= Cy(n)
[2, p.71] consists of all matrices u of the form u = w’'s,w, where w
is an n-rowed unitary matrix and

0 1 1 . 0 1 £

~1 0 -+ 1 0 or even 7
(2) , =

0 1 1 . 0 1 L0 P ad

1 0 4 1 0 4+ or o n.

C, = C,(1, n) consists of all (1, n) matrices # of the form
(3) u = ex , ' =1, 067
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where « is a real vector.

We denote the Poisson kernel on D, by P.(z, u), its explicit forms
[3, 4] being given in following sections. The following Dirichlet
problem is solved on D, [2, 3]: Given a real-valued continuous function
f(w) on C,, the Poisson integral

(4) #) = | flu) Pz, wpi

where % is Euclidean volume element on C,, gives the unique function
which is harmonie, in the sense given in [3], on the closure of D, and
takes the given boundary values f(u) on C,. We obtain Harnack’s
inequality on each D, as a consequence of evaluating upper and lower
bounds for P(z, u).

2. Harnack’s inequalities on D, and D,. The Poisson kernel
on D, [3,4] is
1 [det (I — zz*)]"

(5) Pz, u)=—V—1 det (1 — zu®) [*

where ze D,, ue C, and V, is the Euclidean volume of C,. It is known
[4, p.411] that P, > 0 and S Pa=1. In [6], we obtained bounds of

0.
the Poisson kernel (5) for the case m = n:

O R )

where z = w,Rv,€ Dy(n, n), ue Cy(n,n), 4, and v, are unitary matrices
and R = (0;,r,) is a diagonal matrix with0 <», <1 fork=1,2,.--,m.
In_ order to obtain (6), we proved the inequality

(7) L —r) < |det (I — zu)f* = | det (v — R)o* — B)| < [ (L + )

where u, € C/(n,n), is any unitary matrix of order n, z¢€ D,(n, n) and
v = UFuvs.

For ze D,(m, n) there are unitary matrices u, of order m and v,
of order » such that z = u,(R, 0)v,, where R is a diagonal submatrix
(05,r;) of order m and O is the (m, n-m) zero submatrix [3, p.1049].
Hence

(8) det (I — z2*) = det (I — RR*) = [1 (L — 72) .
k=1

For the denominator of (5) we have

(9) det (I — zu*) = det (I — (g)(g)"‘)
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where 0 is the (n-m, n) zero submatrix and u, is chosen so that U = <Z)
1
becomes a unitary matrix of order » [5, p.190]. If we also denote

Z = (o>’ then Z e Dy(n, n) and Ue Cy(n, n) for the case m = n. There-
fore from (7)
(10) max {|det (I — ZUSP} = TT (@ + m) = [T @ + Y
ven k=1 k=1
and
(11) min {| det (I — ZU)[} = TT (1 — 7, = T —r)
Ueo; k=1 k=1

since 7,4+, = +++ =7, =0 in Z. Finally from (9), (10) and (11) we
obtain

(12) ﬁ (1 — 7)< |det (I — zu®) < kﬁl(l + 7)°
k=1 g
where z = u,(R, 0)v,€ D,(m, n) and uwe C(m,n). This and (8) lead to

LG s re s RGN

for ze D, and weC,. Furthermore from (4) we obtain Harnack’s
inequality

m /1 1+ 7,
I (157) 50 = 00 = T1(;52) 900).

For z€ Dy(n) it is known that there is a unitary matrix %, such
that wpu; = (0;,7,) where 7, -+, r, are the positive square roots of
the characteristic roots of 2z. Since ze€ Dy(n) implies z€ D,(n, n) and
the characteristic manifold Cy(n) is a subset of Cy (%, n) we know that
(7) and (8) hold for z€ Dy(n) and ue€ C,(n, n), and it can be seen from
the Poisson kernel

1 [det ( — zZ)]"+0

P. =
o) = 5 e (T = )™

that Harnack’s inequality on D,(n) is

1 — e (n+1)/2 1+ s (n41)/2
(G52 o =se = T (;52) w0,

=
A=t

3. Harnack’s inequality on D,. The Poisson kernel on D, is

1 [det (T — z®)]*
P. —_ =
& W) = 5 e (T — 2u)
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where @ = (n — 1)/2 for even » and @ = n/2 for odd n. For ze Dy(n)}
it is known [2, p. 67] that there is a unitary matrix u, such that

(O 7 L 0 m)_i_ +( 0 ’r,,> P
or even %
—r, 0 —7r, 0 —7r, 0
0 »\./[0 n)\.
(—7'1 0)+("‘7'2 0>+

where b = n/2 and 73, v}, --- are characteristic roots of 2z*. Thus for
even n

(18) wuruy=s = 0
r
-i—( m) 40 for odd »

—Tw

uR*ug = [ri, ri, o, ri, ri] .

