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We consider in this paper generalized convexity cones
C(φίf - - ,ψn) with respect to an Extended Complete Tchebycheffian
system {φi(x), , φn(%)}. These cones play a significant role in
various areas of mathematics, such as moment theory, theory
of approximation and interpolation, and theory of differential
inequalities.

The properties of the cone C(φlf ••',φn) are investigated.
In particular, the extreme ray problem is solved explicitly for
this cone, and for the intersection of such cones. Several
structural properties of the cones are then determined.

The cone dual to C(φί, , φn), which was introduced by
S. Karlin and A. Novikoff is examined and a characterization
of the cones which are dual to intersections of generalized
convex cones is given. Some extensions of known theorems
are given as applications.

We start by recalling some definitions and properties of functions
of the generalized convexity cones. The concept of generalized
convexity, which can be viewed as a generalization of the classical
concept of convex functions of order n, was introduced by T. Popoviciu,
[6]. The investigation of the dual cones was started by S. Karlin
and A. Novikoff [4].

Let {ψi(x)}7=:i be continuous functions on a finite interval [α, 6],
This system is called a Tchebycheffian system, or a Ύ-system, provided
that the nth order determinants

( 1 )

maintain the same sign for every choice of a S %i < < xn ^ &.
Without loss of generality we may assume that they are positive.

If the functions {̂ <(ί)}J=i are of class C*" 1^, 6], we can extend

the definition of D[ u ' n \ as given by (1), to allow for equalities

) ί

xu •••, xn/
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defined to be the determinant in the right-hand side of (1) where for
each set of equal x/s the corresponding rows are replaced by the
successive derivatives evaluated at the point.

With this definition, the system {ψi(x)}7=i will be called an Extended
Tchebycheffian system (ΈtΎ-system) provided

' Ψn

χl9

A system of functions {ψi}7-^ such that for every k, 1 <, k ^ n,
Ui is an ET-system, will be called an Extended Complete

Tchebycheffian system (ECT-system).

DEFINITION 1. A function φ(x) defined on (α, b) is said to be
convex with respect to {ψi}ίi provided

( 2 ) D(Ψu ' " ' Ψn) > 0 for all a ̂  x, g ^ xn ^ b .
\χl9 • • • , » „ /

( 3 )
' Xli * ' * > ^W>

The set of functions satisfying (3) is evidently a cone. This cone is
referred to as a "generalized convexity cone" and is denoted by

We consider in this paper only convexity with respect to ECT-
systems. It can be proved (see [3]), that for a given ECT-system
{θi}i=1 there exist functions {ψi(x)}ΐ^i such that

1) Ψi(x) = Σί=iβί A(α)> i = 1, , n.
2) {̂ <}?=i is an ECT-system.
3) The cone C{θu , θn) is identical with C{fu , ψn).
4) The functions {ψi(x)}7^i admit of the representation

( 4 ) I
^n(a?) = u^xn u2(ξ2)\ %n(fn) dξn dί2

Jα Jα Jα

where ^(x), -—,un(x) are continuous positive functions on [α, δ].
Henceforth, we shall assume that {ψi}ΐ, the basic functions of the

cone, admit of the representation (4). The functions {ttj? will be
called the generating set of the ECT-system {ψi}ΐ. Note that the
ordinary convexity of order n is convexity with respect to the system
(1, x, , xn~x) which is generated by {^ = 1, i = 1, , n}.

We define the differential operators

(5) Dif=-!L±-f,E'f=Dj...DJ.
dx Uj

and note that
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= 0 l^k^j
( 6 ) E V / + i = Uj+i > 0 _

We list some properties of functions belonging to C(ψly

 # ,ψv)
These properties are noted for ready reference as they are used
extensively throughout the sequel. The first three are proved in [3],
while the others are simple observations:

(1) If φ(x) e Cn(a, b) Π C(fu , f n ) , then Enφ(x) ^ 0β

(2) If φ(x) e C{ψu , ψw), then φ(x) e Cn~2(a, 6). Furthermore,
φ{n~2)(x) has a right derivative φ{κ~l) which is right continuous and a
left derivative φ{

L

n~1} which is left continuous and <pin~υ = φ{g~ι) a.e.
(3) The set {φ(x) \ φ(x) e Cn(a, b)f]C(ψu , ^n)} is weakly dense

in C(ψu ••',ψn), in the topology of pointwise convergence.
(4) Let φ(x) e C{ψ^ and let it be right continuous. Then

dp(x) —

is a completely additive positive measure, which is determined uniquely
by the requirement that it have no mass at a.

