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NONCONSTANT LOCALLY RECURRENT FUNCTIONS

DoNALD C. BENSON

The purpose of this paper is to develop a new method of
using the Baire Category Theorem to obtain counterexamples
in analysis. The method is used to show that a certain class
of nonconstant locally recurrent functions is of second category
in a suitable metric space of continuous functions, In §1 an
explicit example is given of a nonconstant locally recurrent
function. This example is included because it clarifies the
category argument in §4.

1. A simple example of a nonconstant locally recurrent
function.

DerFINITION 1. A real-valued continuous function f of a real
variable is said to be locally recurrent if for any « in its domain of
definition and any neighborhood N of z, there exists y = # in N such
that f(x) = f(»).

K. A. Bush [2] has given an example of a nonconstant locally
recurrent function. The author believes that the example given below
is simpler.

A sequence {f,}r, of functions on [0, 1] will be defined. These
functions are continuous and piecewise linear. Further, f, is linear
in any interval of the form [n/9™, (n 4+ 1)/9™] where = and m are non-
negative integers such that 0 <n < 9”. Thus the function f, is
described completely if we give the values of f,.(n/9™), (0 < n < 9™).
These functions will be defined inductively. We start with fy(z) = =.
Now suppose f; is defined for some k. We define f,., as follows:

(a) feaBm/9) = fi(3m/[9+),0 = 3m = 9%,

(b)) firl@Bm + 1)/9*) = fi((3m + 3)/9*+),0 = 8m 4 1,3m + 3 =
Qe+t

(€) fes((Bm + 2)/9%+) = £,(3m/9*+), 0 < 3m, 3m 4 2 < 9++,

The figure shows a portion of the graphs of f, and fi.,.

An important feature of these functions is the relation f,(n/9%) =
fin/9%) for I =k and 0= n =< 9. Also notice that on any interval
of the form [n/%, (n + 1)/9%], the values of f,,, m = k must lie between
fx(n/9%) and f.((n + 1)/9%). It is not hard to see that the f, converge
uniformly and thus the limit function f(z) = lim,_., f.(¢) is continuous.
It is obviously locally recurrent at points of the form %/9*. That f
is locally recurrent at any point x in [0, 1] follows from an application
of the intermediate value theorem for continuous functions. In fact,
for any £ = 0,2 must lie in an interval of the form I = [3m/9%,
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FIGURE

(3m + 3)/9%], an interval of length 3/9*. We have f((3m + 1)/9%) =
ABm + 3)/9%) = m, and f((83m + 2)/9%) = f(3m/9*) = m,. Also, either
SUp.e; f(¥) = m, and inf,¢; f(&) = m,, or SUP,e; f(®) = M, and inf,¢; f(2) =
m,. The intermediate value theorem shows that every value of the
function in I, except m, and m,, must occur at least three times in
I. Of course, m, and m, occur at least twice.

2. A class of complete metric spaces. In this section certain
abstract tools will be developed for the purpose of showing the ex-
istence of various functions with pathological properties. Using these
tools one may show that the set of functions with a certain pathology,
for example, the pathology of the function of the previous section, is
of the second category in a suitable complete metric space. An early
result of this type was obtained by Banach [1] and Mazurkiewicz [3]
who showed that the nowhere differentiable functions are of second
category in the space of continuous functions with the uniform metric.
The space and the metric considered here will be different.

Let & Dbe the set of all functions which map a set T into a set
S. We require that T is the union of nonempty, disjoint subsets T,
©1=1,2,.... We provide & with a metric d as follows. If f and
g belong to .#, we define

a(f, 9)=1/k

where k is the smallest integer such that f(x) # g(x) for some 2z in
T.. If f(x) =g(x) for all xe T, we put d(f,g) =0. It is easy to
see that d is a metric.

Let & be the set of functions which, for some positive integer
k, maps %=, T; into S. Further, let us put ¥ * = & U Z.

DEFINITION 2. A subset 57 of & * is said to be hereditary if
f belongs to &7 if and only if every restriction of f which is in & *
also belongs to 2#°. (A function g is a restriction of f if the domain
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of definition of g is a proper subset of the domain of definition of f
and if f(x)=g(x) for any « in the domain of definition of g.)

DEFINITION 3. A subset o7 of 52 (S < & *) is said to be
absorbing with respect to 57 if the following two conditions hold.

1. If ge. o7 and ¢ is a restriction of fe 5% then fe v

2. For any ge & N &7 there exists fin £ N .o~ such that ¢
is a restriction of f.

THEOREM 1. Let 27 be a hereditary subset of # *. Then
S N F s complete with respect to the metric d.

