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This paper concerns E. Cartan's theory of systems of ex-
terior differential forms. We define a purely algebraic model
which determines many of the system's properties. By algebraic
constructions such concepts as "involutive", "characters" and
"prolongations" are defined and the main theorems are given
simple algebraic proofs. These methods are applied to charac-
terize systems which reproduce themselves under prolongations.
The prolongation theorem of Kuranishi is proved algebraically.

The purpose of this section is to explain the sources of the alge-
braic structures studied in the rest of the paper. E. Cartan initiated
the study of exterior differential systems in [1, 2]. In [2] they were
treated in a very algebraic manner which was used in Cartan's theory
of infinite groups. Kuranishi in his prolongation theorem [6] again
reduces problems to algebraic questions. We wish to isolate and ex-
ploit the purely algebraic characteristics of these systems even more
fully in this paper.

Cartan studied systems of "Pfafϊians", i.e., differential equations
defined by a finite number of linearly independent real analytic 1-forms
on an open ball in En. Let A denote the module of real analytic 1-
forms over the ring R of real analytic functions on a fixed open ball
in En, Euclidean w-space. Consider AA — Λ°A + A1 A + ••• + ΛnA,
the exterior algebra generated by A over R. Let S and I be sub-
modules of A. S is the given module of Pfaffians which define for
Cartan partial differential equations. / is called the module of inde-
pendent variables. Let (S) denote the ideal in Λ A generated by S,
We use this ideal because if S is zero on some integral submanif old of
En, so is every element of (S). Let d denote the exterior derivative»

Choose a linear subspace T of A so that A is the direct sum of /,
2\ and S. Let j : Λ2A -> Λ2A/(S) ^ I A I + I A T + T A T be the
natural epimorphism. Then jod: S - » I A I + I A T + T A T. How-
ever, in [2, pp. 577-8] Cartan shows that we may always assume T
chosen so that jod: S —> I A T — I®T, and so we are led to study
linear transformations d: S —> 7 0 T. This was the viewpoint in my
recent paper [5]. Observe that δ = jod is linear over R. For, if fe R,
σeS, d(fσ) = df A σ + fdσ. Hence δ(fσ) = jod(fσ) = j(df A σ) +
fj(dσ) = fjd(σ) = fd(σ), since df A σ e (S).
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424 H. H. JOHNSON

Historically the use of R instead of the more customary ring of
C°°-functions was because the supporting partial differential equations
theory exists only in the analytic case. But R also has the property
of being an integral domain. If F denotes its quotient field, then we
may consider S, I, T, 1(g) T as vector spaces over F, and δ as a linear
transformation on these vector spaces.

This will enable us to use the techniques of linear algebra to define
Cartan's numerical invariants and his concept of "involutive". These
are usually defined pointwise and then their maximum values used in
studying the global systems. Cartan wrote of "generic" properties [3],
and we return to his concept, defining a generic system by extending
the field F in a suitable manner. In § 4 these methods are applied to
the study of systems which reproduce themselves under prolongations.
In § 5 the higher order prolongations of a system are identified as
certain mappings on tensor products of the original spaces. These
results are applied in § 6 to given an elementary proof of Kuranishi's
prolongation theorem. In this paper it seemed more convenient to study
the dual of δ, defined below.

Differential systems and prolongations*

DEFINITION 1.1. A (differential) system (Z, T,d, S) consists in 3
vector spaces /, T, S over a field F and a linear transformation
d: I ® T —> S. The space I is the vector space of independent variables.

Denote by i the identity transformation on various spaces and by
" the dual of the canonical epimorphism I*®/*—>I* Λl*.

DEFINITION 1.2. (/, U, δ, T) is a prolongation of (I, T, d, S) if
d(i ® δ)(j (g) i)(I A I(g) U) = 0. That is, the composition

is zero.

DEFINITION 1.3. The (total, normal) prolongation is defined as
follows. Let

V= {φeRom(I, T) \ d(i®φ)j(If\ I) = 0} .

