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Let f(z)=>i7-0a.2” be holomorphic with radius of con-
vergence R(0 < R < «), and let () denote the maximum
term and »(r) the central index of f(2). By definition for
r>0,p(r)=max{|a,|r*|n=0,1,2,-- -} and v(r) = max {n | pz(r) =
lan|r?t so that p(r)=|a,.|7r**". In previous papers we
have investigated the limiting values of the quotient x(r)/M(r)
as r— R. Here, as usual, M(r) denotes the maximum modulus
of f(z). Recently Clunie and Hayman have disproved a con-
jecture of Erdos that if p(r)/M(r) tends to a limit, the limit
must be zero.

In this paper we consider a more general problem, There
are two complex functions ¢(z) and m(2) which can be regarded
as complex extensions of #(r) in a natural way, We are led
to investigate the limiting values of f(2)/u(z) and f(2)/m(z)
along curves tending to |z| = R, and we call these 2 and m
asymptotic values. We prove that for a class of functions
which are either of very slow growth, or have gap power
series, there are no # or m asymptotic values, On the other
hand, for the admissible functions of Hayman, « is a ¢ and
m asymptotic value along the positive real axis, while 0 is a
¢ and m asymptotic value along any other path in an angle
excluding the positive real axis,

Definitions. First we extend g to a complex function by the
formula

#(,,.eie) —_ #(,,.)eiu(?')e ,

for r >0and 0 =60 <2r. Then g(r)=|p(re’®)| and p(z)=|a,q.,|2""*".
We also define a “complex maximum term” m(z) given by

m(re”) = p(r) exp {iv(r)f + 1 arg a.}

for » >0 and 0 <60 < 27. Then m(z) = a,(,2*""*" and as before p(r) =
| m(re®)|. Note that p(z) and m(z) are continuous in each annulus
where v(]2|) is continuous, but in general have discontinuities where
v(}#]) is discontinuous.

Let v(¢) be a (continuous) curve such that |[¥(t)|— R as ¢t — oo,
If FO@)/e(x®) (f(7(8)/m(¥(2))) tends to a limit @ (0 < [@| = =) as
t—co we say that w is a p asymptotic value (m asymptotic value)
of f(z) and (¢) is a corresponding p asymptotic path (m asymptotic
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112 ALFRED GRAY AND S. M. SHAH

path). Further let v(t) be a p(or m) asymptotic path written in polar
coordinates (r(t), 6(t)). Then (t) is nonessential if and only if there
exists € > 0 such that for all curves of the form (r(¢), #(£)) such that
[(t) — 6(t)| < ¢ for sufficiently large ¢ we have that (r(¢), 0(t)) is a
p(or m) asymptotic path with the same p(or m) asymptotic value as
(r(t), 6(t)). Otherwise ~(t) is essential. Note that f has plor m)
asymptotic value o (0) if and only if |f(z)|/i(|2]) — e (0) along a
curve v(t). Also if a, = 0 for sufficiently large n then the g and m
asymptotic values are the same, as are the y and m asymptotic paths.

Let {o(n)} be the sequence of jump points of v(r), counting mul-
tiplicity, and assume throughout this paper that pg(r)— «~ as r—R
(so that o(n) — R as n — oo), This last assumption avoids triviality
and implies that if a, =0 for n > n, then u(z) = m(z) for |z| suf-
ficiently near R. We denote by {n,} the range of v(r) (so that
v(o(n,)) = n,) and we define:

L= liglq SUD O(10511)/0(10) -

S = lim sup (1., — %) .

koo

A . lim sup 7., — 7

al k- ocoinf ™ — M )

®)  limsup O 41)
¢} = ks oo fnf (e T ) log ( o(n) > '

THEOREM 1. If L >1 and S < o, then f(z) has no p or m
asymptotic values. (The hypothesis L > 1 implies f(z) s a trans-
cendental entire function.)

2. Statement of theorems.

THEOREM 2. Suppose 0 < ¢ =0 < o and 1<a=A< =, and
that f(z) has the form

—14+S>__®*
TO =1t & ot

Then f(z) has no p asymptotic values.

Next suppose that f(z) is real for real z and f(r) >0 for
R, <r<R. Let

_ rfi(r) — !
a(r) = e and b(r) = ra'(r) .

Following Hayman [9] we call f(z) admissible if b(r)— + o as r—R
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and there exists a function d(r) defined for R, < r < R and satisfying
0 < 6(r) < 7 such that

2.1) F(re®) ~ fr)eitan—cmem

as r— R uniformly for || < d(r); while uniformly for d(r) <|60| ==,

(2.2) Flre) = 0< J%) as r—R.