Proof. Let {f.}r, be a Cauchy sequence in &2 N . Then f,(x)
is constant for all sufficiently large values of ». This constant value
will be denoted f(x). Thus we have lim,_. f,(x) = f(z) for all « in
T. It remains to show fe 5% In fact, any restriction g of f(ge . F *)
is also the restriction of some f,; and since each f, belongs to 57
and since 57 is hereditary, we have that g belongs to 5#. Again,
since 57 is hereditary, and since an arbitrary restriction in & * of
fis in 2# it follows that f belongs to 527

THEOREM 2. Let &7 be absorbing with respect to a hereditary
set 5% Then (7 — )N F 18 nowhere dense in 57 N F with
respect to the metric d.

Proof. Let f be an arbitrary element of 5~ N .. We shall
show that, given any positive integer k, there exists g in &% N F
and a positive integer ! such that

(1) {(hes#AnN.F :dh, f)<lkyD{hesZ N .F :d(h,g) <1/l}
and
(2) {heszZ N :dh,g) <lcwnsz.

This will show that (2 — &) N % is nowhere dense in 27 N F.

In fact, let f, be the restriction of f to the set Y%z} T;. Because
7 is absorbing, there exists %, in & N .& such that f, is a restric-
tion of ;. Let the domain of definition of %, be |J'-, T;,. Because
.7 is absorbing, A, can be extended to A, on N T;(h;1, € .57), and
we proceed inductively to define the successive extensions h,e .
k=11+1,.-.. The totality of these extensions defines a function
g defined on all of 7. Since h,e . C S~ and 5~ is hereditary, g
belongs to 5#°, and therefore also to .o since .27 is absorbing. The
function g and the integer ! have the properties required in (1) and (2).
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3. A lemma uniformly continuous functions. The following
well-known result is needed later. The proof is routine and will be
omitted.

LEMMA 1. Suppose that the real function f is defined on a set
S of real numbers and is uniformly continuous there. Then f can
be extended in exactly one way to a uniformly continuous function
on the closure of S.

4. Application of methods of §2 to nonconstant locally
recurrent functions. Let T, consist of all rational numbers of the
form n/9"~ where n» and % are nonnegative integers such that 0 <
n< 97,4 >0, and n is not divisible by 9. Let T = Uz, ;. Let
S be the set of all real numbers, and & the set of real valued
functions on 7. As in §2, & consists of all real functions defined
on sets UL, T, and & * = 7 U Z.

Let 57 consist of elements f of & * which satisfy the following
conditions:

Condition 1, Suppose the domain of definition of f contains r/3*
and (r + 1)/3*. Let

(3) m = min (f(r/3%), f((r + 1)/3%))
and
(4) M = max (f(r/3"), filr + 1)/3")).

Then M = m and for all z in the domain of definition of f such that
r8F < @ < (r + 1)/3* we have m < f(x) £ M.

Condition 2. If the domain of definition of f contains »/3* and
(r + 1)/3*%, then
| f(r/3%) — fl(r + 1)/3") | = 3",

Let .o, (n =0,1, ---) be the subset of 57 consisting of functions
f which satisfy, in addition to the foregoing two conditions, the
following:

Condition 3. There exists ¢ = n such that T, belongs to the
domain of definition of f, and for any # such that 0 < 3» < 9" we
have

(6) a. f(8r/9°) = f((Br + 2)/9°7)
() b, A@r + /9™ = ABr + 8)/97).
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THEOREM 3. 5% is hereditary, and for each m (n=0,1,.-)
&7, 1s absorbing.

Proof. It is easy to verify that 5% is hereditary. The essential
thing is that Conditions 1 and 2 involve only universal quantifiers,
and no existential quantifiers. If there Conditions hold for all points
in the domain of f, and if g is a restriction of f, then they also hold,
a fortiori, for all points in the domain of g, because the latter set
is a subset of the former.

Now we shall show that .oz, is absorbing. It is clear that part
1 of Definition 3 is satisfied. To show part 2, suppose ge & N &
Let the domain of definition of g be U¥, T; = Ry. Let us define f
on Ui T; so that if z e Ry, then flx) = g(x).