(5) We next introduce the concept of a "reduced" system. The
system (Eιψi+ll> , Eιψn) is called the ith "reduced" system associated
with (ψu — , ψn). It is clearly seen that this is the ECT-system
generated by (ui+1, •••,%„), so that we may consider the "reduced"
cone C{Eιψi+1, •• ,£rS/τJ From the definitions, it follows that

φ(x) 6 C(fu ...yψn)^ Eιφ{x) G C(£/'S/rί+1, , E\\rn)

for n ^ 2 and i ^ n — 2. For i = n — 1, in order that the relation
persist we have to replace

E^φ(x) by EΓ'φip)
un_λ{x) ΛR

(6) Let φ(x)eC(φu --,φn), n ^ 2. Then, by property (5),
El~λφ(x) e C(un). Furthermore, by property (2) it is right continuous.
Hence, by property (4), there exists a positive measure dp —
d[ER~1φ(x)lun{x)\ without mass at α, which is uniquely determined by

φ(x).

2. Extreme rays and the representation theorem* A great
deal of information about a cone can be derived from the structure
of its extreme rays (if it has any). Fortunately, our cone has extreme
rays; moreover, there is available a representation for functions of
the cone in terms of the extreme rays. A similar structure is also
inherited by the finite intersections of generalized convexity cones, of
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the type C+ Π [Γ\?=iC(ψu , ψ\, )], where C + denotes the cone of
positive functions.

THEOREM 1. The extreme rays of C(ψu •••, φn), n^2, modulo
the linear combinations X?=i^»^»(^), are £/&β solutions of

( 7 ) d [ # Γ V(&)/MaO] = ^(α) a<t<b .

where δt(x) is the delta distribution with jump at t.
The case n = 1 is exceptional, as will be explained later.

Proof. We note first that two solutions of the equation

VWKW] = dμ(x)

for a given dμ(x), can differ only by a linear combination of the
{ψi(x)}^u Indeed, the difference of two such solutions has to satisfy
Enφ(x) = 0. By (6), the functions {̂ i(̂ )}Γ are solutions of this equa-
tion, and since their Wronskian is different from zero, they form a
fundamental system of solutions, so that every solution is a linear
combination of {ψi(x)}i=i Hence, the equation (*) with n prescribed
initial conditions admits a unique solution.

(a) Let φ*(x) be a solution of (7), and let ψ*(x) = ψi{x) + ψz(x)
where φ^x), φ>2(x) e C(ψu , ψn). We have

d[#S-V*(»)/M*)l = δt(x) = P Γ W Φ . W 1 + d[Er^(x)/un(x)] ,

where the terms on the right hand side are nonnegative measures.
Thus, their supports have to be concentrated at the point t. But the
only nonnegative measures whose support consists of one point are non-
negative multiples of the δ-functions. Hence,

^i(x)/un(x)] = M*(α) 2 ί Z i '
rCi ~r Λ/2 — •*•

and by the uniqueness property which was mentioned above

Ψi{x) - kiφ*(x) + Σ o^i(x) , i = 1, 2 .
. 7 = 1

Thus, each solution of (7) is an extreme ray.
(b) Let now <p(x) be a solution of

dlE^φixyu^x)] = dμ(x) ̂  0

where the support of dμ(x) contains at least two distinct points x1

and x2. Let Ix and J2 be two disjoint intervals such that xζ e Iiy i —
1, 2. Then, we have dμ(x) = dμ^x) + dμ2(x) where
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[dμ(x) x e Ix

0 other1

0 xe I±

dμλ{x) = ,
1 0 otherwise

dμ2(x) = ,
[dμ(x) otherwise .

If we denote by ψi{x) a solution of

d[E}r^(x)/un(x)] = dμi(x) ^ 0 i = 1, 2 ,

then ψi{x) e C(ψu , ψ^), i — 1, 2, and

Hence, <p(& ) is not an extreme ray.

REMARK. The case n — 1 requires special attention, since in this
case we are not assured of the right continuity of φ(x) so that
d[φ(x)lu1(x)\ is not well defined. Nevertheless, the modifications are
slight.

