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Let G be a discrete group and 2 the L, algebra over the
field of complex numbers of G, The aim of the paper is to
consider some combinatorial conditions on the group G which
imply symmetry of the algebra 2. One result is as follows:

If a group F' contains a subgroup G of finite index such
that any element of G has finitely many conjugates, then the
group algebra U of F is symmetric.

A Banach *-algebra ¥ is said to be symmetric if for every element
2z U the spectrum of the element x*x is real and nonnegative. If

the algebra A contains the unit element, this can be equivalently
stated as

For every linear functional F' on A
(1) F(y + yz*x) = 0 for every ye ¥ implies F' = 0.

It is well known and easy to prove that the group algebra of a
finite or Abelian locally compact group is symmetric. If a discrete
group is neither finite nor Abelian, all that is known about symmetry
of its group algebra seems to be due to Bonic [2].

Bonic proved the following facts:

(i) The group algebra of the direct produet of two groups one of
which is Abelian, the other of which has a symmetric group algebra
is symmetric,

(ii) The group algebra of a splitting extension of an Abelian group
by the cyeclic group of two elements is symmetric.

(ili) The group algebra of a free nonAbelian group is not sym-
metrie.

(i) and (ii) together with the fact that the group algebras of finite
and Abelian groups are symmetric establishes the scope of groups about
which, using Bonic’s results, one may assert symmetry. As a matter
of faet, it is not more than the direct products of finitely many finite,
Abelian and dihedral-type groups. The method applied by Bonic is

based on (1), which in the case of group algebra of a discrete group
is equivalent to the implication

(2) If fis bounded and f(t) + Zeoc*x(s‘lt)f(s) =0, then f=0.
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218 A. HULANICKI

It is not surprising that, if some of the elements of the group
appear as complicated expressions of the generators, then to prove or
disprove (2) may become difficult.

We propose another approach to this circle of problems.

Our starting point is a theorem of Raikov, ef, [9], [10]. Denote
by v(x) the spectral radius of an element z in a Banach *-algebra %,
that is, let

y(x) = lim || & ||"" .
.

For any *-representation x — T, of U we have
v'z) = || T,.,

cf. e.g. [11]. Raikov’s theorem says:
A Banach *-algebra 2 is symmetric if, and only if,

(3) 1)(%*%’) = Sup]]Tx*xH

where the least upper bound on the right hand side is taken over all

*.representations of A.
Now let % be a group algebra %A — (G) of a discrete group G
with the usual norm, multiplication, and involution

Hzll= X le@) |, sxy(s) = Z2@ys) , @7(s) = 2(s™) ,

respectively. Consider the left regular representation T of (G) x —
T,, where the Hilbert space of T is L,(G) equipped with norm

Hzll.= @) )7 and T.f = oxf, fe L(G) .

Denote
Me) = || T | .

It may happen (cf. [7]) that the left regular representation weakly
contains (cf. [3]) all *-representation of A(G), which is to say that
MxTxx) = || Ti~,, || for any *-representation T’ of 2(G). Then (3) turns
into the equality

(4) M xx) = v~ xx) .

Our aim is to find sufficient conditions on a group G which imply
(4) for any element x of its group algebra A(G), and consequently the
gymmetry of A(G). We formulate the conditions in the forthcoming
§ 1 and we devote §2 to the proof that, in fact, they imply (4). Finally,
in §3, we discuss the classes of groups for which our conditions are

satisfied,
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The author is most indebted to Professor B. H. Neumann for a
conversation about these classes of groups as well as to Dr. Neil
W. Rickert who suggested several corrections and simplifications.

1. Let G be a discrete group, 2 = A(G) its group algebra. For
any function z on G we denote by N(x) the support of the function
z, i.e.,

N(x) = {s: x(s) = 0} .