There is a natural linear transformation δ:I®V—>T satisfying, for
ωe I, φ e V, δ(ω ® φ) = φ(ω).

In [5] the author showed that the normal prolongation is a pro-
longation and in fact maximal in a certain sense among all prolongations.
In the present paper all prolongations will be normal, so we shall omit
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the qualification "normal".

2. Involution. E. Cartan characterized algebraically exterior
differential systems of equations which could be solved by the Cauchy-
Kowalewski system [4]. Systems satisfying these algebraic conditions
are called "involutive". We shall define this notion and prove some
results about it.

Let (I, T, d, S) be a system. Let ojlf , ωp be a basis of I. Let
Ih denote the subspace of I spanned by ωly , ωh.

DEFINITION 2Λ. An integral element of dimension h (relative
to G)U , o)p) is a linear transformation φh\ Ih—>T such that
d(i (g) φh)j{Ih Λ Ih) — 0. This means that for all ί ^h, j ^h,

diω, <g) φh(ωά)) - d(ωs <g) φh(a)i)) .

Let «J^ denote the linear space of integral elements of dimension
h. Then ^ and ^ are isomorphic to T and V, respectively (see
Definition 1.3). There are natural linear transformations ph+1: ^ + 1 - ^ ^
obtained by restricting elements in ^ + 1 to Ihi h = 1, 2, , p — 1.

DEFINITION 2,2. (J, T, c£, S) is h-involutive (relative to ωu , ωp)
if /9̂ +j is â epimorphism. It is involutive (relative to (Ou , ωp) if
it is h-involutive for each h = 1, 2, , p — 1. (I, T?d, S) is involutive
if it is involutive relative to at least one basis α^, , ω p .

Let &*h be the kernel of ph_l9 let rΛ(ft>3, , ωv) = r^(ω) = dim ^ ,
τo(ω) = dim T. Then dim ^yk_x g τfc(ω) + dim ^ , and equality holds if
and only if (/, T, d> S) is fe-involutive (relative to ωu , ωp). Hence
one can prove the following:

THEOREM 2.1.

dim V ^ τo(ω) + τ^ώ) + . . + τp^{ω) ,

and equality holds if and only if (I, T, d, S) is involutive (relative
to ωu - , 4

Now, let α)!, , ωp be any fixed basis. Let F(x) be the field of
rational functions over F in variables x)\ i, j = 1, 2, , p. Let J* =
I(g) ,F(OJ), T* = Γ (g) FF(a?), S* = S (g) FF(x), regarded as vector spaces
over F(x), and extend ώ to be a linear transformation over F(x) on
ί*®ί'(χ)ϊ T * into iS*. Let
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Then μ l f , μp form a basis of I * . We intend to use μu , μp as
a "generic" basis of I. Let 7* be the subspace spanned by ωu •••,
ωA, and define ^ * , |0*+1, ^**, τ* as before.

PROPOSITION 2.1. If τh(ώ) is defined relative to some basis ώu ,
ώp then τA(α>) g τ*, and equality holds for some basis ώlf , ώp.

Proof. Let 7rlf , πq and Θu , θr be bases of Γ and S, re-
spectively. Then d(ωi (g) 7rλ) = α?λ0tt. If φeg*h, then ^ ( ^ = 0 for
i ^ fe, and ^(/ίA+1) = Σl= 1c

λτrλ, where

Q

rj (n (<\^\ fh\ol ft /\ tl \ Ny * ί*^π ί 11 (\?\ TΓ \

λ = l

V Q

ŷ  v1
 Q^ ̂ .Q^ β — o i < h

k=i λ=i

Thus, the cλ must satisfy the pr linear equations

iakλ ~ZΛ 2i C Xiakλ ~ V , Λ

u — 1, , q .
Z 2
*=i λ=i

Conversely, every solution of these equations yields an elements of ^V\
r* is the number of linearly independent solutions.

