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Let {b,} denote the set of elements of a free ordered
arithmetical semi-group with multiplication and a known
counting function. Using the corresponding terminology of
arithmetic let b, = do and let </(b,) denote the number of
divisors d of b, where both d are § and square free. Then
it is shown here that 7' (x) defined by

T= 5, (b))~ Ax logx
bySx
(bprby)=1

where A is a constant depending on b,.

A more explicit definition of the semi-group is as follows. Suppose
there is an infinite sequence {p} of real numbers, which we will call
generalised primes, such that

1<]01<102<"-.

Form the set {b} of all p-products, i.e., products pipy --., where
Vy, Uy, + -+ are integers =0 of which all but a finite number are 0.
Call these numbers generalised integers and suppose that no two
generalised integers are equal if their +’s are different. Then assume
{b} may be arranged as an increasing sequence:

1=0b,<b,<<oer <b, < vev

We say d|b, if de{d} and there exists d<{b} such that dé =b,; d
and 0 are then called complementary divisors of b,. Let 7’(b,) be
the number of divisors d of b, where both d and its complementary
divisor are square free. In fact

1.1 (b, = > 1.

a5=0,,

d square free
0 square free

This means that 7'(b,) = 0 unless b, is of the form [] p;p}. Let x

be any positive number and b, any generalised integer.w The sum to
be evaluated, T(x) is defined by

1.2) T(x) = >, 7'(ba)

where (b,, b,) denotes the greatest common divisor of b, and b,. In
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order to evaluate this sum a further assumption on the number of
generalised integers less than or equal to « is required. Let [x]
denote the number of generalised integers <.

Assume

1.3) [x] =2 + R(x), R(x) =0 (¢z*) and 0 < a < 1.

Using (1.3) it will be shown that when b, is square free

log b,)'
4 _ [Uog b,
1.4) T(x) = Axlog x + 0<x exp {log Toz b })
where

A = pz ) (pz 1)2 .

Dlby (p —+ 1)2 P p*

This sum is similar to that found by Gordon and Rogers in |2].
Also using the methods of [2] exactly analagous results for arith-
metical semi-groups can be found to those shown by Gordon and
Rogers. The only extra difficult result required is the prime number
theorem for generalised integers. This is proved in [6] and is

1.5 =2 _+0(—=—).
(1.5) (@) log x i <10g2x>

2. Supplementary definitions and results. Define the Mobius
function p«(b,) for the semi-group as follows: («(b,) =0 if b, has a
square factor p(b,) = (—1)*, where k denotes the number of prime
divisors of b, and b, has no square factor; p(1) =1. Let ¢(x,b,)
denote the number of generalised integers < which are prime to b,.
Then it is proved in [3] that

0 when b, =1

@1) 2 1) = {1 when b, = 1

o,
and in [4] that
(2.2) 4o, b) = 3 #(d)[%] .

Hence using assumption (1.3) we have

_ nd) i | 1(d) |
2.3) 4w, b) =0 3 LD o (ZL ) ) :

Tty as
= xf(b,) + 0(x"f.(b,)) say .

Then as is shown in [3], and in any case as the functions are
multiplicative
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(2.4) I #(d) plby pl
by = 3 =11 (1 + 7) .

Define (s) = >\ 07%(s > 1). Then it is proved in [1], using an
assumption equivalent to (1.3) that

Hence

Abel’s transformation, in the following form, will be used to give
some necessary estimates. Suppose {b,} and {a,} are given with
b=b, <+, b,— . Let A(x) =3 . a,. Suppose +(xr) has a
continuous derivative +'(z) for all z involved, Then

3 anb,) = A@y@) ~ || Awy'du

by,=sx

Using (1.3) and this transformation, we obtain the following results.

1 -t

£ 1
2.5) s L T e, {B *

B#a,

b=z bﬁ 1-— /8

and v; is a constant equal to {(8) when 8 > 1.

1 - —:,:Ul—a )
(2°6) bnéx '—b— = 1- + 0(10g ﬂ/) .
1 -5

Again using (1.5) and Abel’s transformation we obtain

(2.8) v 1 :——ﬂ'———Jro(“l““)

p=s P* 1 — a)logx log® x
2.9) S log p = x + O(z/log @) .
Define
2.10) Moy = 3 A o (1-2).
o b b—l)_1 b2 o P

Then from (2.7) we have
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2.11) hy ”g’ D) = n(b,) + 0
(b,n,nb;:;;l "

3. The Q function. Let

1 if b, is square free and (b,,b,) =1
q.b,) = { .
0 otherwise .
Q. (%) = Z q.(b.) .
B = 1 ifb, =1
“) =10t b, 21,

Then from (2.1)

0.(b.) = e((b., b)) 3 ).

