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For a fixed v > 0 we set

, x) = (-1)*(1 - x
\dx

where ίv + —) =f(i ; + i + n)/r(v + ~). The TF,(w,&)are
\ J \ Δ / 2
ίv + —) =f(i; + i + n)/r(v + ~).

the ultraspherical polynomials of index y normalized so that
) = l. If

Ωjm = (1 - a^rv cte , φ ) = ffrXtt +

V 2

then the T7V(^, α) satisfy the orthogonality relations

Γ Win, x)Wlm, x)Ωldx) =

Because
oo

Wln,x)Wlm,x) = ^ cl^» n> k)Wlk, x)ωu(k)

where the elm, n, k) are nonnegative, the [Win, #)]~=0 behave
rather like characters on a compact group. Consequently
certain portions of harmonic analysis, which do not extend to
orthogonal polynomials in general, have interesting analogues
for ultraspherical polynomials.

In the present paper this fact is exploited to study the
moments of the eigenvalues of generalized Toeplitz matrices
constructed using ultraspherical polynomials.

Statement of results* Since we will always work with a fixed v
we will drop the subscript and write

Win, x) = W(n, x) , Ωv(dx) — Ω(dx) , ωu(n) = ω(n) .

For f(x) e L\Ω) we set

(1)

if

f{χ) W(j, x)Ω(dx) .

73



74 JEFFREY DAVIS AND I. I. HIRSCHMAN, JR.

For f(x) e L\Ω) let

(3) a(n,m) = [ω{n)ω{m)γιλ' i W(n, x) W(m, x)f(x)Ω(dx).

The Toeplitz matrix of index N associated with /, AN[f], is defined by

AN[f] = [a(n,m)] n, m = 0,1, , N.

Let [λ(&, N)], k — 1, •••, N + 1, be the eigenvalues of the symmetric
matrix AN[f]. We will show that if

( 4 ) Σ l & ( i ) l < ° °

then

(4') Σ ' Mb, N)8 = ^r\N + 1)[ f(x)s(l - x2YΩ(dx) + o(N) as N-+ c>o
fcl J l

for s — 0,1, . We will show further that if in addition to (4) we
have

oσ

(5)

then
iV+l

(5') Σ

= Γ /0*0s{Σ ω(n)W(n, xf\Ω(dx)

- Σ. δ(ii) b(j8) Σ E(Al9 Jd E(A., j.)x max (0, Au Aί + A2, •• ,A1+ + Aβ-1) + o(l)

as N •

Here

/, cos ί) = Σ E(A> 0>iΛΘ.

This is an analogue of a theorem on Toeplitz forms associated with
Fourier series due to Kac [9].

Consider more generally

where b(q, r; j) is a continuous function of q and r for 0 ^ q, r ^
for each j = 0,1, and where
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TO = max I b(q, r; j) | .( 6 )

Let

a(n,

and let

( 7 )

,m;N) =

TO <

As[f] =

CO ^

«)H

: (a(n,

V(j) -•

m iV))

Then AJV[/] is the "variable coefficient" Toeplitz matrix of index N
associated with f(q, r; x). We will show that if (6) holds then

N+l f l f l

( 6') Σ λ(fc, N)s = π - W +1) /(r, r; α;)s(l - x2)~vΩ{dx)dr + o(JV)
A=l J θ J - 1

which is the analogue of a theorem of Kac, Murdock, and Szego [10].
As is well known, results on moments of eigenvalues can be trans-

lated into global distribution theorems. If f(x) e L\Ω) is real then
^-JV[/] is a r^ al symmetric matrix and then X(k, N) are real. Let (4)
hold; if we set

aN(E) = (N + I)-1 Σ 1
λ(k,N)eE

and if

a(E) = π~A (1 - x%)-»Ω(dx)
Jf(x)EE

then it follows from (4') that

aN » a as N—*oo.