Now suppose x) are elements of F such that ώi = ^xki0Jk, Then
the equations for members of &h (relative to ωu , ωp)

Σ V /iXm^M — Π ή <C h

2_ι C Xidkλ — U , I ^ li .

Hence τΛ(ώ) g r j .
We also see from this that it is possible to choose x\ e F so that

τh(ώ) = τ,t, all A,.

COROLLARY 1. τf rfoes ^oί depend on ωu •• ,α)p.

We also observe from the above equations

COROLLARY 2. τ\ g τt+ 1 .

REMARK. This device of introducing F(x) is often of practical
value in computing τh in examples, since the results are independent
of ωu , ωp.

Then if τh denotes the maximum of τh(ω) over all bases ωu ,
ωp we have [3, p. 91].

THEOREM 2.1. dim V g τ0 + + zv_lf α^d equality holds if and
only if (I, T, d, S) is involutive.
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To compare our definitions with those of Cartan, see [2, p. 579].
Matrix (14) there is the matrix associated with the equations for the
cλ in Proposition 2.1. The σh in Cartan's notation are related to our
τh by τh = q - (σ, + + σk).

3* Prolongations of involutive systems* We shall now give
an elementary proof that the normal prolongation of an involutive
system is also involutive [7]. Let (I, T, d, S) be an involutive system
relative to a basis ωu , ωp of I. The (normal) prolongation (7, V,
δ, T) is defined by V = {Φ e Horn (/, T) | d(i <g) φ)j(I A I) = 0}, δ(ω <g) φ) =
Φ(ω). Let Ih1 ^Λ, ^*k, ρh+1, τh(ω) be as before for the system (/, T,
d, S). The entities corresponding to these for (I, V, 3, T) will be denoted
by Ih, JFK, 3*1, ρ'h+i, τ'h(ω), respectively.

P R O P O S I T I O N 3 . 1 . I f (I, T , d , S ) i s i n v o l u t i v e ( r e l a t i v e t o ωl9 •••,
ωp), so is (J, V, δ, T).

Proof. We shall show that p\_λ is an epimorphism for each
h = 1, , p — 1. Let ζ?G ̂ ' . We wish to define φ on ωh+1 so that
^(i <8> ^)i(Λ+i Λ 7Λ+1) = 0, given that δ(i ® £)i(IA Λ JA) - 0. Thus,
φ(coh+1) must be chosen so that if i ^ h, δ[ω{ 0 φ(ωh+1)] =
δ[ωh+1{^}φ(ωi)]. By definition this requires that

Hence, ^(α)A+1) is defined uniquely on JΛ. In fact, if i, &

^ ( Λ Λ <*><)

= d[ωk (g) ^(ω,)(ω^+1)] - d[ωt. (g) ^(ωfc)(ωA+1)] by (1)

d[i (g) Φ(o)i)]j(ωk A ωh+1)

+ d{ωh^ (g) δ(i (g) $)j(a)i A ωk)} - d[i (g) ^ ( ω , ) ] ^ , Λ

0 ,

since ^(α)^ and φ(ωk) belong to V and δ(i (g) ^)i(IA Λ JA) = 0. Thus
^(ωA+1) G ̂ . Since (I, Γ, d, S) is involutive, p f c + i are epimorphisms, so
there exists an extension of φ(ωh+1) to all of I, this extension being in
V. In this way φ is defined on Ih+1 into V and becomes an element
of ^ + i . Thus (o^+1 is an epimorphism for all h.

PROPOSITION 3.2. If (I, T, d, S) is involutive, ^ is isomorphic
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to the direct sum

&* + *̂A + 1 + + ^ _ ! .

