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It is known that a Haar measurable complex-valued (von
Neumann) almost periodic function on a locally compact T-
topological group is continuous, For by applying the Bohr-von
Neumann approximation theorem for almost periedic functions
and the fact that a Haar measurable representation into the
general linear group is necessarily continuous one may deduce
that such a function is the uniform limit of a sequence of
continuous functions. This approach, while straighiforward,
has the disadvantage of depending on the very deep Bohr-
von Neumann approximation theorem., The latter result is
commonly proven through considerable usage of representation
theory. This paper presents an alternative proof that Haar
measurability plus almost periodicity imply continuity. The
proof is elementary in the sense that it uses only the basic
definitions of almost periodic function theory and topology.
It does, however, depend on the standard tools of measure
theory.

Suppose G is a locally compact T,-topological group (= LC group).
Let I" denote the set of Borel subsets of G, that is, the c-algebra
generated by the closed subsets of G. Let p be a left Haar measure
defined on " (cf. [2], pp. 184-215) and let /7 be the completion of I,
that is, ' = {BUN: BeI'y, NC N’, where N'el’ and uN’' = 0}. We
extend p to the o-algebra I’ by defining p#(BU N) = pn(B) for all
BUNel. p, so extended, is left-invariant and regular on I'. By
a [-measurable funection on G we mean a function f from G to the
complex plane C such that f~*(A)e " for all Borel sets AcC. We
are concerned with /-measurable, rather I-measurable, functions so
that in the real case, for example, we can deduce that Lebesgue
measurable, as well as Borel measurable, almost periodic functions
are continuous.

A set Ac G is called bounded if A is compact. We shall let e
denote the identity of G and 2 the set of all bounded open neighbor-
hoods of ¢ in G. It is convenient to use the following “density theorem”
whose proof is an exercise in Halmos’ Measure Theory (1], 61.5;
Halmos’ “Borel” sets are different from ours but his suggested proof
works equally well in our setting.).

THEOREM. Let G be an LC group. For any UeQ,2e¢G and
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any bounded Ecl define

AU, E, z) = ME N (U} )
( ») pm(Ux)
then d(U, E, ) converges in mean to the characteristic function ¥, as
U—e; that is, for any € > 0 there is some Ve Q such that for all
Ue,UcV, S!d(U, B, %) — 1u(0) | dp(2) < s. In particular, d(U, E, )
converges in measure to Yp as U—e, Uec Q.

LEMMA. Let G be an LC group and f a I'-measurable almost
pertodic funmction on G. For any x,€¢G and any 0 > 0 define

T(f,5,0) = {weG: | f@) — f@)| = 0} .

Then
ges Uw,)

that s, for any ¢ > 0 there is a Ve Q such that for all Ue 2, UC V,

TS0, w) N U
w(Ux)
If, for example, G is the additive group of real numbers, then

the lemma states that a Lebesgue measurable almost periodic function
is approximately continuous.

o e

Proof of the lemma. We first show that it suffices to prove the
lemma for the case x, =e. If x,€G, define f,(v) = f(xa,). Then
for arbitrary «,€G f,, satisfies the same hypotheses as f (it is /-
measurable because right translation of the power set of G by ;!
preserves I' and also preserves the property of being p-null in 7).
Also

T(fop 0,€) = T(f, 0, x)ai"
SO

MT (fopy 0,0 NUY — p{T(f, 0, 2)as* N U}
w(U) 1(U)
_ T (f, 0, ) N Ui}
ﬂ(Ufco)

Thus if the lemma is true for any /-measurable almost periodic fune-
tion when «, = ¢, then it is also true for arbitrary =, ¢ G.
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We now suppose z, = ¢. Take 6 > 0. If the statement of the
lemma is false, then there is a real number ¢, 0 < ¢ < 1, such that
for every Ve Q there exists UcC V, Ue 2, satisfying

tT(f,6,e) UL
n(U)

>e€.

Take V*eQ and define T = T(f,0,¢) N V*, so that T is a bounded
member of I'. Using the notation of the density theorem, it is the
case that for every Ve 2 thereisa Ue 2,U c V, such that d(U, T,e) >¢
(Take Uc VN V*). In what follows we make frequent use of the last
statement in the density theorem.

Now p(T) =1t >0 and the family @ = {Ve2:d(V, T,e) > ¢} is'a
base at e. By the density theorem there exists V,e @ such that

rre G ld(Ve, T, @) — yo(@) | = ¢/2}) < t/2.

Thus
Tg{weG: [d(V,, T, 2) — %) | = ¢/2} .
Take
aeT—{xeG:|d(V, T, o) — y(x)| = ¢/2}.
Then

1 z /J(Tﬂ I/r;a1) — /1(Tafl m Vo) > 1 _ 6/2 .
(Vi) (Vo)

Since V,c€ @ we have

(Vo) =2 (T Vo) > p(Vo)e

o

an
(Vo) = p(Tai™ 0 Vo) > (Vo)L — ¢/2) .