Here > indicates weak convergence on (— oo, oo). This is of course
a very special case of a general result due to Szego [4]. More signifi-
cantly let b(q, r; j) = δ(r, q; j) for 0 S r, q ^ 1, j = 0,1, and let (6)
hold. Then the variable coefficient matrix (7) is Hermitian symmetric
and has real eigenvalues. If aN is the corresponding distribution
function and if

β(E) = πA\ drdθ ,

it follows from (6') that

aN * β as N—>oo%

2. Properties of ultraspherical polynomials* The formulas be-
low play a basic role in what follows. Let k, j , n be nonnegative
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integers and let 2σ = k + j + n. It k + j + n is even and if
max (k, j , n) 5Ξ σ we set

(1) c»(k,j,n)

Γ{vf (σ - k)\ (σ - j)l (σ - n)\ {2v)k{2v)j{2v)n (v)σ σ + v'

c(k, j , n) = 0 otherwise. Here

(α). = Γ(a + n)/Γ(a) .

With this definition we have

(2) Σ c,(fcf j , it)TΓΛΛ, a Jω.ίΛ) = TΓV(Λ, x)W,(j, x).
n=0

See Hsii [8]. We note that this series is only formally infinite since
cυ(k, j \ n) = 0 if n > k + j . Since W»(n, 1) = 1 we have

oo

(3) Σ cv(&, h n)ω,(n) = 1 .

Because v > 0 will be fixed we now drop the subscript and write
c»(k, j , n) = c(k, j , ri), etc. From (2) we see that

[Win, x)W(m, x)W(k, x)Ω(dx) = c(n, m, k) .

Hence

Γ W(n, x) W(m, x) W(h, x) W(p, x)Q(dx)

-iLi=o

There is no problem interchanging the integration and summation as
the sums are actually finite. It follows that

( 4) W(n, x) W(m, x) W(k, x) = Σ § c(m> n> θ)ωU)cU> k> PMv) W(p, x).

Repeating the above argument, we find that

( 5 ) \[W(J19 x) W(j\, x), . . W(j., x)Ω(dx)

= Σ c(Ji,U2, h)co(k2)c(k2yj3, k3)ω(k3) ω{ks_2)c{ks_2,js_ujs) .
k2,">,ks-2=0

Since m a x ^ . ^ | W(k, x) \ = W(k, 1), see Erdelyi [2], page 206, we
have



O L-2i

TOEPLITZ FORMS AND ULTRASPHERICAL POLYNOMIALS 77

( 6 ) \W(k,x)\^l fc = 0,1, •••, - 1 £x g l .

Let E(h, j) be defined as in § 1. Then

( 7) π-'Ϋ (1 - xt)-1"W{2j, x)dx = E(0, 2j) .

This is because

j , x)dx = π - 1 ( V ( 2 i , cosθ)dθ

, 2j)eiM\dθ
J

\ h, 2j)eiM\dθ
JO 1-2 j )

= E(0, 2ί) .

Here we have used the fact that E(h, 2j) is 0 if h is odd.
We will have occasion to use the following inequality,

( 8 ) I ω(/b)1/2(sin θ)» W(k, cos θ) \ S c(v) ,

which is given in Szego [12; § 7.32].
Using asymptotic estimates for Jacobi and ultraspherical polynomials,

see Szego [12; § 8.21], and adjusting for our normalization we obtain

( 9 ) Wv(k, cos θ)

= 2 Γ(2v)Γ(k + v) /cos [(ft + v)θ - vπ/2] + (k sin ^)-^(l)]
Γ{v)Γ{k + 2v) I (2 sin θ)» )

for δ/b"1 ^θ ^π - δk-1 (here 0(1) is uniform in θ and 7b if δ > (His
fixed) and

(10) TF,(nf cos θ) = 2 Π ^ ) Λ ^ + ^) f cos f(n + p)g - vπ/2]
V ; Γ(y)Γ(τi + 2y) I (2 sin (?)"

_ v{v - 1) sin [(π + v - l)θ - vπ/2]\
(n + v -1) (2 sin ^)^+ 1 J

for 6̂  fixed, 0 < ^ < π.
We will have occasion to use the following asymptotic formula

Γ(z + a^Γjz + a2) - •• Γ(z + ar)
Γ(z + βx)Γ(z + A) - Γ(z + βr)

= 1 + (2^)^1(Σ a\ - ^ ) + θ(^- 2 [φ I«« I3 + I Λ I3]) ,

as I 2 I —> co where a, + a2 + + ocr — βx + β2 + + βr, \ arg 2 | < π.
See Erdelyi [2], page 47.
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We further note

(12) —-W v (n, x) = n^n —^-W^+ 1(n — 1, x) .