And for all n
det (I — zz*) = det (I — uprz*uy) = ’ﬁ 1 -7,

We denote the right hand side of (2) by u, with the change that
the last term 0 be replaced by 1 in the case of odd ». Hence u, is a
unitary matrix of order # and from (13) su; is a diagonal matrix
R={[r,r, -, ry, rm] for even n and R, = [R, 0] for odd n. First
we consider the case of even n. We notice from (2) that weC; is
skew-symmetric unitary. Therefore for ze D, and ue C;

|det (I — zu*)| = |det (I — uFsuiu,#,u*)| = |det (v — R)|

where v = uuuiu; is a unitary matrix of order n. Hence from (7) we
have

(14) k{_’i (1 — 1) < |det (T — zu*)] < If_[ (1 + 7).

For the case of odd n, we notice from (2) that det(u) =0. It is
known [3, p. 1073] that any ve Cy(n + 1) can be written in the form

( wown h=(0,---,0,¢0%
v = ’ =, -, 0,¢
—hw 0

where u = w’s,w € Cy(n). Hence for odd n

0 ’h’ E3
det (I — zu*) = det <I<n+1> - (z )( v ) )

0 0/)\—hw O
and from (13)

(5 oo olls o =#+(o o)

Since » + 1 is even we can apply (14) and obtain
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ﬁla — ) < |det (T — zu*)| = lﬁl(l ).

As the result, this inequality is good for both odd and even n. Thus,
as in § 2 we can obtain both bounds for the Poisson kernel Pj(z, u) and
finally Harnack’s inequality on D,(n) as

1 (F52) 50 s 60 = [ (F52) %0

where b = n/2 and @ = (n — 1)/2 for even » and a = n/2 for odd n.

4. Harnack’s inequality on D,. The Poisson kernel on D, is

1 (A + |22 — 2z2%)"
V, |1+ zz'uu’ — 2zu*|"

Pz, u) =
where ze D, and ue C,. For every fixed z€ D, there is a real ortho-
gonal matrix ¢ such that [3, p. 1037]

(15) 2 = (R 25, 0, -+, 0)t .
Thus we have
1+ (22 P —2z* =14 |20 + 23" — 2(|2. " + |2:]%) .

Here by denoting 2z, — iz, = w, = r,e?® and 2z, + 92, = w, = 7,6,
from (1)

16) 0<1+ |2z —222* =1 —|w, A — |w. ) =1 — r)A — 7))
and
0<l— |z |=1—|z1+2=1—|ww,| =1—17rmr,,
hence
0=r.<1, E=1,2.

Next, from ze D, in (15) and ue C, in (3)

z2un = (23 + 22)e"0 = w,we
and

2zu* = 2(2,, 25, 0, +++, 0)tx’e™* |

By denoting ¢ = (¢;,) we have ta’ = (a,, a,, * -+, @,) Where a; = >3i_.t;2;
and since

> a; = (o) (ta') = at'ta’ = w2’ =1

=

-
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we have a} + af = 1. Now with 2z, = (w, + w,)/2 and 2, = «(w, — w,)/2,
we have 2zu* = (aw, + aw,)e~*® where @ = a, + %@, and |a > < 1. Thus

17 1+ z2'un’ — 2zu* = 1 + w,w,e > — (aw, + Gw,)e* .

We wish to find upper and lower bounds for the absolute values of
expression (17). We consider the image of the closed unit disk |a| =1
under the mapping f(a) = aw, + a@w, for @ = re¢**. Here f(a) can be
written in the form

@) = rlre® + e) + (r, — 1) Pleiorronre

where 8 = a + (6, — 6,)/2. For the case r, = r,, f(a) maps the closed
unit disk onto a line segment of length 4r,, When », #* 7r,, the image
is a simple closed connected region. Furthermore the image of the
unit circle is the line segment when 7, = 7, and is the boundary of the
region when 7, # r,. Hence from the fact that 1 + zz'ue’ — 2zu* = 0
[3, p.1079] we know that the maximum and the minimum of the ab-
solute values of (17) can be found in the case |a| = 1. Thus

1+ waw.e™ — (aqw, + aw,)e~® = (1 — aw,e®)(1 — Gw,e*)
and therefore

L —r)1 —7) S |1+ z'uw’ — 2eu* | = (1 + 7)1 + 1) .
This and (16) give us

1 H(’l-“‘m>l < Pz, u) <

V4k11+rk f=I<1+Tk>

L
V 1“‘7‘],

and the corresponding Harnack’s inequality

I(3 7)o = 60 = [ (FE2) " 60).
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