Hence τ'h(ω) = Σ?=ί τ ,<<»)-

Proof. Let φ e ̂ . Then φ: Ih+1-+V, φ(Ih) = 0, and δ[i<g>φ]j(Ih+ί A
Ih+1) = 0. If i ^ fe, δ[i 0 ^]i(ω, Λ ωΛ+1) = δ[ω, 0 0(ωA+1)] = φ(ωh+1)(ωi)
= 0. Thus, φ(coh+1) is in F and is zero on Ih. Let ̂  = {φ e V\ φ(Ih) = 0}.
Then φ(a)h+1) e &h, and conversely every element of &h corresponds to
a unique member of ^l. Hence &l is isomorphic to <^.

We have an exact sequence 0 —•> ^ + 1 —> &h —> ^ Λ , and when (/, T,
d, S) is involutive the last linear transformation is an epimorphism.
Hence

^ ^ ^ + ^ + i ^ ^ ^ 4- ̂ + i + + ^ U .

Observe that even when (/, T, d, S) is not involutive one has an
exact sequence 0 —> <^Λ+1 —> &h —> ̂ A , and <^

THEOREM 3.1. // rΛ(ω), h — 0,1, , p — 1, are ίfee numbers
associated with the normal prolongation (/, F, δ, T) of (/, Γ, d, S)y

then

τ'h{ω) S τh(ω) + τh+1(ω) + + τ^ω) .

// (I, T, d, S) is involutive, then so is (/, V, d, Γ), and equality holds
in the above relation.

4* Self-reproducing systems* The methods will now be applied
to study certain systems which remain unchanged under prolongations.
Let (I, T, d, S) be a given system, (J, V, δ, T) its prolongation, and ωt

a nonzero element of J. Define /: F—* T be f(φ) — φ{ω^). Let F —
. Define G: T -> S by G(π) = d(ωλ^π).

PROPOSITION 4.1. Gδ = dF .

Proof. We have Gδ(ω (g) φ) = d(ω1 0 φ(ω)) and dF(ω (g) ̂ ) =
i)). Since ^ e V, 0 = d(i 0 ^)i(ω Λ ωx) = d(ω 0 (̂o>i)) =

PROPOSITION 4.2. If (/, Γ, d, S) is involutive (relative to
), then F is an epimorphism.

Proof. Given ω 0 π e 7 0 T, let (̂α>!) = π, φe^. Then ^ may
be extended to 72, hence to 73, etc., hence to 7. Thus, there is an
element φe V such that φ{co^) = TΓ. Then ^(α) 0 ^) = ω 0 TΓ.
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PROPOSITION 4.3. If (I, T,d, S) is involutive (relative to ωu ,
ωp) and τ1 = 0, then F is an endomorphism.

Proof. The exactness of 0 —> ̂ h —> ̂ + 1 —> «_A —» 0 implies that
the restriction linear transformation ph+1 is an isomorphism for all ft ^ 1,
since Corollary 2 to Proposition 2.1 implies ^ h = 0 for all ft ^ 1.
Then given α^ and π, there exists a unique φ e V such that φ{o)^) — π.

Define g: T —> F by #(ττ) = 0 provided ^α^) = π is an isomorphism
by the above remarks. Thus, dim J ® F = dim I(g) Γ = dim 1 0 F —
dim (ker F). Hence ker F = 0.

PROPOSITION 4.4. If (I, T,d,S) is involutive (relative to ω19 • ••,
ω )̂ and d is an epimorphism, then G is an epimorphism.

Proof, δ is an epimorphism; for, given π 6 Γ, then as in Pro-
position 4.2 we can choose φ e V so that ^(ωx) = π. Hence δ(ω1 ® 0) = π.
ί 7 is an epimorphism by Proposition 4.3, so by Proposition 4.1. G must
be an epimorphism.

PROPOSITION 4.5. If (I, T,d,S) is involutive (relative to ω19 •••,
α>p), eZ is an epimorphism, and dimT ί=dim>S, then G is an endo-
morphism.

Proof. Immediate consequence of Proposition 4.4.

