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In this note we prove the following theorem which seems
to exhibit an essential property of the order (R) of entire
function defined by Dirichlet series.

THEOREM If h(s) and g(έ) are entire functions defined by
Dirichlet series and g(logh(s)) is an entire function of finite
order (R), then there are only two possible cases: either
(a) the internal function h(s) is a Dirichlet polynomial and
the external function g(s) is of finite order (R); or
(b) the internal function h(s) is of finite order (R) and the
external function g(s) is of order zero.

Here h(s) and g(s) are entire functions defined by the
Dirichlet series

h(s) = Σ ane
λnS ,

g(s) = Σ bne™ ,

satisfying the relations

l.u.b. I h(σ + it) I - H(σ) ,
-oo<ί<oo

l.u.b. I g(σ + it) I = G{σ) ,
-oo<ί<oo

for any real value of (in particular, every Dirichlet series
absolutely convergent in the whole plane will have this prop-
erty).

For this type of function Ritt [2] defines the order in the following

way:

(J

will be called the order (R) of h(s); we shall also express it by saying
that h(s) is of order (R) equal to p.

It is to be noted that since #(log h(s)) is simply a power series in
Λ(s), it is a single valued function. Since h(s) is an entire function,
there will be at least one term of the series which is greater than all
other terms in its absolute value. In the case when there are more
than one such terms we regard the term with the highest rank as the
maximum term. With this convention the maximum term of h(s) will
be denoted by μ(σ, h).

2. For the proof of the above theorem we require following lemmas.
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LEMMA 1. If h(s) is an entire function defined by Dirichlet
series with least upper bound H(σ) and maximum term μ{σ, h), then

H(σ) ^ μ(σ, h)^\an\ e^ .

Sugimura [3] has proved this result.

LEMMA 2. Suppose that Θ is any number 0 < θ < oo and
oo

w = φ(s) = Σ α » β λ w % (s = ° + it> ° < λ i < λ2 * * —* °°)
l

is any function regular for Re(s) S o and is representable by an
absolutely convergent Dirichlet series. Furthermore suppose that
Φ(s) satisfies the conditions

( 1 ) Φ(- oo) = 0, l.u.b. \φ(s)\ = l .
Be{s)=σ-Θ
-oo<ί<oo

Let rφ denote the radius of the largest circle \ w | = r φ all of whose
points represent the values taken by φ(s) in the domain Re{s) ^ σ.
Then rφ is not less than C, C = C(\l9 θ) being a positive number
which depends on \ and θ.

This lemma is a generalization of a result of Bohr [1] which runs
as follows:

Suppose that μ is any number, 0 < μ < 1, and w = Φ(z) is any
function which is regular for | z \ S 1 and satisfies the conditions

( 2 ) 0(0) = 0, Max I φ(z) | = 1 .

Let rφ be the radius of the largest circle \w\ = Tφ all of whose
points represent the values taken by Φ(z) in the circular domain | z | ^
1. Then rφ is not less than a positive number C, C — C(μ) which
depends on μ.

The simplest proof that I can present is based on a theorem of
Ritt [2] which is a generalization of Landau-Schottky's theorem.

Proof of Lemma 1. The theorem of Ritt which we need runs as
follows: Let

( 3 ) ψ(8) = α0 + Σ αHeλ»% (s = σ + it, 0 < X, < λ2 . oo)
n—l

be analytic for Re(s) <̂  σ and for i?e(s) ^ T ^ σ be representable by
an absolutely convergent Dirichlet series. Let θ be a variable assum-
ing all values greater than zero, and ψ(s) is nowhere zero or unity
for Re(s) ^ σ. Then there exists a function S(α0, λ n 0), such that

< S(a0, λx, 0) for Re(s) ^σ - θ .
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A simple modification will show that if | ψ(— ©o) | ^ 1 then there
exists a function S(\, θ)y such that | ψ(s) | < S(Klf θ). In particular
this is true, if α0 = — 1.