We conclude this section by deriving the following limit relation.

THEOREM 2a. With the notations of § 1 if k, kf and j are fixed
integers, j ^ 0, then

lim ω(N + k)c(N + k, j , N + k') = E(k - k\ j) .
JV-»oo

Proof. Let

IN = [ω(N + k)ω(N + k'ψ2c(N + k, j , N + k') .

Then

IN = \π{(ω(N + k))ll2W(N + jfc, cos θ) sin1' θ)
Jo

x {(ω(N + k'))ll2W(N +kf, cos θ) sin1' θ}W(j, cos <9)d̂  .

We know, see (8) and (9), that

lim {(ω(Nψ2W(N, cos^) sin1' 6 - (2/π)1/2 cos [(N + P)<9 - πy/2]} = 0

0< θ < π

and that there is a constant c{v) such that

I (co(N)yi2W(N, cos #) sin* θ \ ̂  c(v) ΛΓ = 0,1, # , 0 ^ ^ ^ 7 r .

Using the Lebesgue limit theorem we see that

lim IN = lim 27Γ"1

jar-*™ jsr->oo

x ("cos [(N+ k + v)θ- πv/2] cos [(iV+ k' + y)^ - TΓV/2] W(j, cos d
Jo

if the limit on the right exists. We have

cos [(N + k + v)0 - πv/2] cos [(ΛΓ + k! + v)ί - τrv/2]

= — cos [(k - k')θ] + — cos [(22V/" + k + k! + 2v)# - πy] .

By the Riemann-Lebesgue theorem

lim 7Γ"M cos [(2N + k + k! + 2v)θ — πv\ W(j, cos θ)dθ — 0
iV-»co Jo

while
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τrι[* cos [(k - k')θ] W(j, cos θ)dθ = E(k - &', j) .
Jo

Finally, it is easily checked that

Combining these facts we have our desired result.

3* Two basic limit relations*

THEOREM 3a. With the notations of § 1 we have

I (sin θ)*v Σ <o(k) W*(k, cos θ) - π~\n + 1) | g A(v)(sin ^)

/or 0 ̂  ί ^ π , ^ = 0,1, . . . .

Proo/. Set

By the Christoffel-Darboux formula, see Erdelyi [3] page 159, we get

1, x)] .

Upon substituting (12) § 2, the above becomes

x [(w + l)(w + 2v + 1 ) T Γ V + 1 ( Λ , a ? ) ^ ^ , x)

+ 1, x)] .

Now using the estimate (9) § 2 with δ — 1 we obtain

(sin tf)21^ (cos ί) = -ί {(n + 1) + (sin θ)~2 0(1)} TI"1 < θ < π - n'1

π

On the other hand it follows from (8) § 2 that

(sin θ)2vSn (cos θ) = O(tt) 0 ̂  6> ^ π

Combining these results we obtain the desired inequality.

COROLLARY 3b. Under the same assumptions
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lim Γ I π~\l - a;2)-" - (N + I)-1 f, ω(k) W(k, xf \ Ω(dx) = 0 .
]Sr->oo J _ l k=0

Proof. This follows from the above together with the relations

πA1 (1 - x2)-"Ω(dx) = 1 ,

(2) [ (N + I)-1 Σ co(k) W(k, x)2Ω(dx) = 1 .
J - l fc=0

This result implies that if feL°°[ — 1,1] then

1 - x*)-v*f(x)dx + o(n)

as n—*oom The following gives a more precise evaluation, but for a
slightly more restricted class of functions /.