Let A, ---, A4, be a family of subset of G. By A, --- A, we denote
the set of all products a,--: a,, where a,€ A;,2=1,---, 2, We shall
also use the abbreviated notation A™ for A ... A. For a finite subset
A of G we denote by |A| the number of the elements of A. Clearly,

(5) | Ay ees Ay = (A -0 [ A,

For any two nonnegative integers m < n we denote by t(m, n) a
sequence

t(my n) = <t17 M) tn>

of elements of G such that at most m of the tis,¢=1,...,n, are
different from the unity of G. We say that a group G satisfies con-
dition (C) if

(C) There exists a constant & such that for any finite set ACG
there exists a constant C = C(4,c¢) such that for any sequence

<t’1y c tn> = t(m: n)
| At,At, - -+ At,| < Ck™c™ for any ¢ > 1.
For m = 0 (or, which is the same, for bounded m) condition (C)

turns into the following one:
(A — S) For any finite subset A of G

| A" | = o(c”) for any ¢ >1.

This condition has been considered by G. M. Adel’son-Vel’skii and

Yu. A. Sreider in [1]. They have proved that (A — S) implies the
existence of an invariant Banach mean value on G. Clearly, (A — S)
implies the Fglner conditions cf. [4].

2. First we formulate two simple lemmas,

LEMMA 1. If G ts a (discrete) group, then for any x € A(G)C LAG),
we have Mx) = || % s
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In fact,
Mz) = sup [[zxyll, = [|zxd]. =[],
My llg=1

where 0, the unit element of (G), is the funetion which takes value 1
at the unity of G and zero elsewhere.

Lemma 2. If x,, -+, 2, € WGQ), then
(1) @oxeeexmy(s)= 3 @(t) - 2u(8,)0(;" -+ - t7's)
t t,EG

(i) Nz - #2,) S Niwy) - N,
(iiiy N(z~) = (N(x))™ = {t"*:te N(x)}.

The proof of (i) is obtained by an elementary induction. To verify
(ii) we simply note that, by (i), s€ N(x,* -+ xx,) implies

tl oo ti's= t,e N(x,) and ¢;eN(x),t1=1,--+,n.

Therefore s =1¢, ++- t,€ N(z,) - -+ N(x,).
From now on we shall frequently use the abbreviated notation
2** for xx +- %2,

THEOREM 1. If a group G satisfies (A — S), then for every x
such that N(x) is finite equality (4) holds.

Proof. Suppose N(z) is finite #@. Let A= (N(x))"*N(x). Then
A is finite and, by Lemma 2 (ii)-(iii), N(z~*2) C 4. We have

H@ms @)™l = 2 [(@7*2)™(s) |
= 2| @) [ = [A[F( 35 | (@7« a)"(s) [

= [A" ]| (@7 x2)™ ||, .
Hence, by Lemma 1, since T,~,, is a hermitian operator,
@5y ™ | < | A" [ 0M(mx0)'™) = | A" 12 (Mo~ =)™ .
Consequently,

v(x~*xx) = lim || (7 «2)™ |[|'" < lim sup ['A™ |"**Ma~*x) .

But, since G satisfies (A—S) and 4 # @,

limsup | A" | =1,

n—r00

whenee v(x~*2x) < Mz~ xx), which completes the proof of Theorem 1.
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COROLLARY 1. If a group G satisfies condition (A—S), then for
any x<€ WG) such that N(z) is finite Spye(z~*x) = 0.

Proof. By a standard argument (cf. e.g. [9 pp. 300-301]) we
reduce our task to proving that for each ¢ %(G) with finite support
(0 + &~ *x)"" exists. Let U be the (commutative) algebra of hermitian
elements generated (algebraically) by 6 and 6 + 2~ *2 = y,. Then, by
Lemma 2 (ii)~(iii), for any y < A, N(y) is finite, whence, since G satisfies
(A—S), by Theorem 1, v(y~*y) = My~ *y) and, consequently, since
¥y~ =y, v(y) = My).

Therefore the completion A* and A* of A in the norms v and ©
respectively, are equal. But * is isometrically isomorphic to a Banach
*-algebra with the unity of hermitian operators, so y;* exists in U*
and, consequently, y;'e %*. This show that in the Gelfand represen-
tation of W'Y, the completion of A in the norm [|-||, we have
¥{M) s 0 for any maximal ideal M of ' which, by Gelfand’s
theorem, proves that y;'e AN c W(G), as required.

