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In this paper, conditions will be found on nonlinear per-
turbations of the evolution equation with skew adjoint generator
sufficient to guarantee the existence of nontrivial mild global
solutions of the perturbed equation which converge to solutions
of the unperturbed equation as t — + o or —oo, These results
are used to prove the existence of wave operators for certain
semi-linear hyperbolic equations,

Let H be a real separable Hilbert space and A a skew adjoint
linear operator on H. Denote the one parameter unitary group
generated by A by e'4.

Let K be a map from R x H— H denoted by K,(u) for uec H,
te R. Assume also that K,(0) = 0e H for all te R. The object of
study in this paper will be functions «: R — H such that K,(u(t)) is
Bochner measurable and

(1) u(t) = e, + SZe““““Ks(u(s))ds

where u, is some element of H. Note that it is assumed that u is
defined for all real ¢; i.e., it is a global solution of (1). An elementary
sufficient condition that there exist such u is that K, is globally
Lipschitzian. That is, there exist k such that

| Ku) — K@) || = k[|u — v

for all te R and u,ve H.
If u(t) is strongly differentiable, is in &, for all ¢ and satisfies
(1) then

(2) L huk K ) wl0) =

For this reason solutions of (1) are called global mild solution of (2).
These are the only type of solutions this paper will be interested in.

The main question of this paper is whether there are solutions
of (1) which behave for large positive or negative ¢ like e*4v for some
veH., If ||K(u)— K@|=Zo®)||u—wv| for all u,veH and o
bounded integrable then w(t) exists for all #,c H and behaves in this
manner (Prop. 3). If K does not depend on time, the results are not
as straightforward. Propositions 4 and 5 give sufficient conditions on
an element v, € H that there exist a solution of (1) behaving as ¢ — — «
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or + oo like e*4v,. These results are then applied to the question of
existence of wave operators certain semi-linear hyperbolic equations
which may be written in the form (1) or (2).

2. Wave operators. It is convenient to define a number of
terms which will be useful later.

DEFINITION. %_( %) is a map from a subset <7 (<,) of H to
a subset #_(F#,) of H defined as follows. wu,€ = if lim,,_.e *u(t)
exists where u(t) is a solution of (1) with initial condition wu,.

Hu, = lim e"*u(t) .

t—r—o0

w_( %) is the backward (forward) wave operator.

REMARK., 1. The above objects depend on A and K,. If neces-
sary they will be written Z 4%, o*X, ete.

2. All proofs will be for ., &, &#_. Similar proofs with the
obvious changes will work for %, &, ..

3. If woe & and w, = " u,€ R_ then 4w, satisfies (1) with
K, =0 and initial condition w,  Moreover | e““w, — u(t)||— 0 as

t— — oo,

ProPOSITION 1. Let w, be in H. Suppose there exists a Bochner
measurable function v : R-— H such that

@ IR CONEE
(b) () = wo + S;e“"AKs(e“v(s))ds t<0.
Then w,e <7_ and v(0)e 2. with Z-v(0) = w,.

Proof. Let u(t) = e*v(t). Then u(0) = v(0). By (b),

t

u(t) = et4aw, + S 94K (u(s))ds
= e"p(0) + Ye““s’AK,,(u(S))ds .
0
u(t) is a solution of (1) and with initial data #(0), and

ettt — w, | = o) — wol| = |l Keu(@) 142 —0 as t— — oo,

COROLLARY 1. Let u, be in H such there exists a solution v(t) to
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0

(1) with initial data w,. Then if S | K (u(s)) || ds < oo, Uy € 1 and

By = Uy — S° =K (u(s))ds .

—co

ProrposiTiON 2. If K, is Lipschitzian with constant & and u, and
v, are 7 with 27 u, = %_v, then u, = v, if

[ lu® v jde s e 550, c>k
and u(t) and v(t) satisfy the hypothesis of Corollary 1.

Proof.

lu®) = o) | = |11 Ku(uts) — K.(0(s) || ds
< k| ) —o@)lids
Let o(t) = || u(t) — v(t) || and
20 = | _llue) — v(s) || ds = e .
o(t) is absolutely continuous and ¢’ = .
P = ko
4 (pet =0

td —kt
L (@ =0 t>T
i.e. o)™ = p(T)e ™ < ve* " —0 as T— — co.
p(t)e™ < 0. t>— oo

p(0) = 0= 0(0)
The following classical result will be helpful.

LemMA 1. Let p,0,¢ be positive real valued measurable functions,
o and ¢ bounded and o integrable such that
o) = s(t) + | _oG)o(eds .

Then
i

o(t) = e(t) + exp (S ma(s)ds)Sime(s)a(s) exp (S;o(a)da)ds .
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The following is a result of Segal [2] and Strauss [6]. For H = E*,
this result is classical.