THEOREM 3C. Let f(χ) be bounded for — 1 ^ x ^ 1 and let
[f(l)-f(x)](l - a;)-3'2 and [f(x) -/(-1)](1 + x)"3/2 be ίntegrable. Then

J_iU=o

1\1 f(x)(i - χ2)-i/2^ + & - M1

J-i 27Γ J-i

[/(I) + / ( - I ) ] + 0(1) ,

π
O j "I

as

Proof. Let

| /(-I)]

A simple even-odd argument together with (2) shows that, using the
notation of Theorem 3a,

^±h /(-I)] .

It is therefore sufficient to determine the asymptotic behavior of

Γ S^f^Ωidx) = Γ (sin Θ)^Sn (cos Θ)^ (cos 6>)dι9 .
J-i Jo

We will show that as n —> oo
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( 3) \' (sin θf"Sn (cos 0)Λ (cos θ)dθ
Jo

= 1 \{n + 1) + ^ ^ 1 (Vi (cos θ)dθ + o(l) .
π L 2 J Jo

Let us assume for the moment that (3) has been demonstrated. Then

π J-i 2τr

as desired. It thus remains only to demonstrate (3). Our assumptions
imply that

( 4 ) Γ I /i (cos θ) I sin~2 θdθ < oo .

We assert that, if 0 < θ < π,

( 5 ) lim {(sin 0)2vSw (cos ι

7Γ . 2 sin JJ

It is evident that Theorem 3a, (4) and (5) together imply (3). Here we
use the Riemann-Lebesgue lemma in order to dispose of the term which
arises from the sin [(2n + 2v + 1)0 — vπ]/2 sin θ on the right in (5).

By (10) Section 2 we see that for θ fixed, 0 < θ < TΓ,

Γ(v) Γ(n + 2v)

cosΓ(wΓ(
(2 sin

v(v - 1)
n + v-1)

sin Γ(w + v - 1)0 - —

(2 sin
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+ v + 1) S 1

W,+1(n, cos θ) = 4(2y + 1)
Γ(v)

-—1

(2 sin

(n + v) (2 sin β)u+2

Γ(n + 2v

—

(2 sin 0)y

v(v —

(2 sin

= 4(2,
Γ(n + 2v (2 sin

v(v
(n + v-1)

Substituting into (1) we obtain

(sin θySn (cos θ)

(2 sin

π Γ(n + l)Γ(n + 2v)

cos Un + v)θ - — 1 sin ϊ(n + v + 1)0 - — 1
x Un+ 1)

sin θ

2{n + v) (sin θf

sin \{n + v — l)θ— — 1 sin|(TC + v + l)θ——
v(v - 1) LV ; 2 J LV ; 2

+ v - 1) (sin

— n

- 1)0 - — ] sin Γ(% + v)θ - ^

v(v
v - l)θ -

2(Λ + υ - 1)

2(Λ + v)

(sin

(sin
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Simplification gives

(sin θY"Sn (cos θ)

= 1_ Γ(n + v)Γ(n + v + 1)Γ , χ) y 2 _ JL_

Lv \ 2JΓ Γ(w + l)Γ(n + 2y) Lv \ 2 2 sin θ

Now, from (11) Section 2,

Γ(n + v)Γ(n + v + l ) _ 1 , v - v* , Q ( t)

Γ(n + ϊ)Γ(n + 2v) n + 1

and hence, if 0 < θ < π,

(sin θy»S% (cos β) = i Γ(
7Γ L

n + 1) + * ^ + s i n

2) + +
2 2sin<9

+ O(n~112)

where the O(n~m) depends upon θ. Our proof is now complete.

4* First order approximation of moments* As in § 1 let

( 1 ) %

where

( 2 )
o

Since | W(j, x) \ g 1 by (6) of § 2 it follows that the series defining
f(x) converges absolutely and uniformly for - H a ^ l so that f(x)
is a continuous function on - 1 g a; g 1, Let

( 3 ) a(n, m) - [ω(n), ω(m)]1/2Γ TΓ(w, x) W(m, x)f(x)Ω(dx)

and let {λ(fc, N)}, k = 1, 2, . , iV + 1 be the eigenvalues of the Toe-
plitz matrix AN[f] — [a(n, m)], w, m = 0, 1, , N.

THEOREM 4a. Under the above assumptions

fi

iN + 1) (/(x))s(l - x
J - 1

( 4 )

for s = 0,

Proof.