The regularization φ(x) of a function φ(x) e Ciψx) is defined to be
the function obtained by changing the values at the points of
discontinuity (a denurnerable set), so as to render the function right
continuous. With this definition, we have:

The extreme rays of C(ψ±) are the functions φ(x) whose regulari-
zation satisfies

( 8) d[φ(x)/u1(x)] = δt(x) a < t < b .

Henceforth, every statement about the cones is to be understood,
when n — 1, to apply to regularized functions only. The modifications
necessary in order to obtain the general case follow the ideas indicated
above.

DEFINITION 2. Let φn(x; t) denote the extreme ray of C(ψu , ψn)
corresponding to δt(x), (for n = 1, it is determined only a.e.), which
satisfies

( 9 ) E'-'φia) = 0, i = 1, , w .

where E°φ(a) — φ(a).
These conditions determine the function completely because of the

uniqueness property mentioned in the proof of Theorem 1 and the
following lemma, which will be used several times.

LEMMA 1. The set of initial data {El~lf(a)}t determines com-
pletely the data {f{i~1](a)}ΐ and conversely.
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Proof. The relations that express one set of data in terms of
the other, are explicitly of the form

E°f(a) = /<°>(α)

3=1

We clearly have, for 2 g i g n, c\ — 1/u^a) u^a) > 0. Hence,
the matrix of these relations is triangular and nonsingular, and the
lemma follows.

A further insight into the structure of the extreme rays is offered
by the following theorem:

THEOREM 2. Let the functions Xι{x\t), i — 1, * ,n, be defined
recursively by the rules

(10)

(11)

ι(χ; *) =

z*(«; *) =

0

'fi(ff)

0

a 5j

t ^

a £

t ^
2 <

X

X

X

X

k

<

Vll

<

Vll

<

t
b

t

n

Then χn(x; t) — φn(x; t) (as defined in Definition 2).

Proof. The following formulas can be proved by induction

/ 0 a ^ x < t

(13)

(14)

t) =

t ^x ^b

a ^ x < t

t <x <b

The proof proceeds by double induction. First, we apply induction
on n, and then, for fixed n we apply induction on j . We shall not
bother the reader with the computational details.

Furthermore, for the point x = α, the conditions
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E'-'Xnia; t) = 0 i = l, - . . ,%

are evidently satisfied.

Using these formulas, we note that

(15) Ejφn(x; x) = 0 for x e (a, 6), 0 ^ j ^ n - 2 .

This result follows by simple induction from (12), since by using (12)
and (13) we deduce its validity for j = n — 2. Thus, the functions
φn(x; t), n ^ 2, are continuous in t, a < t < 6, for any fixed x. (More-
over, they possess a continuous derivative in (α, as), (as, 6)). For n — 1,
there is one point of discontinuity, namely, t — x. In order to extend
the continuity property to the closed interval a ^ t g 6, we define
(16) ςpΛ(&; α) ^ ψrn(α), fn(x, δ) = 0 .

COROLLARY 2.1. ΓΛe functions φn(x; t) belong to

C+f)[Γ\C(ψu •• , f i ) ]

Proof. We observe first that, for j ^ n — 1, the relation
Ej-^n(t; t) = 0 together with Ejφn(x; t) ^ 0 for a? ^ ί, imply that
Ej-^n(x; t) ^ 0 for x ^ ί. Indeed, from the inequality Ejφn(x; t) ^ 0
we deduce that Ej~ιφn(x] t)/uj(x) is monotone increasing for a; ^ ί.
Since its value at t is zero and uά{x) Ξ> 0, it follows that Ej~ιφn{x) t) ^ 0
for x ^ ί. By (13), (15) and this observation, we have

Eά~1φn(x\ t) ^ 0 for every x, t; j — 1, , n — 1 .

Furthermore, by (13) and (14), φn(x; t) belongs also to

Having obtained the extreme rays and some of their structural
properties, we can now state the representation theorem.

T H E O R E M 3 . Let f(x) be any function of C(ψu •••, ψn), and let

(17) d\ EZ~yW 1 = dp(x) ̂  0 .

Γ/^β^ f(x) admits of the representation

(18) f(x) - (V.(»; ί) dp(t) + Σ E^{{^ Ψi{x) .