ProrosiTION 3. If || K\(u) — K,(v)|| = 0(t) || — v || where o(t) is
bounded integrable then < = <Z_ = H, 97 is one-one, Lipschitz
continuous with a Lipschitz continuous inverse.

Proof. Let w,c H. Let u(t) be the solution of (1) with data u,.
Thus

wlt) = o, 4 | =K (u(s)ds =0
Thus
) 1| = 1wl + (0@ a1 ds .

Then by a classical result,

()] = 1l )l (1 + ce) where ¢ = So_wo(t)dt :

[ I K s = | o) lu(e)]1ds < oft -+ ce || u]

Thus u,€ &7 by Corollary 1. .. < = H. Let u, and v, be in H.
Let u(t) and o(t) be the corresponding solutions. Then

lu(t) = v(®) 1 = = ]| + [ o6 [ u) — v l1ds ¢=0.

lw(t) — @) Il = [[the — vo[] (1 + ce?) vi=0
157" — 77 0[] = ([ % — v || (1 + ce°) .

Thus 7 _ is Lipschitz continuous. Now suppose %% _u, = % _v,.
e tHu(t) = u, + S:e“SAKS(u(s))ds .
e t4u(t) = v, + S:e'“Ks(v(s))ds .
Similarly,
etaut) = e~Tu(T) + S;e”“s’AKs(u(s))ds

e~ tHu(t) = e T4(T) + S;e“‘s)"Ks(v(s))ds .

Therefore
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Il e~ u(t) — e“v(t) || = [|w(t) — v@) || = [| w(T) — v(T) ||
+ S;a(s) lu(s) — v(s)||ds 0= ¢t=T

lu(®) = v(®) || = | (T) = o(T) | + | o) | v(6) = v(s) 1 ds -

By Lemma 1,

(3) u@) —v@ | = W) —o(T)||(L+ce) 0z=t=T.
But || w(T) — o(T)|| — 0 as T — — oo,

lu() —v(t)||=0 Vvt=0. In particular for ¢ = 0.

Uy = Voo
Let T =< 0 be such that r o(8)ds =¢ < 1. Let uw,€ H. Define re-
cursively

() = o - S;e““Ks(e”un_l(s))ds . t<T.
Claim (@) || %.(t) — %, (D) || = ™ || uo|| t=T
(b) | u )| = || o] Sipao ™ t=sT.

These are proved by induction. Some care must be taken since u,,,
is not defined until (b) is proved for wu,.

It follows that there exists a measurable »(¢) such that w,(¢) — v(t)
uniformly on (—e, T]. Also, ||v(®)]|| = ||u||/@ — ¢') for t < T.

It’s trivial show there a unique w(t): R — H satisfying

w(t) = e4o(T) + S;e“““"‘Ks(w(s))ds .

For ¢t < T, e t“w(t) = v(t). Let ¥(f) = e*w(t). ¥(t) satisfies the
hypothesis of Proposition 1, .. w,e #_, .. F#Z_= H. It follows from
(3) that

[ u(t) — v S || Zue — Zuoll (1 + ce) t=<0
uo — v || £ Uy — H 0|l (L + ce) for u, & v,ec H.
|| 27y — 70| = ([ 4o — o || (1 + ce) .

COROLLARY 2. S = %, %" exists and is Lipschitz continuous.

ProPOSITION 4. Let 8¢ H. Let K independent of ¢ and Lipschitz
cont. with Lipschitz constant k. If || K(e*“B) || = de* for t = T (some
fixed T) and ¢ > k, then S€ <Z_ and in fact there is a solution wu(t)
such that
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d
c— £k

e t=T.

() e~ u(t) — Bl =

Moreover, u(t) is unique among solutions satisfying *.

Proof. The proof is a Picard iteration. Because of the technical
details, a proof is included. Let v,(t) = 5.

o(t) = B + St_we““K(e“‘v”_l(s))ds t=T.
Claim (8) [|.(t) — v,a() || = d’@“:_l o t= T
0 | 1K v)ds = Lo 5 (LY =

lo@ =gl = | 1K) s =L

(a) holds for n = 1. Moreover
| I EE e ds = ||l Keos) — Keg) | ds
¢ s4 d ct R R2

[ ikegass LB B o

(b) holds for n = 1.
Assume v,_,(t) exists and satisfies (b). Thus »,(f) exists.

| IE@w @ s = | llv.—pllds+ Lot 1T
But
lon—pl= | IKew @) ldss Lo 5 (LY ez
K 84 d Ct d ct = k i
[l @) s = Loy Lo 55 ()
_ d ot n+1 k 7
=52 =T

10t) = 00 ® 1 S T | _[[00s(s) = vui(5) |1 ds
k™

C"b

A

et t=T.