(λ

1,

Note

))s ^̂

that

N
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Σ
k=l

Substituting (1) in the definition of a(n, m) we get

a(n, m) = Σ HJ)o(n, j , m)

where the c{n, j , m) are defined as in § 2. Consequently

( 5 ) tr AN[fY = Σ Φu h)a(k2, k3) . . a(k8, k,)
kvk2, ~.hs=0

= Σ b(3\)b(3\) Hi.)

x Σi o)(kMku j u k2)ω(k2) ω(ks)c(K, Js, h) .
kv.~,ks=o

Since c(k, j , I) vanishes unless 2 max (j, k, I) ̂  j + k + I the above sums
are all finite. Let

K(8, N) = [ /W S{Σ ω(k)(W(k, x)f\Ω{dx) .

We have

(6) K(s, N) = \' J Σ 6(i

= Σ bU0~'bU.)
0

Σ
Jl, ,J,=0

x ΓΓ mfci, *)mλ, ») TF(i., x)W(ku x)Ω(dx)
=0 J - 1

x Σ Σ ωikjφu Ou k2) ' ω(fcs)c(fcβ, j s , fcO .
^ = 0 fc2, .fcs=0

Here we have used formula (5) from §2. Comparing (5) and (6) we
see that

tr (AN[f])s - K(s, N) = - Σ b(ΰ\) HJsHU, N)
JV~>JS

where j = (ju -- , i s ) and

(7) φ(j, N) = Σ o){kx)c{ku j u k2)ω(k2)c(K ύ\, h) ω(ks)c(K ΰ\, h) .
C(JV)

Here Q(iV) consists of all s-tuples (fĉ  , fcs) for which 0 ̂  kx ̂  Nf

0 ^ ka ^ oo f α = 2, 3, , s, and ka > N for at least one α = 2, , s.
It follows from (3) of § 2 that 0 ̂  ω(k^c(ku j u k2) ^ 1. Replacing

ku j l 9 k2) by 1 in (7) and summing over 0 <Ξ fcx ̂  JV, 0 ̂  fcα < oo,



TOEPLITZ FORMS AND ULTRASPHERICAL POLYNOMIALS 85

a — 2, 3, , s we find that

(8) 0 ̂  φ(j, N)^N+1.

On the other hand since c(ka, j a , ka+1) = 0 if \ka — ka+1 | > j a , a = 1,
• , s — 1, the fact that some ka > N implies that we may assume

since otherwise the summand in (7) vanishes. Repeating the argument
above gives

(9) 0£ir(j,N)£j1+ . . . +j\_lm

Using (8) we see that

(10) Σ Had Hύs)('N + i)-ψ(j, N) « Σ . 16(iO I I bUs) I.
ii, .is=° î •••'̂ s=0

As a consequence of (2) the sum of the series on the right here is
finite. On the other hand using (9) we have

(11) Km (N + 1)
N—>oo

The relations (10) and (11) together imply that

lim (N + l)~Htr [AN[f]s] - K(s, N)} = 0 .
N-+oo

Finally it follows from Corollary 3b that

lim (N + l)~ιK(8, N) = lim (' f(x)s(N + l ) - 1 ^ ω(k)(W(k, x)f\Ω(dx)

f(x)s(l -

and we are done.
Let /(*) be real and Riemann in integrable on [—1,1] and let (as

in §1)

aN{E) = (N+ I)"1 Σ 1,
Mk,N)eE

a{E) = π-1 Σ (1 ~ xTmdx .

Then it follows from (4) by a standard argument, see [4], that

(12) aN{E) >a{E) as N- OO

Conversely (12) implies (4). Results like (12) hold in much greater
generality. Our excuse for the inclusion of Theorem 4a is that its
demonstration shows in a simple setting the basic idea of the present
paper.
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5* Second order approximation of moments. Let us now assume
that

(1) /(s) = Σδ(i)ΪFO\»)
3=0

where

1/2

( 2 ) Λfi = Σ l ( ) l , ( Σ

THEOREM 5a. Under the above assumptions we have

(3) ±\(k,NY

(ft)( WXfc, χ)γ}Ω(dx)

Σ δ(λ) 6(i.) Σ E(Kόx)' Έ(Kά.)Σ
Jx max (0, huht + h2i , ^ + + Λs_i) + o(l)

as iV

/or s = 0,1, , and where the E(h, j) are defined by

j , cos θ) = Σ
A

Proof. The relation (3) is exact for s = 0,1. We therefore suppose

s ^ 2. As in the proof of Theorem 4a we have

(4) tr(AA/Y) - K(s> N)=- Σ δ(Λ) b(j.WU, N) .