Consequently p(7 N Tai) >0 so ([1], 60.5) (TN Ta,) =1t > 0. As
@ is a base at e, there exists V,c¢ @ such that

pre G| d(Vy, TN Tay,®) — Arare,(®) | = /2) < t,/2.
Therefore,
TNTa,Zz{xeG:|d(V, TN Ta, ©) — Yrara,(®) | = €/2} .
Take
a,e TN Ta, —{xeG: |dV, TN Ta, v) — Yrnra,(®) | = &/2}

so that a,a7'e T and
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1= /,C(T N Ta, N V1a2> — /l(TCL;l N TCLJI;I N Vl) >1-— 5/2 y
(Vi) V)

where V,e@. Thus we have the following situation:
(i) a,a,eG aateT.
1> (Ta' N Taa;" 0 V)
B (V)
We shall construct by induction a sequence {a,2, G such that
a;a7'e T whenever 1 < j < i. Suppose we are given
iy a,a, -, 0, . €G aa;"eT whenever 1 <j <ix<m —1,
Gy 1= w(Ta;" 0 Taa;2 N --- N Ta, a2 NV) >1—¢/2
- (V)
for some Ve®. Now as Ve@ we have

> 1 — ¢/2 for some Ve,

(i)

(V) zZ ,(TNV) > (Ve

and
wVyz pw(Ta," 0 oo N Ta,0, N V) 2 (VL — ¢/2) .
Thus
(TN Te;sn Taayts N oees N Tag, i) >0,
whence

wrnTa,n---NTa,)=t>0,
As @ is a base at e there exists V'e @ such that
plreG AV, TN Ta N - N Ty ®) — Yrnenra, (€)= €/2}) < /2.
Take

a,eTNTa,nN---N7Ta,._,
- {9} S G: id( V’, T ﬂ te ﬁ Ta’m—ly m) - XTﬂTulﬂ---ﬂTam_l(x)‘ z 6/2} .
Then a,a;'e T for all i =1,2, .-+, m — 1 and
wrn Te,n---nNTa,  .NV'a,
W(V'a,)

— /t(TO'/»,;l N T(I;aﬁl N Tam—’a/;‘l N V,) > 1 - 8/2 ’
v

1=

where V' e ®@. Asa, ---,a, satisfy conditions analogous to (i)’ and (ii)’,
it follows that there exists a sequence {a¢;}., C G such that a,a;'e T
whenever 1 < j < .

Now as f is almost periodic, the sequence {f(a;x)}<, contains a
uniformly convergent sub-sequence, say {f(ajx)}. Then there exists
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N > 0 such that
sup | flaiw) — flajw)]| <o
whenever © > 7 = N. But
sup | f(aiz) — f(aj) |
= Sup | f(ai(af) ") — f(x) | = | flaila))™) — fle)| = a,

because aj(a})e T< T(f,0,e). Thus our assumption of the falsity
of the lemma leads to a contradiction and the lemma is proven.

THEOREM. Let G be an LC group. If an almost periodic func-
tion on G is -measurable, then it 1s continuous.

Proof. The proof is indirect. Suppose that f:G—C is -
measurable, almost periodic but not continuous. By translating f, if
necessary, we may suppose f is discontinuous at e¢. Then for some
0 >0 the set T(f,0,e) ={xeG:|f(x) — f(e)| = 0} intersects every
neighborhood of ¢. Take some V*eQ and let

S={reG:|f(x) — fle)| <o/2tnV*
so that S is a bounded member of I'. By the previous lemma

lim 2S5 N0U) _ 4
gas  MU)

and, in particular, p(S) = » > 0. We make frequent use of the last
statement in the density theorem in the sequel. Also we let 4 denote
symmetric difference.

There is some U{ e 2 such that

pr{ze G: | d(U, S, ) — ys(®) | = 1/100}) < 7/2
for all UeQ such that UcU/. Choose U,c®, U, cU], such that

) pSNTY . 99
) #(T) 100
There exists a, € S — {x e G: |d(U,, S, x) — ¥s(x)| = 1/100} and «a, satisfies
(2) S NUa) _ mSa* NU) > 99 .
(U, (U 100

Now V={reG: u(zU4U) < @/100)p (U} N V*e2 (cf. [1], 61. A).
Take y, e VN T(f, 0, e) so that y;* € Vand | f(y) — f(¢)| = J. Then
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99
3 TrUul) =z =) .
(3) tyr U0 U) = 51U

Combining (8) with (1) and (2) and using the fact that p is left
invariant gives

_ 98 98
n(Sai? U, —m(U) = — U,
p(Sa N ytU) > 100/( ) 100#(?/ Uy)
98 98
SN 71U1 —F U1 = 1_1U1
1SNy )>100ﬂ( ) 100#(:1/ )