By virtue of Theorem 1, if G satisfies (A—S), then equality (4)
holds for a dense (in the norm |[-||) set of hermitian elements x of
A(G). Clearly the function ) is continuous on W), so if we knew
that v were continuous, equality (4) would be an immediate conse-
quence of Theorem 1. However, it is known that, in general, for a
noncommutative Banach *-algebra the function need not be continuous.
The example of 8. Kakutani, as presented in [11 p. 282], shows that v
is not continuous on the algebra of the bounded operators of a Hilbert
space. In this case, however, v is continuous on hermitian elements.
We do not know whether in the case of a nonsymmetric group algebra
the function v is continuous on hermitian elements.

THEOREM 2. If a group G satisfies condition (C), then equality
(4) holds for all elements x e A(G).

Proof. Suppose G satisfies (C) and let z¢ 2(G). For any positive
& we write

(6) Tz =y +
where N(x) = A is finite and ||y || <e&. We are going to prove
(7) vizwxz) S kllyll + Ma) ,

where % is the constant whose existence is postulated by condition (C).
Since A is continuous (with respect to the norm |[|-||), (7) implies
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V(7 #2) = Mr7*z2)

as desired. To prove (7) we write

s

(7*2)" = (Y + )" = 3, DY sk ey Pt

m=0 o,7

=

where the summation extends over the set C(m, ») of all sequences ¢ =
{py, +++, 0.y and 7=4{gq, +++,q.» of nonnegative integers such that
P+ o+ =mq+ -+ + g =m—n. Hence

(8) H (z~*z)*” ” =< Z Hy*f'l*x*‘h* e *y"?r*x*%” .

m=0o,7
By Lemma 2 (i), we have
lly*m*m*ql* [P *y*?r*x*qr}l — Hy*i"l*x*‘ll* cee *y*l’r*w*‘lr*au

=§G %y(tl)--~y(tm)x(sl)---x(sn_m)ﬁ(arlbil---arlbrls) ,

where the summation is all over the set of sequences

a=C by tu, t:€G, i=1, e, m;
B={_8, """, Sunp, 8:€G, P=1, e, —m
O; = 8y teeitqs_gt1 °°* Sqteentq; s i=1 o7, ¢=0
bi = bpptetpy_yts ** boptentn, t=1,+,7,0=0.
Hence
(9) g7t -y raa’ || < 55 y(t) | oo [yl | -

% x(bflsl)x(sz) e x(sql)x(b;13q1+1)x(sql+2) te w(sqﬁqz) e

(SR 1 ( STREY) LR B(S,_m)0(872 0 *+ ¢ ST'S)

= Y@ | oo (Y@ | @ 08O e ey e a™ 0]

where ,(s) = #(b;’s), 2 =1,--+,r. But, since N(x)= A4, N(z,,) = biA,
t=1,---,r. Hence, by Lemma 2(ii),

Ny ™D+ o o5, 30" ) CHAAN™ -+ b AL = p A - -b,A" = P,
Therefore, by Lemma 1 and Schwarz inequality,

[ 20y, % " e e iy k@, T ]
< | PP | a0k o xy s |
= [ PP My JOM@) 7 = o M@, J(M@))
= | PP (M),

(10)
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the last equality being true by virtue of the easily verified fact that
M) = Ma).
On the other hand,

|P|< sup |bA%---bA"| < sup|t,At,A -« t, A
<, b EG

by,

where the least upper bound on the right hand side is taken over all
sequences t(m, n — m) = {t;, +++,t,_ny With at most m of the ts
different from the unity of G. Hence, since G satisfies (C),

| P["* < C(A, c)k™c" for any ¢ >1,
Consequently, by (10) and (9),
|y Pra @@ o on yora gt ||
1) = Sy |+ |yt | e COMw)
= e Ch|ly "M@
Therefore, by (8) and (11),
[z~ x2)™ || = fa(n, n) m% WE™ [y ["OM@)" ™ = e"Ck [y || + M=) .