Let us set ht = Jfc2 — fc^ h2 = k3 — Jc2, , fcs_i = fes — fcs_!, hs — ks — kx.

If I ΛΊ I > i i then c(fci, J Ί , k2) — 0 etc. so t h a t all the terms in Q(N)

which do not give zero are included in those for which \ha\ ^ j a ,

a = 1, , s. Moreover since ka = fcx + fex + h2 + + feα_i we see

t h a t as ka > N for some α: we must have

&! + m a x (0, huh1 + h2, -- yhί+ + hs_^ > N .

Thus by a very crude estimate

N-±\hα\^k1^N.
cύ=l

Since /^ + h2 + + / ŝ = 0

Σ \ h I < V III I1/2 I ft l1/2 < V I i l1 / 2 I nn l1/2

l β l β l
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If we replace ω(k^)c(ku j u k2) by 1 in (7) Section 4 and if we replace
Q(N) by all (ku , A;,) for which

we find that

ΰύ,β=l
cύψβ

Using

\ t>U»)t>Uβ) 115«m I jβ I" 2 ^ 4" I δ ^«) N ̂  I + 1

we find that for s ^ 2

( 8 ) ) I Σ I i « l 1 / 2 1Λ I1'2

0 ^ A; S - m a x (0, hu hx + As, , K + + A._i) ,

Returning to ^ ( j , iV) let /ί = lcx — N. Then

ΨU, N) = Σ. o)(k + N)c(k + N, 3\, k + N + h)
x ω(k + N+ hu j,,, k + N+ h.+h^ o)(k+N+h1+
x c(fc + N + Λ, + + Λ._lf i,, k + N) ,

where the summation is extended over those indices k, hu , Λ,_x for
which

O^k^-N.

Note however that unless the indices k, hx, , h,^ satisfy the conditions

(10)
\K

the corresponding term in the sum above well be 0. For j u « , i s

fixed the restriction 0 ^ k ^ — ΛΓ becomes otiose for large N. It fol-
lows from Theorem 2a that

lim ω(N + k)c(N + k, j u N + k + ht) =

etc., which implies that

lim ψ(j, N) = Σ
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the summation being extended over hu , hs subject to the restriction
ht+ + hs = 0 and over k satisfying the first condition of (9). Thus

(11) limψ(j,N)= Σ
JV-^oo h1+"' + ha=0

x max (0, huh1

We have previously shown that

(12) Σ b(j\) b{js)f ( j , N) « Σ I δ(ii) 6(i.) I Σ I ία l1/21Λ
i i o y i £i

1/2

where the series on the right is convergent (its sum not exceeding
8*MΓ2Mϊ). The relations (11) and (12) together clearly give (3).

Making use of Theorem 3c we obtain the following more explicit result.

COROLLARY 5b. // in addition to (1) and (2) it is assumed that
[/(») ~ /(1)](1 ~ %)~m and [f(x) - /(-l)](α + 1)"3/2 are integrable then
for s = 0,1,

£ (, N)s = ̂ L±λ[ f(xy(i - xy^dx + QLzlV f{x)s{l - x
= 0 7Γ J - 1 π Ji

Σ4

h1+-' + hs=Q

x max (0, ΛA, , hx + + fcβ-i) + o(l) as iV-> oo #

We will now, following a method due to Kac [9], use Theorem 5a
to study the asymptotic behavior of

DN[f) = det [AN[f]\ - Ml, N) . . λ(JV + 1, ΛΓ) .