REMARK. For n — 1, the representation (18) is valid only for the
regularized f(x), but the adaptation for general f(x) is simple.
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Proof. We shall prove the theorem for n Ss 2. Denote the right
hand side of (18) by f*(x). We shall show that

(19) L uΛ(x)
Λ = d {
J rκ

Then, by Lemma 1 and the uniqueness property, /*(») will have to
be identical with fix).

We shall make use of the following lemma.

LEMMA 2. The operators {E{}ΐ satisfy

tf'-fί 'φn(x;

Proof. The first equation is proved by induction on i. The
second equation follows by the same argument as the one used in the
induction. For i — 1, (20) holds trivially. Suppose now that it holds
for i = k ^ n - 2. Then

DtE*-1 [\V.(

dxlia

= [E"φnix,
Ja

The last equation holds because of the properties of φn(x; t) expressed
in Theorem 2 and equation (15). For the case k — n — 1, we have to
include in the integral the possible jump of p(t) at t — x. In the
other cases, by (15), this inclusion makes no difference.

Using Lemma 2, (19) follows easily. Indeed, by (6)

Furthermore, the integral term vanishes for x = a, since dp(t) is
normalized so that no mass occurs at α. This establishes the second
part of (19).

By Lemma 2,
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Ίi J \&) — \ MR ψn\Xi τ) (lyKp) ~f- — tln\J[/)

which by (13) is equivalent to

un(x) J« un(a)

[ JPn-l f*(χ) ~1
— R J v > = dp(x) , as was to be proved.

Un{x) A

THEOREM 4. The functions {φn(x; t)} together with {ψi(x)}ΐ form

the complete system of extreme rays of C+ Π[Π%iC(ψu •••, ψj)]m

Proof. Note that here it is no longer modulo a linear combination,
but a bona fide system of extreme rays.

We observe that C+ C][f) %iC(ψl9 , ψ,)] c C(ψu , ψn). Fur-
thermore, by Corollary 2.1, the functions {φn(x; t)} belong to
C + (Ί [Π]=iC(ψu •••, ψj)]. Hence, since {φn(x; t)} are extreme rays
for C(ψly •• ,ψn) and belong to the subcone C+ Π [Π]^1C(ψu , f-)],
they have to be extreme rays for the subcone as well.

Next we show that {VΓi(̂ )}Γ a r e also extreme rays of
C+ Π [DUCifu •••, fjϊl By (6), we have

(21) f ^ ) e c + n i n e t y , •• , t i ) ] , ΐ = i, ••-, w.

Furthermore, we assert that the following is true,

(22) θ(x) = ± 6, fά{x) 6 C+ Π [ Π C{iru , ψ,)]
i=i i=i

if and only if &, ̂  0, j = 1, , n .

Indeed, sufficiency of the conditions b3 ̂  0, j = 1, , n is obvious by
(21). The necessity is easily proved by contraposition: If bjo is the first
negative coefficient, then by applying the operator Ej*~ι to Σ^i&iΨvfa)
and substituting x — a, we ascertain that J^%ibpjfj(x) cannot belong to

Let i be any number between 1 and n. Suppose that there exists
a decomposition of ψi(x) of the form

ψi(χ) = φ^x) + φ2(x)

where φi(x), φ2(x) eC+ Π [h

Applying the operator cίf^" 1 -/^^)] to both sides and using the non-
negativity of the resulting summands, we deduce

E*φί(x) = E*φt(x) = 0 .
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Hence, both φx(x) and φ2(x) are linear combinations of {ψi(x)}ΐ. Using

(22) and the linear independence of {ψi(x)}ΐ, we find

φλ(x) = aψi(x) φ%(x) = (1 — a)fi{x) 0 <Ξ a S 1 ,

thus proving that ψi(x) is an extreme ray.

The same argument as in Theorem 1 part (h) shows that there
can be no extreme ray other than {φn(x; t)} and {ψi(x)}ϊ.

REMARK. The representation theorem for the cone C(ψu , ψn)
gives rise to a similar one for the subcone C+ Π [Γ\]=,iC(ψu •••, ψj)].
The additional requirement is that the coefficients £' ί~1/(α)/^(α), i =
1, •••,%, in (18) be nonnegative.