Hence we have
V(27 x2) = lim || (z7 = 2)™ ||

= lim sup eC"(k [y || + M) = (k[ y [} + Ma))e
This completes the proof of Theorem 2,

3. In this section we present some propositions which exhibit
some of the classes of groups for which conditions (A—S) and (C) are
satisfied. First we establish some notations:;

Let G be a group and let a,be G. We write

b~'ab = a'by a"'b7'ab = [a'y b] ’ [[a’ly ctty an—l], an] - [al’ Yy, an] .
If A, B are subsets of G,
A? ={a’:ac A, be B}.

REMARK. If A is a subset of G, then for a, ---,a,c A% and
b, +,b,cG we have

’

ab - ab,=b---bal---a,, where ai,---,a,c A%,

(This follows immediately from the fact that ab = ba® for any a,beG).
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ProposITION 1. Let A be a finite subset of a group G such that
A = A% Then [A"] < a4,

Proof. If a;,, +++,a,€ A, then
(12) Qo Q,=0bn-e b, b, b,cA

and, moreover, n, + +++ +n, =< n and £ £ |A]. To prove (12) which
is, in fact, a version of Dietzmann’s Lemma (cf. [8 Vol, II, p. 154]),
we suppose that & is minimal with respeet to all representations of
a,+++a, of the form (12). Suppose k > |A|. Then there exists at
least two elements b; and b,, 1 <7 < j < k such that b, = b,. Then

b ees b = Dhl1 ot b;”i:lb?i+”j(bf+l)”'i+1 e (b;_l)%;’—lb;{iql ces bIE

where ¢ = b7, which is a contradiction, since b:c A = A. By (12),
we have

| A" | < (the number of the sequences #,, - -+, 7,
with 2in; =n and k= [A)) = n'4,

DEFINITION, A group G is called a FC-group if for any ae G the
set {a}? is finite. (cf. e.g. [8 Vol. II, pp. 154 and 269]).

ProrosiTION 2, If G is a FC-group, then it satisfies (C) with
constant £ = 1.

In faect, let A be a finite subset of G. Sinece G is FC-group, the
set B = A% is finite, "Hence

|t ALA -t A S | ARt Alv i cos A < | B = n'® = o(c")
for any ¢ > 1.

ProposiTioN 3. If F' is a group which contains a subgroup G of
finite index in F such that G is a FC-group, then F' satisfies (C).

Proof. We show first that if M it a finite subset of G, then the
set M7 is finite. Let M,= M¢ Since G is FC-group, M, is finite.
Denote by ¢ the function which selects one element 4(f) out of each
of the cosets Gf, fe F, and let ¢(G) = 1 — the unit element of F'.
Let

¢(F) — H: {hly "'yhk} .
We have
MF =M, = U M,

ferF
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In fact, if s, fe F, there exists a ge G such that
$(f)s = gg(3(f)s) = g¢(fs) .

Hence

Ms = ) M&Ds = ) Mosus = | ] M9 = M, .

fEF

Thus, since ¢(F') is finite, M* is finite,
Now, let

Q = {hhj(p(hihy))™: 4,5 =1, -+, k} .

Clearly, Q is finite and @ C G. By virtue of what we have proved
above, QF = @, is finite., We now prove that for any sequence
Uy oo, U, With w;e{l, <+, k},¢=1,.--,n, we have

(13) Buy++ b, cQHCQIH = HQ? .
Let fo=1,fi=hy - hy,,t=1,---,m, and let a; = ¢(f)). Then
Sutt = ah, o'k, 0, - @720,k 0t
But for any ¢t =1, -+, n,
= §(£) = (fiih) = (3 Firlh) = $(aiih,) .
Hence .
a0t = aohy ($(Qohy,)) ™ v o0 @ik ($(@nsihy, )T EQ™ .
and, consequently,
Puyvoe by, = freQa,CcQ"H,

which completes the proof of (13).

Now let A be a finite subset of F. There exists a finite set
Mc G such that A< HM. Consider the finite set

B = HM”".