THEOREM 3. (i) For admissible functions the positive real axis
1s an essential p asymptotic path with p asymptotic value o, Any
path in an angle outside the positive real axis ts a monessential p
asymptotic path with p asymplotic value 0.

(ii) Let f(z) be an admissible entire function satisfying the
condition

(2.3) a(r) — v(r) = O (FZ(Z%T—))W s r— oo

and let 0 < ¢ < oo, Then ¢ s a p asymptotic value of f(2) along
the curve whose equation in polar coordinates is (r, ¢(r)) where

#(r) = {b(r)"log 2meb(r)}"* .

(iii) Let g(z) = f(e'Vz) where 0 <+ < 2r and f(z) ts an admissible
entire function for which (2.3) is satisfied and v(r) assumes every
integer as a value. If 0<c< o, then ¢ is a m asymptotic value
of 9(z) along the curve (r,d(r) — ) dbut g(z) has no p asymptotic
values other than 0 and oo,

In §7 we give some examples of funetions illustrating our theorems.

3. Lemma 1. (cef. [6],[7]). Let 1 =7r =< (o(ng.,)/o(n)). Then

Mo(n)r) ~ © (1 + ")
4

po(nyr)
Proof. Let p(o(ny)) = |a,, | o(n)"™ = |a,,_ |o(n)"**. Then

@, fo(m)re’t"" + a,,_{o(m)re "

P (e e A I L

Hence

| @ {o(m)re}™ + a,,_ {o(n)re}™ |
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< M(o(m)r) SM | 1 + 6% | dg = 4M(o(n)r)
- 2 0 T )

Choose 0 = —(n, — ) '(arg @,, — arg a,,_). Then

() )Y + ) < AW:%_HQ .

and the lemma follows.

LEMMA 2. (cf. [9; pp. 71,83]). Let K>1 and 0 < ¢ < oo, If
f(2) ts admissible we may assume that o(r) satisfies

{iogzzzc—T—;M}ln <d(r) < {_Ifl—g(g,,._;)—(:r—)'}llg

for r(c) < r < R.

Proof. The first inequality must always be satisfied. Indeed
admissibility implies

[f(re®) | _1 2} _ i
o exp | Lb(r)0(r)7} = O(b(r) ™) .
Hence exp {1/2 b(r)o(r)*} = ¢ '(2nb(r))"* for r(c) < r < R, and this is
equivalent to the first inequality.

For the second inequality suppose f(z) is admissible with a function
0(r). Let d(r) = min {0,(r), (Klog b(r)/b(r))"*}. We show that f(z) is
admissible with d(r). Let o(r) £16| < d.,(r). Then by (2.1)

UTLATED. ~ yiryr exp {— Lo} < vy = 01) .
S(r) 2

This is equivalent to (2.2). Thus we may replace d,(r) by o(r) without

destroying the truth of (2.2).

4. Proof of Theorem 1. Without loss of generality, we may
assume f(0)=1. Let 1<a<pB< L, <L, and a<(r/(4 — w))"S. There
exists a sequence {k,} = {k(p)} of integers such that o(n,,,+1)/0(7,) > L.
Then if ¢,(w) = F(O(Muip)W)/£(0(04c)) for we 2, = {w |1 < |w| < L},
have, writing n,, = n, (cf. [6])

1S w]
[ Flotnw)| 1+ 5020

and

o(n)" [w[*

o | w]) = GRS
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Hence
pQ) ---o(m) [1 . pm)*|wl*
“@.1) w0 = LB L+ 8 )
- LS e wh S pmtitD) o)

Aon+1)-- pm+7) iF o(n)~ fw |~

§1+i<m)] + 3wl
=N Ly i=
Therefore {¢,(w)} is uniformly bounded on compact subsets of 2, and so
it is a normal family. Thus there is a subsequence of {¢,(w)} which
converges uniformly on compact subsets of 2,. We may therefore
assume that {k(p)} has been so chosen that {g,(w)} itself converges
uniformly on compact subsets of 2, to a holomorphic function G(w).
We shall show that G(w) is nonconstant, for suppose G(w) = C
on 2, The constant term in the Laurent expansion of ¢,(w) about
the origin is 1, and so for 1 < » < L, we would have

— 1,5 G(w) dwzlim_LS G(W) oy — 1 .
2wy Jiwi=r W poeo 2L Jlwl=r W

Thus G(w) =1 on 2,. But by the lemma
M(r, G) = lim M(r, ¢,) = %(1 + 75, for 1<r<L,.
p—roo

In particular for » = @« we have M(a, G) >1. Hence G(w) must be
nonconstant.

