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Morita’s characterization of dimension may be stated in
the following form. Let R be a metric space. A necessary
and sufficient condition that dim R < n is that there exists a
o-locally finite base <& for the topelogy of R such that dim
(G—G)<n—1for all G in &,

The main result of this paper is the following:

THEOREM., Let R be a metric space. A necessary and
sufficient condition that dim R =< » is that there exists a o-
closure-preserving base < for the topology of R such that
dim(G—G)=<n—1for all G in &,

Thus the ‘locally finite’’ condition in Morita’s characteriza-
tion can be replaced by the weaker ‘‘closure-preserving’’ con-
dition. A further result is that the ‘‘closure-preserving’’
condition can be replaced by the still weaker condition of
““linearly-closure-preserving’’ provided the ‘‘base’ condition is
strengthened to a ‘‘star-base’’ condition.

Finally, several examples are given which show that the
‘“linearly-closure-preserving’> condition is weaker than the
‘““closure-preserving’’ condition in important ways. In particular,
the following is proved. '

THEOREM. There exists a nonmetric, regular T)-space
which has a s-linearly-closure-preserving star-base.

If the word ‘‘linearly’’ is deleted from the above theorem,
the resulting statement is false since Bing has proved that a
regular T)-space with a os-closure-preserving star-base is
metrizable.

1. Introduction and results. Throughout this paper, dim R
represents the usual covering dimension, and ind R represents the small
inductive dimension for a topological space R. See [2; 3; 5].

Morita’s well known characterization of dimension [5, Lemma 2.2,
p. 351] states:

Let R be a metric space. A necessary and sufficient condition
that dim R < » is that there exists a o-locally finite base & for the
topology of R such that dim(G — G) = n — 1 for all G in Z.

The main result of this paper is to modify Morita’s result to:
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THEOREM 1. Let R be a metric space. A necessary and sufficient
condition that dim R < n is that there e:c'ists_a o-closure-preserving
base & for the topology of R such that dim (G — G) = n — 1 for all

G in <.

Following the terminology of Michael [4], we say that a collection
% of subsets of a topological space is closure-preserving provided
that for every subcollection <# C & it is true that

U{B:Be &#} = U{Be &}
A collection & of subsets is called o-closure-preserving provided
C = U{S—/ﬂzz = 192y "'}

with each < closure-preserving.

Instead of proving Theorem 1 directly, we shall prove a similar
result, Theorem 2, which has a weaker condition, but from which
Theorem 1 can be proven easily. To facilitate the discussion of this
and further results, we first make the following definitions.

DEFINITION. A collection & of subsets of a topological space is
called linearly-closure-preserving provided that there exists a well
ordering of & = {G,, Gy, +++,G,, -++: @ < n} such that

U{Ge: B < a} = UG B < a}

for all &« =#. A collection & of subsets of a topological space is
called g-linearly-closure-preserving provided & = U{<:1=1,2, -}
with each & linearly-closure-preserving.

DEFINITION. A collection & of open subsets of a topological space
R is called a o-closure-preserving (respectively o-linearly-closure-
preserving) star-base for R provided & = U{z;:1=1,2,---} is a o-
closure-preserving (respectively o-linearly-closure-preserving) collection
such that for every point x in R and for every open set D contain-
ing @ there exists a positive integer k = k(x, D) such that

¢ #+ S(x, &) C D,
where S(z, 23) = U{Ge &z e G

THEOREM 2. Let R bz a metric space. A necessary and sufficient
condition that dim R < n is that there exists o o-linearly-closure-
preserving star-base & for the topology of R such that

dim(G -G =n—1
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for all G in =z,

The Nagata-Smirnov [7; 9] characterization of metrizability for
regular spaces (i.e., there exists a o-locally finite base for the topology
of the space) shows that Morita’s result above can be modified to the
following form:

Let R be a regular T,-space. A necessary and sufficient condi-
tion that R be metrizable with dim R < n is that there exists a
o-locally finite base & for the topology of R such that

dim(G@ -G =n—1

for all G in &.

A similar modification of Theorem 1 is not possible. Bing has
given |1, Example C, p. 180] a nonmetric, regular T-space which has
a o-closure-preserving base. Bing has proven, however, [1, Theorem
4, p. 179] that a necessary and sufficient condition for a regular 7'-
space to be metrizable is that there exists a o-closure-preserving star-
base for the topology of the space. Thus, as a direct result of Bing’s
Theorem and Theorem 1, we have:

THEOREM 3. Let R be a regular T,-space. A mecessary and
sufficient condition that R be metrizable with dim R =< n s that
there exists a o-closure-preserving star-buse & for the topology of
R such that dim(G — G) = n — 1 for all G in .

Theorem 3 raises the question of whether one can replace “o-closure-
preserving” by “o-linearly-closure-preserving” in Theorem 3. This
question is equivalent to the following one. Suppose a regular T,-
space R has a o-linearly-closure-preserving star-base; does this imply
that R is metrizable? The answer is in the negative as can be seen
from the following example.