Thus v,(t) exist for all » and ¢ < T and satisfy (a) and (b).
Thus v,(t) — v(t) uniformly on (— o, T). In fact,
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ot — o) | = (L)L

v(t) satisfies

v(t) =B — St e K(e*v(s))ds .

—co

If T = 0 then v(0) is already defined and by Theorem 1, Bc R_.
If T<0, let w(t) satisfy

w@):emwT)+S}WMHQw@mk.

w(t) exists for all ¢ and w(t) = etv(t) for t < T.
If 9(t) = e *w(t) then ¥(¢) satisfies the hypothesis of Proposition 1.
Thus Be Z_. w(t) is our sought after u(t). For t < T,

le“w(t) — Bl = [v(t) — Bl = [[v() — v || + [[vat) — B

=T i) =

Suppose #7°2(0) = B|2(t) — e“4B|| = ve*t ¢/ >k for t = T'.
Then

ll2(t) — w®) || = ve" + e t<min(T, T).

d
c—k
Then z(0) = w(0) by Proposition 2.

PRrROPOSITION 5. Let

k) — sup LK@ = KO
Hull ol sr lu— v

Assume Fk(s) is bounded on compact subsets of R*. Assume also that
for any u,e H, there is a solution of (1) with data u,. Let 8¢ H and
assume || K(¢4B) || = ve® fort < T” and ¢ > k(2 || B{]). Then Be #Z_.

Proof. Let T be such that if t T, ve* < (c—k)||B]l, k=
E@I|AI). Let T=min (7", T"). Let v(t) = 5. Let

mm:3+ﬁfﬂmwm@ t=T
(1) Jlw(®) — Bl = (v/c)e* t=T
(i) [lo@ll =Bl + (ve)et = (2 —Fkfe)||BI t=T.

It follows that v,(t) is defined as is Proposition 4.
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Claim || v,(t)|| = (2 — <‘§)> 18|l t= T True to n = 1.
10u0) = 2@ = ||| Koo, (s)) — Klet*v, (s) ([ ds ¢ =T

By induction assumption, |jv,_.(s)|| and || v, _.(s)|| are both less than
2118l for s < T.

1ou®) = 0@ 1 S k| 00s(s) —v,a(e)) Il ds .

But [[v, ], [[v:ll « -+ [[vas [l = 2| B]].
for j < m,

66)5

1odt) = 0@ S k|10 = 0rfo) s = 20

by induection,

0,(8) — vailt) || = ””flwt
k . EN"
o1 = loua®) |+ 22 e = (2 (L)) 11811 -
¢
Now proceed as in Proposition 4.
3. Nonlinear wave equation. Consider the partial differential

equations

(4) Hu=0 u(0) = (%) u,(0) = s(

)
(5) 0w = qF(w) w(0) = r(@) u,(0) = s()

where [ = 33_, (0*/0x2) — (0°/0t?), ¢ is a function on R®, and F is a
real valued function of a real variable. Let H = <,—, @ L, where
Fv=r 18 the completion of the domain of =4 in L, with respect

to the norm |[[Vu ||, = <S [V |2)1/2. The Sobolev inequality shows that

we may treat the elements of <7,~, as functions. (Z,—C L;). Let

()

on H, i.e., A<u> (Au) for such (v) where it is defined. A4 is
skew-adjoint with respect to H u H = [|Vu|; + ||v]|; where || ||, is

the L, norm., Let K:H-— H be defined by K( > <qF(’)( u)) If
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re C? and se Cy then ue Cy for each t. Then (::((?)) € H and
t

(6) —@—(“ :A(” +K(“)
dt \u, Uy Uy
where u satisfies equation (5). In general true solutions to

da
6 = =A K
(6) 7 a+ Ka

are not strict solutions to (5) but are solutions in a weak sense. In
fact however this paper will be interested in solutions to (6); i.e., mild
solutions. For a discussion of the above see [2, 3, 4, 5].

PROPOSITION 6. Assume F(0) =0, |F(x) — F(y)| < k|x — y| and
lq(@) | = ve=, |@| = (a1 + @} + 23)""* where

C > (zk,yg.llsd )1/2 )

d = sup,eo= (|| % [lo/l]| Ve |ls). (& is finite by the Sobolev lemma). Then
if p,eCer@PCrcH, p,€ #_ (and FHZ_).

Proof.

| K(p) — K@) | < 7 ll@ — | where ,7:_210_757;’_3(1.