Let 2 ={w|a =< |w| = B} and suppose that f(z) has a asymptotic
value w. Then there exists a curve ¥(¢) with [Y(f)|— > as t— o
such that f(v(¢))/pu(¥(¢)) — w as t — oo,

There exists an unbounded set I with the following property: for
each ¢t eI there is a unique integer p such that

Oy = 7@ ] < oMy + 1) .

Write 7(f) = 0(um)7,(t); then 1 =<{v,(¢)| =L + o), so {7,()} is
bounded. We now consider the set T of limit points of {v,(¢)} as
t— oo, te I, which lie in 2 and prove they are an uncountable set on
which G(w) is constant. In fact, let ¥ be the intersection of 2 with
the positive real axis, and define y:3 — T as follows. For each
xe X, there exists ¢,€ [ such that |[v(t,)| = o(n,)x; then |v,(t,)] = x.
Choose a limit point v of {v,(¢,)}, and define Y(x) = v. Then y is one-
one since |y(x)| = x. Thus T is uncountable, since ¥ is,
Furthermore G(w) is constant on 7, for suppose 7,(¢,)—be T
for a sequence {t,} with ¢,eI. By virtue of uniform convergence
6,(7p(t,)) — G(b). But we are assuming ® is a g asymptotic value and
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so G(b) =w. Hence G is constant on T. This is a contradiction;
therefore G has no p asymptotic values.
For m asymptotic values we define

(W) = S(O(Mp))W)

M(O( T ()W)

and we still have (4.1) holding with ¢, replaced by +,. Thus {4, (w)}
is a normal family and the rest of the proof goes through in exactly
the same manner as for g asymptotic values.

for we®,

5. Proof of theorem 2. Since f(z) has positive coefficients we
need only consider p asymptotic values. We again suppose that f(z)
has ¢ asymptotic value w. Let ¥(¢) be a g asymptotic path corre-
sponding to @. For a given ¢ take m to be the unique integer for
which o(n,) < |7(¢)| < p(n,4,) and define v,(t) = C + ¢D where

() = p(n,,) exp <—L— n iD)

Nt — Mo,

and 0 <D < 2r. It is easy to see that 0 < Rev,(t) =1 + o(1) so
that {v,.(t)} is bounded.

Now write P,(w) = f()/u(z) where z = p(n,,) exp (sW/(Mp; — My)).
Then [8] P,.(w) tends uniformly on 4 ={w|0 =< Rew = B},1/2< <1,
to a nonconstant analytic function Q(w) as m —o. For completeness
we sketch a proof of this. We have

e {258 ) e ).

N1 — Wy mt1 ™ M

For sufficiently large m

0 < gRew = g8 < (Npyy — My,) log (T 11)

o(n,) ’
and so
ow _
o) = () [exp (22— ) = 121 < P01
Hence
V(| 2]) = R, ple) = ——m
)= 1) = S )

Write

p(nm+1)7‘m+1_‘"m cee p(nm+j)"m+j“"m+j—1 , j > 0

g9 (m) = {1 , 7=0

{o(n,)"m=rmt e e v Oy, jy) mtitrmmed} ™0 5 0L
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Then

F@) _ 5 o) T o Ty T
(5.1) ol j:z_‘m o' (m) eXp{an — N, ¢w} |

Since 1 < a < A < «, and ¢ >0, there exist numbers A,, 4,, ¢, so that
0< A < Pmts T - 4 oo ,
m — Tm—1

0 < ¢ < (g — m,) log M
o(7)

form=1,2,..-.

Let j = 2. Then
(s — M) l0g O(Ny41) — log 09(m)
= _i_ (%m+j - nm+q~1) IOgM

Io(nm+q—~1)
= _Zjl (Pmiq — Momiq) lOg _OMmiy)
~ lo(nm+q—1)

= _"(.7. - 1)¢1 .

Similarly we have for —j =k = 2, (n,,,; — n,) log p(n,) — log 69 (m) <
(7 + D)¢,/A,. Hence

g~ heL =2
=1 , —2<gji<2

e(j+1)¢1/A2 , j é ____2 .

2Pm+ i %m

o9 (m)

Hence by the Weierstrass M-test the series (5.1) converges uniformly
in both m and w. Hence we have

(5.2) lim fiz) = Z lim {p(nm)"m+f“"m exp <n”‘+" — Z’"‘ ¢w>} .