DEFINITION 4.1. Two systems (I, Γ, d, S) and (Γ, T', d', S') are
equivalent if there exist isomorphisms f:T—>T' and G: S —> S' such
that if F = i (g)/: I ® Γ -> J(g) Γ', then Gd = d'ί7.

We have proved the following

THEOREM 4.1. // (I, Γ, d, S) is involutive (relative to ωu , ωp),
zλ — 0, d is an epimorphism, and dim T — dim S, then (I, T, d, S) and
(I, F, δ, T) are equivalent. Thus, under these conditions the prolon-
gation reproduces a system equivalent to the original system.

5. Higher order prolongations* In this section we study the
process of iterated prolongations and identify the system obtained by
prolonging (/, Γ, d, S) a number of times. This will be used in § 6 to
prove a theorem of Cartan and Kuranishi that every system becomes
involutive after a sufficient number of prolongations [6].

If σ is any permutation of 1, 2, , k, we denote by p« the auto-
morphism on (g)fejΓ which satisfies pσ{ω1 (g) (g) ωk) = ωσ{1) (g) ® av^,.
A linear transformation η:®kI-^T is called symmetric when η — ηpσ

for every σ.
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DEFINITION 5.1. Let

Vk = {η e Horn ((g) kI, T) \ rj is symmetric, and

d(i (g) V)(j (g) i)[(I Λ I) <g> ̂ I ] - 0}

if k > 0, and F° = T. If ft > 1, £*: /(g) F* -> F*- 1 is defined such that
if ω e I, 7] e V\ 7 e (8) ^ ί , then [<?&(ω (g) 77)1(7) = 37(7 <g) ω). Also, δ1 = δ
of Definition 1.3. The system (/, V\ δ\ V^1) is called the kth (total,
normal) prolongation of (7, T, d, S).

It is a computation to check that δk maps into F ^ 1 . The second
condition in the definition of Vk means that if ωQy ωu , ωk are in I,
then

d[ω0 (g) 77(ωx ® ω2 ® (g) ωk)] = d[ωx ® 77(0)0 (g) ω2 (g) (g) ωΛ)] .

THEOREM 5.1. (/, F A , δ&, F''"1) is equivalent to the system obtained
by successively prolonging (I, T, d, S) k times.

Proof. For induction, one shows (/, Vk+1, δk+1, Vk) is equivalent to
the prolongation of (I, F \ δk, V^1). Let

U={φe Horn (I, Vk) \ δk(i <g) ψ)j(I A I) = 0} ,

let ^ i / ^ ί J - ^ F ^ be defined by μ(ω (g) 0) = 0(ω). Then it must be
shown that (I, U, μ, Vk) is equivalent to (/, Vk+1, δk+\ Vk). In fact,
one can define f:U—>Vk+1 as follows: if ωu •• ,ωk+ίel, Φ e U, let
f(Φ)(co1 (g) (g) ω^+j) = ^((^^(c^a (g) ® ωjfc+i). Then a computation
shows that / is well-defined. Also / has an inverse g: Vk+1 —* U con-
structed similarly. Moreover, δk+1(ω (g)/(0))(τ) = /(^)(ίw® 7) = ^(ω)(7) =
μ(ω (g) ^). Hence letting F = ΐ ( g ) / : J ( g ) ϊ 7 - » I ( g ) F f c + 1 and G = identity:
F * - > F * , we have δ f c + 1 ί 7 = Gμ.

Next we shall identify integral elements of the system (I, Vk, δk,
F^"1). Let ωlf , a)p be a basis of /. Let /Λ be spanned by ωu , ωh.

DEFINITION 5.2. Let, for 1 ^ ft ^ p,

J^h

k = {φe Horn (® fcJ(g) JA, T) | ^ is symmetric and

d(i ® ^)(i ® *)[(/ Λ I) ® ^ / ( g ) A] = 0} .

(''Symmetric" refers to all possible symmetries preserving (g) &J(g) / A ).
Let |O^+1: ̂ + 1 ~> ̂ f c be the restriction linear transformation, with

kernel &*f. Let

η (® fcJ(g) /A) = 0} if Λ > 0 ,
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Observe that J?~Q

k = Vk+1, &k = 0.