Clearly, AC B, For every two nonnegative integers m < n, let t(m, n)
be as in Section 1. We have

(14) |¢t.B+++t,B|=|(B+++B)(B++B)++- (B+++ Bymt1|,

where {t;, ++-, t,> = t(m, n), iy °**, t;, are the tjs different from the
unity of F, for every t =1, ms; =1, +t;, and s, =1,

Each element of the set on the rlght hand side of (14) is of the
form

f: (hlgl o hrlgrl)sl °e (hrm+1grm+1 e hrm_ng

)3m+1

m+1 ’
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where g; e M*, ¢ =1, +-+, n. Then

f: (hl e h/rl)sl oy (h"m+1 .. h/rm+l)sm+1g; see g; ,
where gie M”, i =1, -+, n. But, by (13), forany 1 =1, .-, m +1
we have

by,_,+++h, = hiq;, where hiec H and g¢,eQ" "V,

Ti—1
Consequently, since @Qf = Q,,
F=h e b gl e G

and so, since

m+1

Zl ri—ri_)=n,

fe Hs1... _Hsm-(-lQ{‘MI” .
Therefore, since |H*| = | H| for any sc F, and | H| =k,
|t B+ tnB| =< |H811 |H3m+ll ]Q“ |M1”] = ]HI’”[HI%”Q““M“’ ,

whenece, since | H|n''@!#1¥1b = o(¢™), Proposition 3 follows.

COROLLARY 2, If a group G contains a FC-group as a subgroup
of finite index, then equality (4) holds for awny element x of the
group algebra A(G) of G and, consequently, A(G) is symmetric.

PRrRoPOSITION 4, The direct product of finitely many groups which
satisfy (C) satisfies (C).

ProposiTiON 5. If GG is a locally nilpotent group, then G satisfies
(A—S).

This follows from the fact that if A = {a,,---, a,} is a finite subset
of G, H is the subgroup generated by A, which, by assumption, is
nilpotent of class, say, s, then any element of A"C H is of the form

k . k L. k 3 3
g a?(” H [ail’ aiz]'n(u,wz) e H [aily .ee, ais]n(u,-..,ws)

19, 19=1 2y, 0ertg=1

where n(i,, ---,4;) are nonnegative integers =< f;(n),j=1,---,s, and
fi;(m) is an integral valued polynomial. (The exact from of f;(n) can
be easily established by the use of the collecting process as described
in [6] and [5] but it is irrelevant to us here.) Thus

| A" = (i) -+ (£i(n)* = o(c") for any ¢>1.

ProrosiTioN 6. Condition (C) is not satisfied by nilpotent groups,
in general,



ON THE SPECTRAL RADIUS OF HERMITIAN ELEMENTS 287

ProposiTION 7. Condition (A—S8) is not satisfied by soluble groups,
in general.

REFERENCES

1. G. M. Adel ‘son-Vel’ skit and Yu. A. éreider, The Banach mean on groups, Uspehi
Mat. Nauk (N.S.) 12 (1957), 131-136.

2. Robert A. Bonie, Symmetry in group algebras of discrete groups, Pacific J. Math.
11 (1961), 73-94.

3. J. M. G. Fell, The dual spaces of C*-algebras, Trans. Amer. Math. Soc. 94 (1960),
365-403.

4. E. Fo¢lner, On groups with full Banach mean value, Math. Scand., 3 (1955), 243-254.
5. Marschall Hall, Jr., The theory of groups, The Macmillan Company, 1959.

6. Philip Hall, A contribution to the theory of groups of prime power order, Proc.
London Math. Soc. 36 (1933), 29-95.

7. A. Hulanicki, Groups whose regular representation weakly contains all wunitary
representations, Studia Math, 24 (1964), 37-59.

8. A. G. Kurosh, The theory of group, Chelsea Publishing Company, (1956).

9. M. A. Naimark, Normed rings, P. Noordhoff, Ltd., Groningen, (1960).

10. D. Raikov, On the theory of mormed rings with involution, Dokklady Akad. Nauk
SSSR 54 (1949), 387-390 (Russian).

11. Charles E. Rickart, General theory of Banach algebras, D. Van Nostrand Company,
(1960).

Received January 10, 1965.