Gonsider now the jth. "reduced" system {E^^^x), , Ejψn(x)}
and the corresponding cone C{Ejψj+u •• , £ r ^ J # Let

be the differential operators associated with this cone. (They are
defined with respect to the new system in the same way that Djy Ej

were defined in (5) with respect to the original system.) Denote by
{φn.j(x; t)} the extreme rays of this cone which satisfy

(23) &k-uiφ(a) = 0 k - 1, , n - j .

LEMMA 3% The extreme rays φn.t5(x\ t) are related to the extreme
rays of the original cone by means of the formula

(24) E'φn(x; t) = <pn;i(a; ί) .

Proof. Direct application of the definitions yields.

ίk.J(x) = Dj+kf(x)
h-tEίf(x) = E>'+kf(x) .

Hence, by using the properties of φn(x; t), we obtain

un(x) J L un{x)

and

[r^ic-i jEJ φ Λ x ; ί ) ] β = β = E*+!-iφ%(a; 0 = 0 , k = 1, , n - j

and the uniqueness property implies (24).

3* Characterization of the dual cones* Throughout this section
dμ will denote a signed measure of bounded variation on (a, b). The
dual cone to a cone C of functions is the set of signed measures dμ
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such that

(25) \bφ(x) dμ(x) ^ 0 for all φ e C .

The dual cone is denoted by C*.
Necessary and sufficient conditions for a signed measure to belong

to C*(ψly

 9",ψn)—the cone dual to C{ψu

 mm, φn)—were obtained in
[4]. We wish to characterize the dual cone of an intersection of
generalized convexity conesβ We will obtain, for example, necessary
and sufficient conditions for a measure to belong to the cone dual to
the cone of positive, increasing and convex functions.

We first investigate finite intersections of generalized convexity
cones, of the type C+ ΓΊ [ Π ?=i C(ψu , ψd)].

THEOREM 5. Necessary and sufficient conditions for dμ to belong
to the dual to C+ Π [f)%iC(ψu •••, ψj)] are:

(26) (1) ί Vi(«) dμ(x) 2= 0 i = 1, . , n
Ja

(27) (2) [φn(x; t) dμ(x) ^ 0 for a^t ^b .
Ja

Proof, (a) Necessity. By (6), the functions {ψi(x)}t=1 belong to
C+ n [Π%iC(ψu •••, ψd)]. Hence, (26) is a necessary condition.
Furthermore, by Corollary 2.1, φn(x; t) e C+ f] [{λn

j=ιC{ψu , ψj)] for
every t. Hence, (27) is necessary too.

(b) Sufficiency. Let g(x) be an arbitrary function belonging to
C+ n [Γϊ%ιC(ψu •••, ψj)]. Then, by Theorem 3 and the Remark fol-
lowing Theorem 4, g(x) admits of the representation

g(x) = \'φn(x; t) dp{t) + Σ E i

where dp(t) is a nonnegative measure and

Thus,

\'g(x) dμ(x) = \Tφn(x; t)dp(t)]dμ(x) + Σ ^ T Γ - I V W dμ(x)
Jn JίiLα J i- 1 Ujia) J»

^ \Ί[φJx;t)dμ(x)]dp(t)
(28) J ; u ; J

i T i V ] (by Theorem 2)
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An examination of (28) yields also:

COROLLARY 5.1. Necessary and sufficient conditions for dμ to
belong to the dual to [\%kC(ψu , ψd)f 1 <̂  k ^ n, are

(1)

(2) \bfi(x) dμ(x) ^ 0
Ja

(3) [bφn(x; t) dμ(x) ^ 0

REMARK. For k ~ n, Corollary 5.1 expresses the characterization
of the cone dual to C{ψu , ψn). Thus it subsumes as a special case
the results for C*(ψu •• ,^ w ) which were obtained, in a different
way, by S. Karlin and A. Novikoff [4].

The dual cones of other types of intersections can also be
characterized, but the conditions are more complicated. One might be
led to believe that replacing the suitable inequalities in (26) by
equalities, as was done in Corollary 5.1, would provide necessary and
sufficient conditions. Unfortunately, as we show later by a counter
example, this is not the case. It is true, however, that the conditions
obtained in this way are sufficient. The sufficiency proof proceeds in
exactly the same way as in Theorem 5.

We defer the discussion of the counter example and divert now
our attention to the case n = 2, which is important in applications.

Let C(ψu '' ,Ψn)~ denote the cone of functions φ(x) such that
— φ(x) e C(ψl9 , ψn). For example, C(l)~ is the cone of nonincreasing
functions and C(l, x)~ is the cone of concave functions (in the standard
sense).