THEOREM 5.2. «_̂ /c is isomorphic to the space of integral elements
of dimension h (relative to ωl9 , ωp) on (I, Vk, δk, V^1). If we
identify these isomorphic spaces, pk

+1 corresponds to the restriction
linear transformation, and ^ k and &κ~γ are isomorphic.

Proof. The first two assertions follow by a computation. The last
isomorphism is defined as follows: φ e ^h

k is identified with the element
of &k~ι whose value on τ e ® f c / i s 0(7® ωΛ + 1).

PROPOSITION 5.1. For any element ωoel, there exists a linear
transformation Xk(ωQ): <&h

k —> &k~λ which satisfies, for η e &*, 7 e ®kI,

[Xk(ω0)(η)](y) = 7](j ® ω0) .

If coQ — ωh+1, the kernel of Xk(o)0) is <£?h

k

+1.

Proof. A computation shows that Xk(ωQ) is well-defined. The second
assertion follows from the definitions.

THEOREM 5.3. (7, Vk, δk, Vk~ι) is involutive if and only if Vk+1

is isomorphic to the direct sum

( 2 ) &k~x + &?-1 + + ^-l 1 ^ V'-1 ,

or, if and only if Xk(ωh+1) is an epimorphism for h — 0, 1, , p — 1.

Proof. The first condition follows from Theorem 2.1 and the last
statement of Theorem 5.2. Next, Xk(ωh+1) is an epimorphism if and
only if

and &k — Vk+1. This implies isomorphism (2). If some Xk(ωh+1) were
not an epimorphism, the dimensions of the various spaces would preclude
any such isomorphism (2).

6. The prolongation theorem* We shall next prove that if
(I, T, d, S) is any given system, there exists an integer k0 such that
the kth prolongation (7, Vk, δk, F*"1) is involutive for all k ^ kQ. In fact,
we shall show the existence of one basis ωu , ωp, relative to which
all (7, Vk, δk, V1*-1) are involutive for k ^ some k0.

To show this it is sufficient to show that Xk(ωh+1): &h

k —> &£~ι is
an epimorphism for all k ^ k0, by Theorem 5.3. This will be done
inductively, choosing coh+1 after ωly , ωh such that Xk(coh+1) is an
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epimorphism. Choice of ωh+1 is accomplished by relating this problem
to one in classical ideal theory. Let us temporarily extend ωu , ωh

to any basis ωu •••, ωp of I. Then ώΛ + 1 will be chosen later so that
using ώh+1, Xk(ώh+1) will be an epimorphism.

Let F[xu , xp]
ik) be the vector space of polynomials i n ^ , , xp

over F which are homogenous of degree k. Define an epimorphism
v:®kI-+F[xl9---,xPY

k) so that v{ωh <g) ». . <g) ωik) = xh . • αίjfc. If
97 G F f c, ^ is symmetric, hence 77 (ker v) = 0. It follows that η induces
a unique linear transformation rj on F[xu •• ,x P ] U ) into Γ.

These η can be considered linear transformations on F[xu ,
α j ^ (g) T* into F, where T* is the dual of T. If dim T = g and
πί, , π* is a basis of T*, we can identity F[xu , ^ P ] ( A ; ) (g) Γ* with
the vector space F[xly , a;p, tu , ίff]

(fc>1) = i^[^, ί] (/C)1) of polynomials
in xly , xp, ίj, , tq which are homogenous of degree k in the x{ and
degree 1 in the tλ. Then Vk is identified with a subspace of the dual
space of F[x, ί] ( f c ' 1 } . Let

A(Vk) = {Xe F[x, tγ1**1) I φ(X) = 0 for every φ e F*} .