- _ 99 99
LAY N 1 lUl T U; - — ;1U1 .
ry'S Nytuy) > 100#( ) 100#(2/ )

Thus p(Sai* NS Nyi'S) > 0 whence (S N Sa, N yi'Sa,) = s > 0.
There exists U, € 2 such that

"l ({ﬂf S G: Id(U, S m Sa/{ ﬂ y;lsau a:) - XSﬂSalﬁyl_ISal«U)l g m}) < 8/2;

for all Ue 2, UcU,. Choose U,e 2 such that U,c U/ and

pSNU) o 99
w(U,) 100 °
Then

S N Sa, N yi*Sa,

. {.’E c G ld( U2y S N Sal N yl“lS@u x) - XSﬂSulﬂyI‘ISal(x)‘ 2 —1'3)—0} #* &

and we take a, belonging to this set. Then a, satisfies

1(Sa;* N Sa,a; N U,) (SN Sa, N Usa,)

w(U) (Usa)
>~ ﬂ(s N Sa1, N yTISal N Uzaz) > 19_
- (U,a,) 100

Also y.a,07e S. We thus have the following situation:
(i) a,0cG;y.eG;yaatesS,
(il) [f(y) — fle)| = 0.
(iii) There exists Ue Q such that
pSOU) L 99 L0 f4Se 0 SaartnU) 99
w(U) 100 w(U) 100

Suppose the following situation is true for m = 2:

(1) ay, @, ooy An€G; Yy Yoy +**y Yn €G; and y,_,a,057' € S for all
1<j<k<m.

(1Y | f) —fle)| =0 forall =1, ..., m — 1,
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(iii) There exists U e £2 such that

S nU)
“uw(U) ~ 100 100

and

#(Sa,' N Saa,' N -+ NSa,.ax,' NT) 99
w(l) 100 °

We shall show how to obtain a,.,, ¥, G such that a, ---,a,:, and
Y., **+, Y, Satisfy conditions analogous to (i), (ii)’, (iii)’.

Exactly as was done in the paragraph leading up to equation (3)
we obtain a point y,, € T(f, d, ¢) such that

SUNU) = == (U
My UNU) = 100#()

Thus | f(y.) — f(e)| = 0. Combining the above relation with the rela-

tions of (iii)’ and using the left invariance of p, we get

HS Nyl > (100) ) = <100> Va1

((Sa; N Sa,az N+ N Sa,_az NynU) > ( >/x(y;*U )

100
99

pyS N yU) > ( =z

> (¥ U)

sy Sant N yRSaa,' N e NyR'Sa, e Nyt U) > 1—0—0#(3/ U).

Thus

w(S n Sa,;' N Sae, N - N Sa,_an
NS NyR'Say' N YR Seay’ O -+« N y,'Sa, ;') > 0

so, letting
E=8n8a,nSa. -+ NS, Nym'SNyz'Sa N« Nyz'Sa, ,
we have p(R) =1t > 0. There exists We Q such that

p({peG:laV, B o) — o) = ;L)) < 42

for all VoW, Ve, Take U'ecQ, U'c W, such that

wSnuU’) < 99
1(U") 100 °

Then there exists a,..€ B — {x e G: |d(U’, R, ) — yx(z)| = 1/100}. By
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definition of B we have y,a,.a;'€S for all £ =1,2, ..., m. Also

(Sam+1 ﬂ Saqa;h.[ ﬂ M m Sama;ll m U,)

(U’
— e (S N Sa1 NN Sam N U,am-H) >d U' R 99
1(U'a,..) ( R Tk

Thus a, -+, a,4, and y,, -+, y, satisfy conditions analogous to (i)Y,
(i) and (iii)’. It follows by induction that there exist two sequences
{a}ey, {y:}, © G such that |f(y,) — f(e)| =6 for all +=1,2, ... and
for any k = 2 we have y,_a,a;'eS for 1 <J < k.

Now as f is almost periodic, the sequence {f(xa,')}m-, contains a
uniformly convergent subsequence, say {f(va,,)}i-;. Then there exists
N > 0 such that

sup |f(ﬁca“1 — f(wa,, )I < d/2
whenever k, >k, = N. But
SUp | f (et ) — f(2n,)]
= Sup | f(2) — f@n, G ) | Z [ Uy ) = Uy i, O ) |
= [ Wy ) = F@) + {F(©) = F Wy il G}
= |1 f Wy o) = F(O) | = [£(€) = F Wy il 851 ) ||
>80 —0/2=0/2

because each y;e T(f,0,€) and ym, -1am, an;,€S. This contradiction
assures that f is continuous if it is /-measurable and almost periodic.
The proof is completed.
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