INSTITUTE OF MATHEMATICS, POLISH AKADEMY OF SCIENCES
and
THE UNIVERSITY OF WASHINGTON






PACIFIC JOURNAL OF MATHEMATICS

EDITORS
H. SAMELSON *J, DUGUNDJI
Stanford University University of Southern California
Stanford, California Los Angeles, California 90007
R. M. BLUMENTHAL RICHARD ARENS
University of Washington University of California
Seattle, Washington 98105 Los Angeles, California 90024

ASSOCIATE EDITORS

E. F. BECKENBACH B. H. NEUMANN F. WoLF K. Yosipa

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA STANFORD UNIVERSITY

CALIFORNIA INSTITUTE OF TECHNOLOGY UNIVERSITY OF TOKYO

UNIVERSITY OF CALIFORNIA UNIVERSITY OF UTAH

MONTANA STATE UNIVERSITY WASHINGTON STATE UNIVERSITY
UNIVERSITY OF NEVADA UNIVERSITY OF WASHINGTON

NEW MEXICO STATE UNIVERSITY * * *

OREGON STATE UNIVERSITY AMERICAN MATHEMATICAL SOCIETY
UNIVERSITY OF OREGON CHEVRON RESEARCH CORPORATION
OSAKA UNIVERSITY TRW SYSTEMS

UNIVERSITY OF SOUTHERN CALIFORNIA NAVAL ORDNANCE TEST STATION

Mathematical papers intended for publication in the Pacific Journal of Mathematics should be
typewritten (double spaced). The first paragraph or two must be capable of being used separately
as a synopsis of the entire paper. It should not contain references to the bibliography. Manu-
scripts may be sent to any one of the four editors. All other communications to the editors should
be addressed to the managing editor, Richard Arens at the University of California, Los Angeles,
California 90024.

50 reprints per author of each article are furnished free of charge; additional copies may be
obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is published monthly. Effective with Volume 16 the price
per volume (3 numbers) is $ 8.00; single issues, $ 3.00. Special price for current issues to individual
faculty members of supporting institutions and to individual members of the American Mathematical
Society: $4.00 per volume; single issues $1.50. Back numbers are available.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific Journal
of Mathematics, 103 Highland Boulevard, Berkeley 8, California.

Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), No. 6,
2-chome, Fujimi-cho, Chiyoda-ku, Tokyo, Japan.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.

* Paul A. White, Acting Editor until J. Dugundji returns.



Pacific Journal of Mathematics

Vol. 18, No. 2 April, 1966

Alexander V. Arhangelskii, On closed mappings, bicompact spaces, and a

problem of P. Aleksandrov. ............. ... . ... 201
A. K. Austin, A n0te on loops .. ... 209
Lawrence Peter Belluce and William A. Kirk, Fixed-point theorems for

families of contraction Mappings. ............ouuueeeeeeinnnino.. 213
Luther Elic Claborn, Every abelian group is a class group ................ 219
Luther Elic Claborn, A note on the class group..................cc.oo... 223
Robert Stephen De Zur, Point-determining homomorphisms on

multiplicative semi-groups of continuous functions. .................. 227
Raymond William Freese, A convexity property ............. ... 237
Frederick Paul Greenleaf, Characterization of group algebras in terms of

their translation operarors .............c..ouiii ... 243
Andrzej Hulanicki, On the spectral radius of hermitian elements in group

ALGEDYAS . . . . o 277
Michael Bahir Maschler and Bezalel Peleg, A characterization, existence

proof and dimension bounds for the kernel of a game ................ 289
Yiannis (John) Nicolas Moschovakis, Many-one degrees of the predicates

Hy () o 329
G. O. Okikiolu, nth order integral operators associated with Hilbert

ANSOYMS . . .o

C. E. Rickart, Analytic phenomena in general function alg

K. N. Srivastava, On an entire function of an entire functi
Dirichlet series ...,

Paul Elvis Waltman, Oscillation criteria for third order n
differential equations ...................c.cccovuu...




	
	
	