R W) Tt — T,

Further for 5 >0

(Mps; — M) log o(n,,) — log 69 (m)
L T Mmrsts = Mopmas l()(’)’Lm_H]) Tm+q ™ "m+q—1
Z Z:l <s N n log < > >

q=1 p=¢ m+s — pmts—1 (O(nm)

and so

lim {(n,,.; — 7,) log o(n,) — log 0'9(m)

_@”—a(f+1)+ )¢

if 1<a=A<oo.
(@ — 1y Hlsa=as
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A similar argument shows that (5.3) is valid when j < 0. Hence we
have from (5.2)

(5.4)
iexp{—‘é—J(j +1-— 2w)} when A =a=1,
A 2
ot | Sexp{- L@ — (G + Dati— (@@ —Dw)},
== @—1)
when A =a > 1.

It can be easily verified that the two expressions on the right of
(5.4) are not constant,

Just as in Theorem 1, we now can prove that the set T of limit
points of {7,(f)} is uncountable, and that Q(w) is constant on T,
contradicting the fact that Q(w) is nonconstant on 4. Hence f(z)
has no g asymptotic values.

6. Proof of Theorem 3. (i) We may assume by Lemma 2
that é(r) = o(1). Furthermore according to [9] a, >0 for » > n, and
so we need only consider ¢ asymptotic values, We have [9; pp. 68-69]

w(re®)

uniformly for | 6| < d(r), and

6.1) Je™) o amee exp {i(a(r) — u(r)o — % sz(r)}

%0
(6.2) F(re™) _ o(1) uniformly for o(r) < 0] =<7 .
(re®)
It is immediate from (6.2) that any path in an angle outside the
real axis has g asymptotic value 0 and is nonessential. From (6.1)
we have

SO oy,
()

and so the positive real axis has g asymptotic value «. To prove
that it is essential it suffices to show that there exists a curve
(r, #(7)) (in polar coordinates) such that for each ¢ > 0 there exists
r(e) for which #» > r(¢) implies |4(r)| < €, and (7, ¢(r)) does not have
¢ asymptotic value ., We take

$(r) = {b(r)~" log (2mc~*b(r)}'* ,
where 0 < ¢ < co, Then by Lemma 2, |¢(r)| < é(r) for r > r(c) and

id(r) —_—
ﬁg:zww; ~ V2rb(r) e~ B — ¢

2
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so that (7, ¢(r)) cannot have p¢ asymptotic value oo,
(i) If (2.8) is satisfied for f(z) then (a(r) —v(r))é(r) = o(1), and so

fé”/'e::::; ~ 1V 21b(r) e~ MPEMID — ¢ |
wre

(iii) We have

gure ) flret)
mre ") et f)

so that ¢ is a m asymptotic value of g(z) along (r, ¢(r) — ). However

g(re’®™")

; ~ eV 1 Drh(r) eilaltr)—yir)o—1/2b(r)62
Uret®", g) )

uniformly for 0 < |6 < d(r). Since y(r) assumes every integer as a
value, g can have no p asymptotic values other than 0 and oo

7. ExampPLES. (i) Theorem 1 shows that o A~ Gantntbgicagn
where 1 <A< e and 0 = «, < 27, has no ¢ or m asymptotic values.
Here p(n) = 1" and L = X, Similarly it follows from Theorem 2 that
if 0<a< e the functions

oo

3 i 2 2"
B BT Al

and S7_,2¢°/k** have no p or m asymptotic values. For each of
these functions ¢ = 4a.

(ii) The function e* is admissible with a(r) = b(r) = » and v(r) =

[*], so Theorem 3 (i), (ii) apply to it. More generally the Mittag-
Leffler funection

E.(2) = 2 0 < a<2)

I'(1 + n)
is admissible with a(r) = a7 '+ o(1), b(r) = @™*r** + o(1), and v(r) =
a 'r*"' + O(1), so that a(r) — v(r) = O(1). These facts follow from

E.(z) — ¢® = O(1)z) for |argz| = -%—wr [1; p. 175] .

If f(2) is admissible so is ¢’ [9].
(i) Let Lg(z) = 3.7, {2/(log (n + B))}" where 8>1. It is known
[3; p. 346] that Lg(z) tends to zero on every ray except the real axis,

where it tends to co. Hence e¢7%'* has p and m asymptotic value 0
along every ray from 0 to co.

(iv) Theorem 3 (ii), (iii) show that every positive real number is
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an m asymptotic value of some funetion, If b is any complex number
we can construct a function having b as a p asymptotic value, We
take for example

a2 b 2
b — pliz — z4 1 .
f(z,0)=e +z1/27r(6 )
For » > (|b])/(V/21) we have p(r, f) = p(r, ) ~ (¢™)/(rV/'2x). It follows
easily that lim,_. f(r)/pu(r) = b.
We wish to thank the referee for his suggestions.

Added in proof. An application of these results may be found
in the authors’ paper ‘‘Asymptotic values of holomorphic functions
of irregular growth,”” Bull, Amer., Math. Soc. 71 (1965), T47-749,
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