From the result stated above follows the existence of a number
C — C(Xl9 θ) in the sense of the lemma, if we take C(\, θ) =
1/1 + 3 S(\, θ). For if we suppose that the lemma is false, then for
Re(s) g σ there exists a regular function φ(s) with φ( — oo) = 0 and
l.uΛ>.-£<Γ<~θ I Φ(s) I — 1> f° r which the radius rφ < C. This means

that φ(s) does not take all values on the circle | w | = C and also on
the circle \w\ = 2C. In particular it does not assume the values
a = C.eia and 6 = 2C.eίβ respectively. Let

(4) ψ(s) = ^ a

— a

ψ(s) is regular for Re(s) ̂  σ and is representable by an absolutely
convergent Dirichlet series and does not take the values zero or unity.
Further

b — a

Hence from the theorem of Ritt, there exists a function S(Xl9 θ) such
that for Re(s) <L σ — θ

( 5 ) \f(s)\<S(\,θ).

Hence for Re(s) ̂  σ — θ

( 6 ) I φ(s) ( = I a + ( 6 - a) ψ(s) \ < C + 3 C . S ( X U θ ) < 1 ,

which is contrary to the hypothesis that

l.u.b. I φ(σ + it) I = 1 .
Re($)=σ~θ
-oo<ί<o©

LEMMA 3. Suppose that f(s), g(s) and h(s) are entire functions
connected by the relation

(7) f(s) = g(logh(s)),

suppose further that

(8) Λ(-oo) = 0.

Let F(σ), G(σ) and H(σ) denote the least upper bounds of f(s), g(s)
and h(s) respectively for Re(s) — σ. Then there exists a definite
number C independent of g(s), h(s) and σ, such that

(9) F(σ) ̂  G{log (C.H(σ - θ))}
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where Θ is a fixed constant.

Proof of Lemma 3. To fix the ideas, we take θ to be a fixed
positive constant, and apply Lemma 2 to the function

which satisfies the conditions (1). We see that this function maps the
domain Re(s) :g σ on a Riemann surface over the 2-plane whose various
sheets cover the whole periphery of a certain circle of centre z = 0
and radius R, R being not less than C.H(σ — θ). Furthermore, the
function w = log z maps a Riemann surface consisting of infinity of
sheets, each cut along the negative real axis from — R to zero and
the upper half of each sheet is joined to the lower half of the next,
on the w-plane extending from — oo to Re(w) — log R. Thus a strip
of width 2/7 corresponds to one complete sheet of the Riemann surface
and every point of Riemann surface corresponds to just one point of
w-plane. R being not less than C.H(σ — θ).

Suppose that w0 is a point on the line Re(w) = log R, such that

= G{Re(w0)} = G(log R) ,

then there is at least one point s0 inside Re(s) ^ σ, such that

wQ = log h(s0) .

Hence it follows that

G[log {C.H(σ - θ)}] £ G{Re(wQ)} = \ g(w0) \ = | (/(log Λ(*o)) | ^ F(σ) .

3. Proof of the theorem* We observe that F(σ), G(σ) and
H(σ) are increasing functions. We may express the hypothesis that
f(s) is of finite order (R) 'a' by the inequality

(10) F(σ) < exp [exp {σ(a + e)}] .

We have

h(s) = aλe
λlS + a2e

λ2S + + ameλ™s + .

From Lemma 1, we have

(11) H(σ) ^ μ(σ, h)^\am\ eλ™° .

In virtue of (9), (10) and (11)

G[log {C. I am I e~^θ} + Xmσ] ^ G[log {C.H(σ - θ)}] < exp [exp {σ(a 4- e)}]

G[log {C. I am I β-λ-θ + σ] < exp [exp {(a + e)σ/Xj] .
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That is to say, the order (R) of g(s) does not exceed a/Xm. If h(s) is
not a Dirichlet polynomial, λm can be chosen arbitrarily large and in
this case the order (R) of g(s) is zero.

In any case there is ian inequality for g(s), analogous to (11), let
us say

G(σ) ^\bn\ e*° (n ^ 1) .

Combining this with (9) and (10), we obtain

I bn I exp [n log {C.H(σ - θ}] g G[log {C.H(σ - θ)}]

^ F(σ) < exp [exp {(a + ε)σ}] .

Thus the order (R) of h(s) is not greater than V .
I am thankful to the referee for his useful suggestions.
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