We define

J-l

Let |O be any complex number satisfying \ρ\ | |/ | |«, < 1 and let F(x) =
1 - βf(a?). Then

jvr+i
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Similarly, using the notation of Section 4,

log GN[F] = Γ log [1 - pf(x)](N + l H Σ ω(k)(W(k, x))*\Ω(dx) ,
J - l U=ϋ J

= f1 ίs£ -Pa(f(%))"}(N + ^ - J J . ω(k)(W(k, x)f\Ω{dx) ,
J-iU=i Cί ) lk=o J

«=i a

Thus

log {g^yr + i } = S 1 ? " { t r (il'[/1)" ~ K(a'
It follows from (8) that

(14) I tr (AN[f])a - K(a, N) | ^ a?MΓ*Mt a^

uniformly in N. Using (14) and (3) we see that if | p j A^ < 1 then

(15) lim log ίJMELA

= _ I ; ZJ2! Σ 6(J.) . . . b(ja) Σ

x max (0, hl9 hx + h2, , hx + + ha_x) .

Consider

/(cos θ) = £ 6(j) TΓ(i, cos 6>)

= έ δ(Λ Σ
= ^Σ^βίΛy"

where

() Σ
i=o

It follows that the right hand side of (15) is equal to

We have

see [2, Vol. II, p. 175]. Since
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W(j, cos θ) = X E(h, j)eihβ

it follows on setting θ — 0 that

1= i

From this one sees that if f(x) is given by (1) and if M1 and M2 are
finite then

± c(h)\*\h\<

It follows that as a consequence of an important combinatorial identity
discovered by Kac in [9] and later studied by Spitzer and others (a
particularly accessible reference is [141), the right hand side of (15)
can be written as

2 *=

where

log i^(cos θ) = Σ Bκ(n)einθ.
— oo

In these connections see [1],
We have thus shown that if \p\ Mί < 1 then

A moments thought shows that this result can be rephrased as
follows.

THEOREM 5b. Let f(x) = Σ?Hθ)W,(j,x) satisfy conditions (1)
and (2) and suppose in addition that

Then

where
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It is clear that if in addition / satisfies the assumptions of Theorem
3c then this can be written in the simpler form

where

G[f] = exp[— j ^ Iog/(.τ)(l - ίes)-"sί

It will be shown by one of us in a subsequent paper that

16(0) I > Σ I H J ) I
i

can be replaced by the weaker condition

f(x) Φ 0 - l ^ ^ l ,

We thus obtain a complete analogue for Toeplitz forms associated with
ultraspherical polynomials of the best version of the strong Szego limit
theorem for (ordinary) Toeplitz forms. See f 13] and 171. Theorem 5b
is an essential step in the demonstration of this result.

6* Matrices with variable coefficients*

LEMMA 6a. Let φ(r) be continuous on 0 ^ r ^ 1. Then

lira (N + l ) H Σ # ) W ί , κyψ(~) ^ π-'ίl - xr)-»[rp(r)dr ,

for each x, — 1 < x < 1.

Proof. Let AN be the measure on [0, 1] whose mass is concentrated
at the points kN~\ k = 0, , N and for which

, xf .

Then

(N + I)- Σω(k)W(k9 W - l ) =

Let (α, 6) g [0, 1]; then

Σ o)(k) W(k, xl) Σ
σ </rJV~"

+ 1)61"'

- a\(N + l)α]-Ί Σ ω(k) w(k' XY -
0 < k < a JV
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^ (6 - a)π-\l - xz)~u as N — o o .

by Corollary 3b. The same relation persists if (α, b) is replaced by
(a, b], etc. Our result is an easy consequence of this.

Let

3=0

be a complex valued function defined for 0 :§ q, r ^ 1, — l ^ α ^ l .

We assume t h a t t h e following conditions are satisfied:

b(q, r; j) is continuous for 0 g q, r ^ 1 for each j — 0, 1, •;
A,

CO

) = Λf < °° where ί>*( j ) = m a x | b(q, r; j) \ .Σ
3 = 0

Since \W(j, x)\ ^1 by (6), §2, A. implies that the series defining
f(q, r; x) converges absolutely and uniformly for — 1 fg x ^ 1 and hence
f(q, r; x) is continuous in all variables.