This gives
Qu(x) = bES] (b, b.)) dzg‘b 1(d)
= mS; (d)
(d,bu)=(§xb )=1
- gZ ”(d)¢<d2’ >
= 5 w@{ %) + o 2os0)))
from (2.3)

BB + 0w} + 0(afulb) T}

from (2.11) and (2.5). Hence

(3.1) Qu(®) = @f(b)Mb,) + 0@ 2fu(ba)) + 0(x°fu(Dy))

4, The evaluation of the sum of the divisor function T(x).
Replacing in (1.2) the value for 7/(b,) defined in (1.1), we have the
result that T(x) is the number of elements in the class satisfying
do =b,, () = p*0) = 1, where b, <, (b,, b,) = 1. This is the same
class as that for which do < «, (d,b,) = (6,b,) = 1 and p*(d) = ¢£*(0) = 1.
Rearranging the order of summation we have that T(x) is the number
of elements in the class satisfying ¢ < x/d, (d,b,) = 1, 6 square free,
where d < x, (d,b,) = 1 and d is square free. Hence



A SUM OF A CERTAIN DIVISOR FUNCTION 411
T(w) = X 0., 3, 0.0)
> qu<d>{ FOIMb) + (2 7. (0))+ 0 (2

®))}

from (3.1)

= afbMb) 5 LD 0 (07,00 3, o)

)

JETAA

= 26 M0 5 LD+ 0wt (b))

from (2.5) and (2.6).
Now from (3.1) and Abel’s transformation we have

5 L fponb log @ + 0(£.0.)

+ 0@ 2fo(by)) + O(x*'fu(by)) «
Substituting this result in the expression for T(x) we obtain
(4.1) T(x) = f(b )N (b,)x log @ + 0(xf.(b,)) .

From the definition in (2.4) we have

(4.2) fulb) = 3 14D < 5 2 < 511 - 00)

= it d“
where 6 is any positive real number. This is proved in [5, Th. 5]
and is true for all b,. However, when b, is square free we can
obtain a better value for f,(b,) by using the prime number theorem.
Suppose b, is square free and let b, = PPz ** Dur = P10z +* Pr. Then
(4.3) logd, = 3 log p = p, + 0(p,/log p,)

P=Dp

from (2.9). Hence

MWzZ”ﬁH:H@+1)§H@+1>

dlby, Dby

< 1 (H—W
p<(1+0(1)) log by, p“

from (4.3), and so

log £.(b,) < %(1 +o(1) .

p=(1+o0(1)) log by,

Then from (2.8)
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(4.4) Sa(b,) =0 (exp- {%})

for b, square free. Now from (2.4) and (2.10)

Fone) =T (1- ) 1 (1= 2

P1b
u VY o VY
z

_ (p* — 1)
pgu (p + 1) 1} P

= A (say) .

Hence from (4.1), (4.2) and (4.4) we have
(4.5) T(x) = Azlogax + 0(xbd)

for all b, and all positive real numbers ¢ and
_ . (log bu)‘““}
(4.6) T(x) = Axlogz + 0 <fc exp{log Tog B )

for all square free b,.
This is the result given for T(x) in (1.4). Since

1l <1 B ;2 >2 - cz(lz)

the value for A may also be written

2

1 P
A= .
£(2) ZH (p + 1)

I gratefully acknowledge assistance given by the referee in the
evaluation of the error term.

REFERENCES

1. A. Beurling, Analyse de la loi asymptotique de la distribution des nombres premiers
généralisés, Acta. Math, 68 (1937), 255-291.

2. G. Gordon and K. Rogers, Sums of the divisor function, Cana. J. Math. 16 (1964),
151-158.

3. E. M. Horadam, Arithmetical functions of gemeralised primes, Amer. Math.
Monthly 68 (1961), 626-629.

4. , The number of unitary divisors of a generalised integer, Amer. Math,
Monthly 71 (1964), 893-895.

5. , The order of arithmetical functions of generalized integers, Amer, Math,
Monthly 70 (1963), 506-512.

6. B. Nyman, A general prime number theorem, Acta. Math. 81 (1949), 299-307.

Received April 29, 1965.

UNIVERSITY OF NEW ENGLAND
ARMIDALE, N.S.W., AUSTRALIA



PACIFIC JOURNAL OF MATHEMATICS

EDITORS
H. SAMELSON J. DUGUNDJI
Stanford University University of Southern California
Stanford, California Los Angeles, California 90007
J. P. JaNs RICHARD ARENS
University of Washington University of California
Seattle, Washington 98105 Los Angeles, California 90024

ASSOCIATE EDITORS

E. F. BECKENBACH B. H. NEUMANN F. WoLF K. Yosipa

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA STANFORD UNIVERSITY

CALIFORNIA INSTITUTE OF TECHNOLOGY UNIVERSITY OF TOKYO

UNIVERSITY OF CALIFORNIA UNIVERSITY OF UTAH

MONTANA STATE UNIVERSITY WASHINGTON STATE UNIVERSITY
UNIVERSITY OF NEVADA UNIVERSITY OF WASHINGTON

NEW MEXICO STATE UNIVERSITY * * *

OREGON STATE UNIVERSITY AMERICAN MATHEMATICAL SOCIETY
UNIVERSITY OF OREGON CHEVRON RESEARCH CORPORATION
OSAKA UNIVERSITY TRW SYSTEMS