THEOREM 6. Necessary and sufficient conditions for dμ to belong
to the dual to C{ψ±)~~ Π C(ψu ψ2) are

(29) i ψ^xfdμix) = 0
Ja

(30) [fit; x) dμ(x) ^ 0 at
Ja

where ψ(t; x) is defined by

-^l£l ψλ(χ) — φ«(x) a i
ψ(t; x) = ux(t)

0 t ^
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Proof: (a) Necessity. Since ± ^ ( 1 ) 6 % ) " Π C(ψlf ψ2), we find
that (29) is necessary. It can be easily verified that ψ(t; x) e
C(Ψi)~ Π C(ψu i/r2), so that (30) is necessary as well.

(b) Sufficiency. According to property 3) of Section 1, it would
be sufficient to consider only functions with continuous second deriv-
atives. Let φ(x) be an arbitrary function of C2(α, b) n C(ψ1)" Π C(ψlt ψ2)
and introduce the notation

Ix(x) = - \*ψi(t)dμ(t) , IJ^x) = ~\XIx(t)^{t)dt .
J a J a

Repeated integration by parts together with relation (29) yields

(31)

and

(32) \bφ(x) dμ(x) - - 1Mb) -^2ί^L + [iMx) E*φ(x) dx .

Using (31), (30) and taking into consideration the fact that φ(x) e
C{ψ\Γ Π C(ψu ψ2)y the right hand side of (32) is seen to be nonnegative.

Similar arguments establish also:

THEOREM 7. Necessary and sufficient conditions for dμ to belong
to the dual to C+ Π C(ψl9 ψ2) are

(1)

(2) \ ψ(t; x) dμ(x) ^ 0 a <
J a

(3) 1 ̂ 2(x; ί) dμ(x) ^ 0 α ^

REMARK. We give now the counter example whose existence was
asserted before Theorem 6. Let a = 0, 6 — 1 and ux(x) == u2(x) = 1.
The necessary and sufficient conditions for dμ to belong to the dual
of C + Γi C(l, x) take the simple form

[dμ(x) ^ 0 ,
Jo

and

[\t - x) dμ{x) ^ 0 , [\x - t) dμ(x) ^ 0 , O ^ ί ^ l .
Jo it

Considering dμ(x) = (x + cήdx, we find that a necessary and
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sufficient condition for this dμ to belong to the dual is that a ^ 0.
On the other hand, if the methods of Corollary 5.1 were applicable,

a necessary condition would be

I x dμ(x) — 0 ,
Jo

which, for dμ(x) = (x + a)dx, is equivalent to Za + 2 = 0. Since this is
incompatible with a ^ 0, it follows that it is not a necessary condition,
as was to be shown.

4* Miscellaneous properties and applications* In this section
we wish to demonstrate the possibilities inherent in our approach.
Classical inequalities can be obtained in a straightforward manner,
and some further results can be discovered.

(a) Let {Ui(x)}i^ and {Vj{x)}n

j=1 be two sets of positive functions.
Let {ψi(x)}ί and {θj(x)}ΐ be the ECT-systems generated by {Ui{x)}k and
{Vj(x)}ΐ respectively. Define {uk+i(x)}^=1 by

uk+i(x) = Vi(x) ί = 1, •••,% ,

and let {χ<(αθ}<ίί b e t h e ECT-system generated by {u^x)}1^. Denote
by {φk(%]t)} the extreme rays of C(ψu •••, ψk) which satisfy

E^φia) = 0 i = 1, •••,&,

where A, ^% i = 1, , Λ + w are the differential operators associated
with {Xi(£)}?+\ With these definitions, we have

THEOREM 8. Let f(x) e C(θu , θn); then

(33) g(x)= \*φk(x;t)f(t)dt
Ja

belongs t o C ( χ 1 ? •••, χ k + n ) .

Proof. By Lemma 2, we have

Ek-*g(x) =\Έk-*φk(x; t) f(t)dt .

Substituting the value of Ek~2φk(x; t) from (12) results in

Ek~*g(x) =

Hence, Elc~1g(x) exists in this case, and it satisfies

ί = uk(x)\"f(t)dt
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SO t h a t

Ekg(x) = f(x) .