Thus there exist unique solutions of (6) for any initial data. By
Huygen’s principle, e¢t4p, is detached; i.e., 3t, such that if

w(t) and u,(t) vanishes in a cone {|o| < [¢|+ t}. Thus

1K) = | winde < &t fgw =]  qw
z 0
2/3
< .22 3 2
= R (Slzlzlthoq) [Pl
S | g r LELZE g

for any € >0 and |¢| > T(¢). Our result then follows from Proposition 4.

REMARK. Note that only the fact that w(t) is detached is used.
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PROPOSITION 7. Assume F(u) = ?, |q(x)| =< ve~*®.  Then if
e Co B Cy, pec.F. and FZ_.

Proof. It is proved in Segal [2] that for this case, solutions exist
for any initial data. || K(a) — K(B) || = 3vd*»*||a — B|| where ||«
Bl =r, ie, k(s), is the notation of Proposition 5, is 3vd’r (use
Sobolev inequality). Suppose ¢,c Cy @ Cy. It will be shown that for
[t | sufficiently large

| K(e“po) || = vie™"" where ¢ > k(2] p]]) .

The result then follows from Proposition 5. Let ¢,(t) = (ZJLL ((tt))>
t

| Kep) | = (gu .
But u(t) is detached so

g°ut < e—clti+ig)? S us
l=iztl+tg

K| = |
lelzit+o
< e—c(\t|+to)2d6 H Po He .
| K(eqp,) || = d° [ iy |Pe 0"
For |t| sufficiently large

e—~c([t]+t0)2 < ,\/ie%'m

for arbitrary ¢’.
By Propositions 7 and 5 there exists a (¢) satisfying (2) mildly

such that
[[ s (t) — €, || = v~ It = T{c)

where @ and K satisfies the hypothesis of Proposition 7 where ¢ is
arbitrary. Fix ¢. Then for |t ]| sufficiently large, ||+ || = 2| @, ||. Thus
| K(v(t) | = || K(v(t)) — K(e“po) || + || K(e“p) ||
= K2 || @, |)ve 't + Yot = et
ie. | Kpa(®) | < vie~t for ¢ = Tyfe) (*)
I K(p_ @) Il <v_e  for t =T (c) (**)

for arbitrary positive e. Thus:

COROLLARY. If K is as tn Proposition T, there exist solutions
to (do/dty = Ap + K(p), satisfying (*) and (**).

REMARK 1. It is not clear whether there exist ¢ satisfying (*)
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and (**) simultaneously.

REMARK 2. Strauss [4, 5] by using energy inequalities has shown
for the case F(u) = qu® that there exist solutions w(x,t) such that
|| K(u(t)) || are integrable which implies they are in the domain of
%7~ by Proposition 1.

4. Nonlinear relativistic wave equation. Consider the partial
differential equation

(7) Ou=mu + qF(u) u(0) = r u,(0) = s

where m > 0. By a result of R. W. Goodman [1], has no finite energy
detached solutions. As in §3, consider mild solutions to

d
7‘% =Ap + K(p)  @(0) = @,

where in this case H = Divi=r @ L, and

A:(<wid>9
)

=||Vm —dul+ l|v]E.
The following will be proved elsewhere (in a somewhat stronger
form).

LEMMA. Let r(x) and s(x) be in Ly(R’). Let ¥ and § be their
Fourter transforms. Assume (m* + |x|*)*F and (m* + |2 |*)*8 are) in
I’ where I" is the image under Fourier transform of L,(R%). Then
[|u(x, t) ||« = O(L/ | t]|) where u(x,t) satisfies (4) with F = 0.

ProrosITION 8. Suppose ¢ is bounded, F' Lipschitz and F = 0 in
a neighborhood of 0. Then if the initial data satisfy the requirements
of the above lemma || K(e*4p,) || — 0 exponentially. In fact || K(e*p,) || =

0 for |t| sufficiently large. Thus 9. have nonempty range by
Proposition 4.

Proof. As before, if

—(Ver ke =| °
¢“@F ’@*«—wmy

Let @, = (g) where » and s satisfy the above lemma. Then
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u(x, t
g ( ( )) _
(%, 1)

0
K(eHp,) = (_ qF (u(x, t))) '

But there exists € > 0 such that if |y| <e, F(y) = 0 by hypothesis.
By the above lemma, there exists a 7T such that if [¢]| > T,
lu(e, t) |« < e. Thus for |[t]| > T, F(u(x,t)) = 0 for all xe R®. If I
is Lipschitz continuous, so then is K.

I. E. Segal has recently obtained by similar methods stronger
results along the above lines.

Thus

Added in proof. The hypothesis of Proposition 4 and 5 may be
weakened to So e~ || K(e**B) || dt < o« for some ¢ > k.
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