UNIVERSITY OF SOUTHERN CALIFORNIA NAVAL ORDNANCE TEST STATION

Mathematical papers intended for publication in the Pacific Journal of Mathematics should be
typewritten (double spaced). The first paragraph or two must be capable of being used separately
as a synopsis of the entire paper. It should not contain references to the bibliography. Manu-
scripts may be sent to any one of the four editors. All other communications to the editors should
be addressed to the managing editor, Richard Arens at the University of California, Los Angeles,
California 90024.

50 reprints per author of each article are furnished free of charge; additional copies may be
obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is published monthly. Effective with Volume 16 the price
per volume (3 numbers) is $8.00; single issues, $3.00. Special price for current issues to individual
faculty members of supporting institutions and to individual members of the American Mathematical
Society: $4.00 per volume; single issues $1.50. Back numbers are available.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific Journal
of Mathematics, 103 Highland Boulevard, Berkeley 8, California.

Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), 7-17, Fujimi
2-chome, Chiyoda-ku, Tokyo, Japan.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.



Pacific Journal of Mathematics

Vol. 22, No. 3 March, 1967

Wai-Mee Ching and James Sai-Wing Wong, Multipliers and H*

algebras. ... ..o 387
P. H. Doyle, III and John Gilbert Hocking, A generalization of the Wilder

7 o PP 397
Irving Leonard Glicksberg, A Phragmén-Lindelof theorem for function

ALGEDYAS . . ..o 401
E. M. Horadam, A sum of a certain divisor function for arithmetical

SCMUE=GTOUPDS « . o v v v ettt et et e e e e e e e 407
V. Istrdtescu, On some hyponormal operators.............c.couvviueeeenn.. 413
Harold H. Johnson, The non-invariance of hyperbolicity in partial

differential eqUALIONS . ..............uuuiii i 419
Daniel Paul Maki, On constructing distribution functions: A bounded

denumerable spectrum with n limitpoints........................... 431
Ronald John Nunke, On the structure of Tor. Il .......................... 453
T. V. Panchapagesan, Unitary operators in Banach spaces ................ 465
Gerald H. Ryder, Boundary value problems for a class of nonlinear

differential eqUAtiONS . .............. oo i, 477
Stephen Simons, The iterated limit condition and sequential

COMVEIGOIICE . . v v v v vttt e e e et e e et ettt et 505

Larry Eugene Snyder, Stolz angle convergence in metric space
Sherman K. Stein, Factoring by subsets .................
Ponnaluri Suryanarayana, The higher order differentiabilif
abstract evolution equations . .....................
Leroy J. Warren and Henry Gilbert Bray, On the square-fr
and Mersenne numbers . ............... ... .. .....

Tudor Zamfirescu, On [-simplicial convexity in vector spac
Eduardo H. Zarantonello, The closure of the numerical ra
SPECITUIL . o oo v vt et e et e e e e e e e


http://dx.doi.org/10.2140/pjm.1967.22.387
http://dx.doi.org/10.2140/pjm.1967.22.387
http://dx.doi.org/10.2140/pjm.1967.22.397
http://dx.doi.org/10.2140/pjm.1967.22.397
http://dx.doi.org/10.2140/pjm.1967.22.401
http://dx.doi.org/10.2140/pjm.1967.22.401
http://dx.doi.org/10.2140/pjm.1967.22.413
http://dx.doi.org/10.2140/pjm.1967.22.419
http://dx.doi.org/10.2140/pjm.1967.22.419
http://dx.doi.org/10.2140/pjm.1967.22.431
http://dx.doi.org/10.2140/pjm.1967.22.431
http://dx.doi.org/10.2140/pjm.1967.22.453
http://dx.doi.org/10.2140/pjm.1967.22.465
http://dx.doi.org/10.2140/pjm.1967.22.477
http://dx.doi.org/10.2140/pjm.1967.22.477
http://dx.doi.org/10.2140/pjm.1967.22.505
http://dx.doi.org/10.2140/pjm.1967.22.505
http://dx.doi.org/10.2140/pjm.1967.22.515
http://dx.doi.org/10.2140/pjm.1967.22.523
http://dx.doi.org/10.2140/pjm.1967.22.543
http://dx.doi.org/10.2140/pjm.1967.22.543
http://dx.doi.org/10.2140/pjm.1967.22.563
http://dx.doi.org/10.2140/pjm.1967.22.563
http://dx.doi.org/10.2140/pjm.1967.22.565
http://dx.doi.org/10.2140/pjm.1967.22.575
http://dx.doi.org/10.2140/pjm.1967.22.575

	
	
	