We observe that from the definitions it follows that {#;(#)}? is
the kth reduced system associated with {Xi(x)}i+n. We denote by
&ί;k, tfi;lc, i — 1, , w, the differential operators associated with
R(x)}r. Then

L u Λ + f c (ίc) J L w n + Λ ( a 0 J L i;Λ(α;) J

which is nonnegative since f(x) e C(θlf , 0%).

REMARK. Let us consider the case of ordinary convexity of order
n, i.e., let u^x) = vό(x) = 1 for every i and j. We then have explicit
expressions for the extreme rays of the cone C(l, x, , x^1). In
fact, as can easily be verified by induction (using relation (12)), we
have

!

0 a ^ x < t

(k - 1)! t ^ x ^ b .

Using this result, Theorem 8 yields:

COROLLARY 8.1. // f(x) eC(l, , x71*1), then the function
g(x) = I (

Jα

belongs to C(l, , ^ + / c ~ 1 ) .

The result stated in Corollary 8.1 was mentioned by Popoviciu [6]
and is a generalization of a result due to Montel [5].

(b) A second application is related to the following interesting
problem: Under what conditions on the sequences {ĉ }, {6̂ }, i =
0, , n — 1, can we construct a function f(x) belonging to C(ψly ,ψn)
on [α, b] and satisfying

(35) fl~\o) = &;-! , f^ify = ^_! , i = 1, , n .

Furthermore, what are the conditions under which the solution is
unique?

For the case of ordinary convexity of order n, the question was
solved by S. Kakeya [2] and T. Popoviciu [61.

We note first that, by Lemma 1, prescribing the data (35) is
equivalent to specifying the values
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, n

THEOREM 9. Let the sets {αj, {6J, ΐ = 0, , n — 1 be given.
We define

(36) cU = ft-* ~ Σ aUE^Ψiib) , ΐ = 1, , ra .
j=n-i+l

There are four possible cases
(1) If c0* = 0, there exists a solution if and only if cf_τ = 0

for i = 2, , n. If a solution exists it is unique.
If c* ̂  0, we have three alternatives:
(2) // the numbers (c*/cf)un(b), i — 1, , n — 1 lie in the

interior of the cone spanned by the functions {Ejφn(b; t),j — 0, ,
n — 2, α ̂  ί ^ ί)}, then there exists an infinite number of solutions.

(3) If the numbers lie on some parts of the boundary of this
cone, there exists a unique solution.

(4) // the numbers are exterior to the cone, there is no solution.

Proof. By T h e o r e m 3, e v e r y f(x) b e l o n g i n g to C(ψu •••, ψn) c a n
be w r i t t e n a s

f(x) = \Xφn{x; t)dp(t) ±ES~1f(f

Using Lemma 2 and equations (6), we obtain

bn^ = \bE^φn(b; t) dp(t) + Σ α?-i#-ty;(δ) for i = 2, . ., n

bn_x = ΫEΓxΨn{b; t) dp(t) + at_λun{b) .
Ja

With the aid of (36) and (13) we deduce

n-^n(b; t) dp(t) i = 2," ,n

Co* = u.(b) dp(t) .
Ja

Hence, if c0* = 0, then dρ(t) = 0 since it is a nonnegative measure.
Thus, f(x) must satisfy

E*f(x) = 0

and it is evident that there exists a solution if and only if cf_τ = 0,
i — 1, , n. The linear combination Σ"j=-iaί-iΨλx) i s then the unique
solution of the problem.
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In the other case, i.e., when c0* Φ 0, the relations (37) imply that
the existence of a nonnegative measure dσ(t) such that

hdσ(t) = 1

; t) dσ(t) = ^ L Un(b) i = 2,-- ,n
Co

is the necessary and sufficient condition for a solution. This in turn
implies that we have only the three alternatives mentioned in the
theorem.

(c) It is of importance to be able to construct classes of measures
of the dual cones, since every such measure induces an inequality which
might be useful in various contexts. We shall present some results
in this direction.

THEOREM 10. No nontrivίal linear combination of the form
dμ = Σi^iaiψi(χ)dx9 belongs to C*(ψlf •••, ψn).

Proof. By Corollary 5.1, a necessary condition for dμ to belong to

C*(VΊ, -- ,ψ») is that

(38) ^(Zaίψi(xήψj(x)dx= 0 i = l , • • - , * & .