EXAMPLE. A nonmetric, regular T\,-space which has a o¢-linearly-
closure-preserving star-base. Let C denote the usual “middle third”
Cantor set in [0,1], and let @ denote the set of all rational points in
[0,1]. The space R, which is to be the example, is the set of points
of C'UQ with the following topology: V is open in B = C U Q if and
only if V= UU W, where U is open in the usual subspace topology
of R, and W is any set of irrational points in R. In this topology
the irrational points of R are discrete, and the topology induced on
@ is the usual subspace topology of . Now, R is regular and T,
but R is not metrizable.
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To construct a o-linearly-closure-preserving star-base for R, we
first enumerate the rational points of B by », %y, --+, 7, --+; and
define

Gy = {(r: — 1/3, r; + 1/5) N R}

for all 7,7e N (where N is the set of natural numbers). Since each
<,,; contains only one open set, it is trivially linearly-closure-preserv-
ing. We define one additional collection % = {G, Gy, ---,G,, ---}
where G, = R — C, and {G,, G,, ---,G,, ---} is the set of irrational
points in R with any well ordering. Now G, is an open set in R
such that G,NC =¢ and G,NC>Q. From this it follows that
the collection &, is a linearly-closure-preserving collection of open
sets. It is easily verified that the collections

S U(U{Z1,5e N}

can be ordered into a single countable sequence of collections, and as
such form a g¢-linearly-closure-preserving star-base for R.

Theorem 2 raises the question of whether one can replace “star-
base” by “base” in Theorem 2. This question is easily answered in
the negative as we now show. Roy [8] has defined a metric space
4 which has the property that dim4 =1 and ind 4 = 0. Sinece ind
4 = 0, there exists a base & for 4 such that dim (G — G) = —1 for
all G in &, If & is given any well ordering, and if the whole
space 4 is added to the collection & as its first element, then &
becomes a linearly-closure-preserving base for 4 such that dim (G — G)
= —1 for all G in &. Since dim 4 = 1, it is clear that “star-base”
cannot be replaced by “base” in Theorem 2,

2. Proof of Theorem 2. To prove the necessity of the condi-
tion, we note by Morita’s result mentioned above that dimR <n
implies that there exists a o-locally finite base & = U{Z;:1e N} for
R such that dim(G — G)=n —1 for all G in %. Since R s a
metric space, we may define

i = {G € &;: diameter of G < 1/k}

for all ¢, ke N. Each &,, is locally finite (hence, linearly-closure-pre-
serving), and dim (G — G) = n — 1 for all G in &, since &, C Z;
for all k. By well ordering &’= U{<Z;,,: 1,k € N} into a single countable
sequence of collections, we have that &’ is a og-linearly-closure-preserv-
ing star-base for R such that dim (G — G) < n — 1 for all G in Z’.
The proof of the sufficiency will be broken up into several asser-
tions. Each assertion will be assumed to have as hypothesis the
condition of Theorem 2, i.e., & = U{Z;:te N} is a o-linearly-closure-
preserving star-base for R such that dim (G — G) = n — 1 for all G
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in &. The following notation and definitions will be used in the
assertions.
For any subset S of a topological space R, the boundary of S is

defined to be S N (R — S), and is denoted by Bdry (S).

Since each collection &, is linearly-closure-preserving, we may
write &, = {Gy, Giy, +++, Giay ++ 1 @ < 3;} and define a collection of open
sets by

{Hia =G — U Giﬂ): a < 7]i} ,
pla
and a collection of closed sets by
{Fia = <Gia - ﬁgGis)l a << %‘} ,
and let

o7 ={H.N(R—F)a<y}
for all 7€ N, where F is defined below.

2.1. ASSERTION. For all te N, J{Fis: B < a} is a closed set in
R for every a = ;.

Proof. Let ¢ be arbitrary, but fixed. Let a = #; and let @ be a
limit point of U{F: B < a}. Then

seUFs=U®Gis—UG» UG .
B<a B<a =B B<a

Since the collection &, is linearly-closure-preserving by hypothes_is,
reU{Gi: B <al. Let 0 <a be the first index such that zeG.
It is easy to see that x¢ G,,, for G;, is an open set which does not
intersect {Fp:0 < B < a}). Hence, € G, would imply that = is a
limit point of U {Fs: 8 < o}. But this would imply that
ve UFec UG,
B<o B<o

and this would mean that there exists § < ¢ such that x e G, which
is impossible by the definition of ¢. Hence, x ¢ G;,. Thus, we have
that

xe(éia - UGiﬁ> = Fio‘ )
B=ao
and the assertion is proven.
The following notation will be used in the succeeding assertions.
Let F;, = U{Fip: 8<%}, and let F' = | {F;:ce N}.
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2.2. ASSERTION. Dim F=n —1,