Next, consider ^p

//
c~~1, consisting of all members of Vk which are

zero on 0 * 1 0 Ih. If (xu , a;Λ) is the ideal in j^α?, έ] generated by
α?!, , xh) and if (α;̂  , xh)

[k'l) is its subspace of elements homogenous
of degree k in x a n d l i n ί , leta[(xu . . . ^ ^ ^ ^ ^ G H o m ^ ί ] ^
Φ[(xu , ^) ("> 1 }] = 0} (the dual space to (xly - , xh)

{k>1]).
Then by definition

£/Λ — K II α^ίc!, , xh) j .

It follows that

PROPOSITION 6.1. i) ()

Let ώ denote the element of i^[#, t]{1>0) corresponding to ωel. Then
Xk(ω) is an epimorphism if and only if the following holds: whenever
ώy e A{&£), then 7 e

Proof. Xk(ω) is the dual of the linear transformation r c : i^[x, £](M)—>
i^[α;, ί](Λ+1'1) defined by r3(7) = 7ω. Since λ*(ω) carries ^ into ^ " x ,
r^.(A(^- 1 )) c A(^)m Hence the first assertion. The second remark
also follows from vector space theory.

Now let Ah be the ideal in F[x, t] generated by A(&£), k = 1, 2, .
By the last Proposition A{£>1] = A(^ / £-1). If Ao is the ideal generated
by A{Vk), k = 1, 2, , we have Ah = Ao + (a?!, , αA).
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PROPOSITION 6.2. There exists an element ωe F[x,t]a'0) and an

integer kQ such that if k I> k0, then ώj — A(&h

k) implies γ e

Proof. Since AΛ is an ideal in a Noetherian ring it has a decom-

position Ah — q1 Π Π qt into primary ideals with distinct belonging

prime ideals ply , pt such that

Let fc0 > ^ , j

Now suppose pΓ' 0 ) = F [ x , ί ] ( 1 0 ). Then {pkyk>1] = i φ , ί]'*-1*. Hence

if A; ^ k0 > σ4, F[a?, ί ] ( ^ 1 } = (&)<*'1}, so d)γe gf'1} implies γ e g ί 1 5 - 1 ' ^

Now suppose pi 1 ' 0 ' , , p?>0) contain all F[x, t]{1>°\ while p<V% ,

p{

t

lf0) do not. Each p^+y is a proper subspace of F[x,t]{1'°\ so we can

choose ώeF[x,ψ>0) not in any p?+°], j = 1, • • - , « - s . Then if

o>7£gi+'ί), & £ Ps+j, hence γ G ^ 1 > 1 ] .

For this ώ, if 0)7 e A{^) = Aΐ+1>1] c Λ = Qi Π Π ? ί f then

7 e g: Π Π qu provided k ^ k0. Hence 7 e AΐΛ) =

COROLLARY. There exists ωe I and an integer kQ such that ω is

linearly independent of ωu , o)h and Xk(ω) is an epimorphism for

all k Ξ> k0.

Proof. If F[x, t]{k>1} Φ A{&h

k~ι) for some k ^ k0, let 7 e F[», t]{k'1] -

A^&k*1). If ώ chosen in Proposition 6.2 depends on xlt *',xh1 then

ώyeA(Vk+1) + (^, •••, a;Λ) (*+ l f l ) = M&ϊ), while T M ^ - 1 ) , a con-

tradiction. Hence the ωe I corresponding to ώ cannot depend on

ωly •• , ω Λ .

If F[x, t]{k'1] = A ί ^ - 1 ) for all A; ^ fc0, any ω e l will suffice.

THEOREM 6.1. It is possible to choose a basis ωu , ωh of I and

an integer k0 such that Xk(ωh+1) is an epimorphism for all h and

Proof. Having chosen ωly •••,&>/,, let ωh+1 be the ω of the pre-

vious Corollary.

THEOREM 6.2. (Kuranishi}s Prolongation Theorem) For any system

there exists an integer k0 such that every kth (normal) prolongation

for k g: k0 involutive.
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