We define f at points of the form (97 4 3)/9" and (97 + 6)/9" by
linear interpolation, i.e.,

SOr + 3)/9%) = & f(r/97) + % f((r + 1)/9"7)
S(Or + 6)/97) = F f(r/9%) + & f((r + /O™

On the remaining points of Ty, f is now uniquely determined by
imposing requirements a and b above for .o, with »n replaced by N + 1:

S@Br/9%) = f((3r + 2)/9%)
ABr + 1)/9%) = fA(Br + 3)/97).

The author hopes that the geometry of this construction is made clear
by the figure. The example of §1 is based on this construction.
(However, the functions illustrated in the figure are defined for all
in [0, 1] whereas the function f above is defined only at finitely many
points.)

It is rather clear from the construction that f satisfies the con-
dition on maxima and minima in Condition 1 above. We now show
that Condition 2 holds. We have given g ¢ 2~ and hence the condi-
tion holds for pairs of points #,(r + 1)/8* in case k is less than
2N—1. We must show that the condition holds for pairs of points of
the type 37/9%,3r + 8/9¥, and then for pairs of points of the type
s/9%, (s + 1)/9%. For a pair of the former type we have

| f(8r/9") — f((3r + 38)/9") |
= ¥ | f([3r/9]/9"") — f([37/9]/9")|
< §-1g-tn-hiz (3/91\1)1/2 .

For a pair of the latter type we have
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| fs/9%) — fi(s + 1)/9M) |
= [ f(3[s1/3)/9") — f(3([s/3] + 1)/9%) |
= 3 Als/91/97) — Als/91 + 1)/9") |

< 3-1g-wbiz — 1/gaiz

Now, from Theorem 2, (27 —.%,)N % is nowhere dense in
& N ., for each m, with respect to the metric d. It follows that
(F — U ) N F is of the first category, and thus by the Cate-
gory Theorem we have the following.

THEOREM 4. The set of functions f on T such that for any n
there exist 1 = n such that Condition 3 is satisfied is of the second
category with respect to the metric d in the space of functions of
T which satisfy Conditions 1 and 2.

Now we wish to extend our functions, using Lemma 1, to func-
tions defined on the whole interval [0, 1].

THEOREM 5. The functions in 57 N F# are uniformly continuous.
In fact, they satisfy a Holder condition with the exponent 1/2,

Proof. Let x and ¥ (z < y) be arbitrary points in T. The interval
[, y] can be expressed uniquely as a countable union of intervals.
L'=[a,, b,] disjoint except possibly for end points, such that the
following conditions are satisfied.

1. FRach I, is of the form [»/3%, (» + 1)/3%].

2. No I, is a subset of an interval J of the above form such
that J is a subset of [z, ¥].

It is clear that for any k, there can be among the I, at most
four intervals of length 1/3*. Let L, denote the length of I,. We
have for any f in 5~ N &,

[ fy) — flw)y| < 251 A(b,) — flaw) ]
§2L1{2<4é<y“ ”)“2

3, +1
4$H/3
V3 —~1

Now by Lemma 1 the functions in 5# N & can be extended to all
of [0,1] in a unique way. Further, it is clear that these functions
satisfy a Holder condition with the exponent 1/2.

< (y — @)

THEOREM 6. The continuous extensions of the functions in
(N 7)) N F are nonconstant and everywhere locally recurrent.
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Proof. Let f be in (N~ .7) N.# and let ©x be any point in
[0,1]. For any € > 0, = belongs to an interval of the form I = [3r/9%,

37 + 1)/9%] of length less than ¢, such that
JBr/9%) = f((Br + 2)/9%)
and
ABr + 1)/9) = f(3r + 3)/9") .

By the intermediate value theorem for continuous functions, there
exists y e I, x = y, such that f(z) = f(y). This proves local recurrence.
The functions are nonconstant because of Condition 1.,

5. Other applications. It is hoped that the methods of §2
will be useful as a tool for the construction of various counterexamples.
The methods of §2 can be used in a routine way to give the

following results.

ProrosiTION 1. The set of real functions which are not convex
in any interval is of second category with respect to the metric d in
the space of monotone functions.

ProposiTION 2. The set of real functions f such that for any
interval I [0, 1] one has

]imsupw_)_ =1
z YyEI y——-x

and

lim inf f®) — f®) _ 4
2, YyE€I Yy —x
is of second category with respect to the metric d in the space of
functions which satisfy the Lipschitz condition | f(y) — f(x)| < |2z — ¥
for all # and % in [0, 1].