We form the matrix A J / ] = (α(w, k; N) n, k — 0,1, , N, where

a(n, k; N) = [ω(n)ω(k)γ^_W(n9 x)W(k, x)f(±, *L; x)Ω{dx) .

THEOREM 6b. With the above definitions if f satisfies conditions
A. we have

lim (N + I)" 1 t r (^[/ ] s ) = TΓ^Γ [f(r, r; x)s(l - x*)

Proof. First, as is easily seen from the formulae of § 2, we have

, k; N) = g # ) c f t n, j)b(^9 A;

Using this, a straightforward computation gives

where

Σ

X

Here,

k2, j 2 , k3) ω(ks)c(k$, j 8 , kx)
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Let

r Σ Σ 6(44ii) δ(44

We wish to show that

( 1 ) lim [J(s, N) - J(s,

We have

1(8, N) - J(s, N) = Σ, d(j,s,N)
ίl. ,J,=0

where

We need only consider terms for which | ka — ka_λ \ ̂  j a _ u a = 2, , s,
since if this condition is violated ψ(k, j) — 0. Using the uniform
continuity of b{q, r j) for j = 0,1, we see that

g 26*(j1)

where

15?( j , s, iV) I ̂  1 ,

Thus, by a now familiar argument,

^ 2b\j\) V(j.)η(J, β, ̂ ) ( ^ + I)" 1 Σ t(fc, J)
A f c O

Taken together these facts imply (1).
We next consider

K(s) = ff-'ΠVfo ί̂ »)•(! - xTvdrΩ(dx) .

By Lemma 6a

ίr, r; αθs(l - ^ Γ ^ = lim (N + l ) " ι Σ ω(fc) W(k, xfϊ/(A, A;
iv-»oo /ί=o L ViV N
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for each x, — 1 < x < 1. Since / is bounded and since by (8) of §2

(N + l ) - χ χ ω(k)W(k, x)2 ̂  C(v)(l - x*)~»

the Lebesgue convergence theorem can be applied to show that

( 2 ) K(s) = lim K(s, N)
N-*oo

where

K(s, N) = (N + 1 Γ Σ Γ f(L h x)'ω(k)W(k, xfΩ{dx) ,
fc=oj-i \N N /

ή, . ,ίS-oί:i=ofc2, ->*5=o ViV iV / \N N )

We have

I K(s, N) - J(s, N)\^(N+ I)-1 Σ &*(ii) ' VU.WU, N) .
Ji, ,3s-0

Since, see (8) and (9) of §4,

(iv + i )-v( j , iV) ̂  l ,

lim (N + ly'fU, N) = 0,

iV->oo

it follows that

( 3 ) lim [JBΓ(β, JV) - J(s, N)] = 0 .
iV->oo

The relations (1), (2) and (3) combined yield our theorem.

THEOREM 6C. Let f satisfy conditions A. and let f(q, r; x) =
f(r, q; x) for 0 S r, q ̂  1, - 1 g x S 1. // {λ(JV, &)}fΛ1 are
sarily real) eigenvalues of AN(f) and if

irί Σ 1,
λ(!c,N)eE

drdθ ,
f(r,r; cos θ)βE

then

aN * β as N —> oo .

Proof. We first note that

JV + l

Σ
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From Theorem 6b we have the convergence of the moments and the
proof then follows standard lines. See [4], page 98.

For other results connected with Toeplitz matrices of the kind
considered here see [6].

7Φ Second order approximation in the case of variable co-
efficients. Let AN[f] — [a(m, n; N)], n = 0, , N be defined as in
§6. Under certain, fairly restrictive assumptions we can show that,
as N—>°oy

(1) tτ[AN[f)°]

N
- Γ

J

= - Σ 6(i, i; *) 6(i, i; i.) Σ E(hu 3\) • E(κ, J.)

x max (0, hlf ht + h2, , hλ + + hs^) + o(l) .

This is the analogue of a theorem of Schmidt and Mejlbo [11], Since
the demonstration of (1) is rather long and awkward it has seemed
best to us to omit it.
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