The determinant of this system of n equations in n unknowns is the
"Gram determinant" which does not vanish since {ψi(x)}ΐ are linearly
independent.

We next construct a simple measure belonging to the dual cone
of C+ Π C(l) ΓΊ C(l, t) and deduce a new inequality. We let a = 0
in order to simplify calculations. Let f(t) — t — a. By using the
necessary and sufficient conditions stated in Theorem 5, we find that
ί ^ ( ί - α ) ώ e [ C + n C ( l ) n C ( l , f if and only if a^b/2. We
shall use here the discrete analogue of this result, viz.,

LEMMA 3. The sequence {a{ — i — c, i — 1, , n} belongs to the
cone dual to the cone of positive, increasing and convex n-sequences,
if and only if c ^ (n + l)/2.

Consider now the generalized mean function

( n

*=1

l/ί

It is well known that t log Mt(a, x) is a convex function [1]. If
Xi ^ 1, i = 1, , n, then t log Mt(a, x) is also a positive increasing
function of t, for t ^ 0, Hence, by Lemma 3, we have
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i ^ 1, i = 1, -",n

^ n + 1
(39) g ( i - c ^ l o g Jlf,.(a, a?) ̂  0 , j G ^ \

1 0 ^ ίi ^ ί2 ^
or,

The same analysis applies to the function

St(x) =

Here, we have
Xi ^ 1, i = 1, ••-, w
0 < ίt < t2 < < ^ J

C <

(d) As a final application, we derive by our methods a result
which is ascribed to Fejer, and is stated and proved in [7].

Let 0 = x0 < xx < < xn< xn+1 = 1; 0 = y0 < yn+1 < 1, and
let these numbers satisfy

(40) xv < yv+ι < xv+1 v = 0, , n .

We introduce the notation

2/v+i — α v = Pv, x-u+i - Vv+i = Qv , ^ = 0, , n ,

Pn + l = 0 ,

and we form the Riemann sums corresponding to these subdivisions.

Σ
v=o

The result we prove is:

THEOREM (Fejer). Necessary and sufficient conditions for

to hold for every f(x) decreasing and convex, are

^(42) Σ Qv(P» - Pv+i ~ Pv) ^ ° I1 = °> β * > n

Σ
v=o

Proof. We prove the result for £>in, but this is essentially the



GENERALIZED CONVEXITY CONES 579

proof for S{

n

r) too. We have

where the {zv} are the numbers {xv}, {yv} ordered by magnitude, while
the coefficients {αv} are given by

«i = Qo', a2k = - (pk + qk^) k = 1, , n + 1

(hk+i = Qk + Vk k = 1, •••, w .

We see easily that Theorem 6 is applicable with u^t) = u2(£) = 1, and
a discrete measure c£μ(£) with mass av at zv, v — 1, , 2π + 2. The
necessary and sufficient conditions in this case reduce to:

Ϋdμ(x) = 0
(43) Zr,u

r m r r Λ i d z ^ O , 0 ^ a; ^ 1 .
J

The function I dμ(t) takes the values
Jo

(44)

a Ύ
 <-^. *y <^ u Ί — 0 . . . w)

<li άi = z \ t/i-ι-i o — u, , n

— Pi yi 5̂  z < x% i — 1, , n

0 1J < 7 < 1
U ί/w + 1 = ^ = -L

Hence, the first condition is automatically satisfied. Since the pif q{

are nonnegative, it is clear that if the second inequality holds for
x — xk, k = 1, , n, it will hold for every x. Hence,

I I d^(ί) \dz = X g ^ — X, Pί^^i
Jθ LJo J τ = 0 t = l

V - l

are the desired necessary and sufficient conditions.

REMARKS. We can derive some further results by our methods.
(1) From Corollary 5.1 we deduce that a necessary condition for

dμeC{iγ is that - Vdμ(t) έ 0 for 0 ^ x ^ 1. Hence, (44) implies
Jo

that there do not exist {αv} such that (41) holds for every increasing
function.

(2) Necessary and sufficient conditions for (41) to hold for every
convex function are

μ-l

Σ <?v(Pv — Pv+i) ^ 0 , μ = 1, , n
(45)

Pv + l) = 0 .
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These conditions are incompatible since qn > 0, pn > 0 while pn+1 = 0.
Thus, there do not exists {av} such that (41) holds for every convex
function.
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