References

1. S. Banach, Uber die Baire’sche Kategorie gewisser Functionenmengen, Studia Math.

3 (1931), 174-180.
2. K. A. Bush, Locally recurrent functions, American Math. Monthly 69 (1962), 199-

206.
3. 8. Mazurkiewicz, Sur les fonctions non dérivables, Studia Math. 3 (1931), 92-94.

Received May 27, 1966.

UNIVERSITY OF CALIFORNIA, DAVIS






PACIFIC JOURNAL OF MATHEMATICS

EDITORS
H. SAMELSON J. DUGUNDJI
Stanford University University of Southern California
Stanford, California Los Angeles, California 90007
J. P. Jans RICHARD ARENS
University of Washington University of California
Seattle, Washington 98105 Los Angeles, California 90024

ASSOCIATE EDITORS

E. F. BECKENBACH B. H. NEUMANN F. WoLF K. Yosipa

SUPPORTING INSTITUTIONS

UNIVERSITY Of BRI'TISH COLUMBIA STANFORD UNIVERSITY

CALIFORNIA INSTITUTE OF TECHNOLOGY UNIVERSITY OF TOKYO

UNIVERSITY OF CALIFORMNIA UNIVERSITY OF UTAH

MONTANA STATE UNIVERSITY WASHINGTON STATE UNIVERSITY
UNIVERSITY OF NEVADA UNIVERSITY OF WASHINGTON

NEW MEXICO STATE UNIVERSITY * * *

OREGON STATE UNIVERSITY AMERICAN MATHEMATICAL SOCIETY
UNIVERSITY OF OREGON CHEVRON RESEARCH CORPORATION
OSAKA UNIVERSITY TRW SYSTEMS

UNIVERSITY OF SOUTHERN CALIFORNIA NAVAL ORDNANCE TEST STATION

Mathematical papers intended for publication in the Pacific Journal of Mathematics should be
typewritten (double spaced). The first paragraph or two must be capable of being used separately
as a synopsis of the entire paper. It should not contain references to the bibliography. Manu-
scripts may be sent to any one of the four editors. All other communications to the editors should
be addressed to the managing editor, Richard Arens at the University of California, Los Angeles,
California 90024.

50 reprints per author of each article are furnished free of charge; additional copies may be
obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is published monthly. Effective with Volume 16 the price
per volume (3 numbers) is $8.00; single issues, $ 3.00. Special price for current issues to individual
faculty members of supporting institutions and to individual members of the American Mathematical
Society: $4.00 per volume; single issues $1.50. Back numbers are available.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific Journal
of Mathematics, 103 Highland Boulevard, Berkeley 8, California.

Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), No. 6,
2-chome, Fujimi-cho, Chiyoda-ku, Tokyo, Japan.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.



Pacific Journal of Mathematics

Vol. 21, No. 3 BadMonth, 1967

Richard Allen Askey, A transplantation theorem for Jacobi coefficients .... 393
Raymond Balbes, Projective and injective distributive lattices . ............ 405
Raymond Balbes and Alfred Horn, Order sums of distributive lattices . . . ... 421
Donald Charles Benson, Nonconstant locally recurrent functions . . ........ 437
Allen Richard Bernstein, Invariant subspaces of polynomially compact

operators on Banach space............. ..o, 445
Robert F. Brown, Fixed points and fibre . ................cccccciiieiiiinn. 465
David Geoftrey Cantor, On the Stone-Weierstrass approximation theorem

forvalued fields .............. ... . i 473
James Walton England, Stability in topological dynamics ................. 479
Alessandro Figa-Talamanca and Daniel Rider, A theorem on random

Fourier series on noncommutative groups. .. ..., 487
Sav Roman Harasymiv, A note of dilationsin LP ......................... 493
J. G. Kalbfleisch, A uniqueness theorem for edge-chromatic graphs . .. ..... 503
Richard Paul Kelisky and Theodore Joseph Rivlin, Iterates of Bernstein

polynomials .......... .. . . . . 511
D. G. Larman, On the union of two starshaped sets . ...................... 521

Henry B. Mann, Josephine Mitchell and Lowell Schoenfeld, Properties of
differential forms in n real variables ...............................
John W. Moon and Leo Moser, Generating oriented grap
16am COMPATISONS . . ..o v v eii et
Veikko Nevanlinna, A refinement of Selberg’s asymptotic
Ulrich Oberst, Relative satellites and derived functors of f
additivedomain . ................. ... ... ... ....
John Vincent Ryff, On Muirhead’s theorem. ............
Carroll O. Wilde and Klaus G. Witz, Invariant means and
COMPACHfICALION . ..ot




	
	
	