Proof. By Assertion 2.1, F,; is closed for all te N. Hence, it
suffices by the usual sum theorem [5, Theorem 5.2, p. 355] to prove
that dim F, < n — 1 for all . Let ¢ be arbitrary, but fixed. Then
by the subset theorem [5, Theorem 5.1, p. 355] we have that
dim F,, < n — 1 because

Féa - (C_;ia - Gia)
and dim (G;, — Gis) =n — 1 by hypothesis. By Assertion 2.1
{Fia: 0 < 13}

is a linearly-closure-preserving collection such that dimF..=n —1
for all @ < ;. Hence, the collection {F,: a <7} satisfys the hypo-
thesis of a sum theorem of Nagami [6, Theorem 1, p. 82]. Thus,

dim(U{Finwa<nph)=n-—1

and the assertion is proven,
To complete the proof of Theorem 2, we need only prove that
dim (R — F) < 0 by [5, Theorem 5.4, p. 355]. To prove that

dim(R—F)=0

it suffices by Morita’s characterization of dimension to demonstrate
a o-discrete base for R — F each member of which has an empty
boundary in R — F.

2.3. ASSERTION. The collections .77 are discrete in the subspace
R — F for all 1€ N.

Proof. Let i be arbitrary, but fixed. We shall show that for
every x in R — F there exists an open neighborhood of © in R — F
which intersects at most one of the sets H;, N (R — F). LetxeR — F.
If ¢ U {Gissa <7} then R—U {G,.: ¢ < 71} is an open neighborhood
of 2 in R which intersects none of the H,,, hence, none of the

Hzam(R—F)'

If, in the other case, zeJ (Giw:x < 1} let 0 < 7p; denote the first
index such that zeG,. We may assume that x e G,,, for otherwise,

ze (G - gam) ~F,CF,

which is impossible because x € R — F. By the definition of ¢ we see
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that

xe <Gw - U Giﬂ> C H, .
gl

Clearly, H,, is an open neighborhood of & which does not intersect
any H;, for a == 0. Hence, H;,, N (R — F') is the required neighbor-
hood of @. This completes the proof of Assertion 2.3.

2.4. AsSsSeRTION. The collection |J {9777 N} is a base for the
subspace R — F.

Proof. Let xe R — F. Let D be any open set in R — F which
containg x. Let D’ be an open set in R such that D = D' N (R — F).
By hypothesis there exists an integer %k such that ¢ == S(z, &) c D'.
Let ¢ < %, be the first index such that e G,,, then G,, € D’. Now,
¢ U {Gs: B < 0} for otherwise, xc U {Gs: 8 < o} would imply that
there exists an index & < ¢ such that xeG,;. Since 6§ < g, we would
have that

xe(@ks— UGkﬁ> = stcF.
B=S
This is impossible since x€ R — F. Thus
RS <Gk0 - Uék,'a) - H}w .
B<ao

Hence, v ¢ H,, N (R — F'), which is an open neighborhood of z in
R — F and a subset of D. Assertion 2.4 is, therefore, proven,

2.5. AsSgrTION. For each 4, Bdry (H;,) C F; for all @ < 7,.

Proof. Let i be fixed, and let @ <#,. Since & is a linearly-
closure-preserving collection of open sets,

Bdry (H,.) = Bdry (G - U c‘;m) C U (Bdry (Gip): 8 = a} .
<a
Let x ¢ Bdry (H,,). Since |J {Gis: 8 < a} is an open set which does not

intersect H,;, we have that v¢ | {Gip: 8 < a}. Let 0 =a be the
first index such that x € Bdry (G;). Then

-’Ue<éia" U GiB) =Fs;CF;.
B8

2.6. ASSERTION. Bdry (H;, N (R — F')) = ¢ in the subspace R — F
for all 7e N, and for all a < 7,.
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Proof. This assertion follows from Assertion 2.5 and the fact
that the boundary of (H;.N (R — F')) with respect to the subspace
R — F is a subset of the boundary of H,, with respect to the space
R.

By Assertions 2.3, 2.4, and 2.6 we have shown that

o7 = U {57 ie N}

is a o-discrete base for R — F such that dim (H — H) = —1 for all
H in 2. Hence, dim(R — F) =<0, and Theorem 3 is completely
proven,

3. Proof of Theorem 1. The proof of the necessity of the
condition is trivial.

To prove the sufficiency, let & be the o-closure-preserving base
for R such that dim(G — G) =n — 1 for all G in . By the same
method as was used in the proof of the necessity of Theorem 2, &
may be “rearranged” into a o-closure-preserving star-base. Thus the
condition of Theorem 2 is satisfied. We may, therefore, conclude that
dim R < n, and Theorem 1 is proven,

The author would like to thank Dr. J. H. Roberts and Dr. Keio
Nagami for their guidance in the preparation of this paper.
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