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Let H be a Hilbert space and T a hyponormal operator
(T*T — TT* =z 0), The first result is: if (7T*)*T¢ is a com-
pletely continuous operator then 7' is normal,

Secondly, part we introduce the class of operators on a
Banach space which satisfy the condition

Hell=1 || Te|]* = || T*|]

and we prove the following:

L yr=lml|| T =TI

2. if T is defined on Hilbert space and is completely con-
tinuous then 7T is normal,

In what follows for this section we suppose that T is a hyponormal
operator on Hilbert space H.

THEOREM 1.1. If T is completely continuous then T is mormal.
This is known ([1], [2], [3]).
The main result of this section is as follows.

THEOREM 1.2. If T**T? is completely continuous where p and
q are positive integers then T is normal.

LEmmA. Let || T = 1. Then in the Hilbert space H there exists

a sequence {x,}, || z,| = 1 such that

(1) | T* e, || —1

(2) | Tmx,||—1 m=1,2,3,.--,
(3) (T*Tx, —w,||—0

(4) | TT*x, — @, [|—0

(5) |7, — T"'x,||— 0 m=1,2,3,..-,

Proof. We observe that (1) = (4) and (2) = (3). Thus it remains?
to prove (1), (2), and (5).
By definition there exists a sequence {z,}, ||2,|/ = 1 such that

WT* e, | =T =[Tll=1.
It is known [3] that for z, ||x]| =1
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| T2 < || T || .

Since
T | = || T, [P = | T2l = 1
we have
lim|| T, =1.
If
T, || —1
| T2, || — 1
then
lim || 7%, || = 1.
Now
| = oL |
1T+, || 1T |75, ||
we have

|| T, || — 1.

By induction we have the relation (2).
For (5) we put

Yu(m) = T*T"x — T" 'w,
and
Ou(m) = || yu(m) ||*.
We have

O, (m) = || T*Tmw, [[* = 2| T, || + | T" ', ||
ST, P =20 T, P + ([ T, |
= [T, [P = [ T, |

By (2) we obtain that 6,(m) — 0 for every m. This proves the lemma.,

Proof of the Theorem 1.2. Let p and ¢ the integers such that
T*»T? ig a completely continuous operator. By the lemma
T*T%, — Tz, — 0

({z,} is the sequence of lemma). It is clear that {T**'T* 'z, admits
a subsequence which is convergent. Also, by the lemma and this
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result we obtain a subsequence of {T**—*T¢*¢,} which is convergent.
The process can be repeated and we obtain a subsequence {z,,} of {z,}
which is convergent.

Let %, = limx, . Thus

T*Tx, = x,
TT*x, = 0.

The closed subspace M, = {x, TT} = x} is a nonzero subspace. By
the Lemma 2 of [2] T has a approximate proper value

The above arguments show that every sequence of approximate eigen-
vectors {y,} of T belonging to N with |XA| = 1 contains a convergent
subsequence so that X is an eigenvalue of T*, hence ) is of T.

Let M be the smallest closed linear subspace which contains every
proper subspace of T and N = M*. It is known that N is invariant
for T* and thus T*?T? is completely continuous on N. It is known
that T, is hyponormal. This shows that N = {0} and M = H. The
theorem is proved.

II. In this section we introduce a class of operators on any
Banach space B.

DErFINITION 2.1, The operator 7' is said to be of class N if
weB, jlwli=1 [[Telf=|T=].
LEmmaA 2.1, Ewvery hyponormal operator is of class N.
Proof.
| Te | = (Tw, Tuy =<T*Tw, 0y = || T* T || < || T || .

It is clear by this lemma that these operators are extension of a class
of hyponormal operators.

LemmA 2.2, If T is of class N and
@ [Ti=1, @ llzll—1, @ [Iz]—1.
Then || T"x,||—1 (m =1,2,3, «:+,).
Proof. This is easy consequence of the inequality

| T, || = || 7% T, || 2 LL 2L
I T, ||
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THEOREM 2.1. If T s of class N
T = lim || T [['* = o, .

Proof. For every n, Lemma 2.2, leads to relation || T"|| = || Tl
which gives Theorem 2.1.

COROLLARY 2.1. A generalised wnilpotent operator T of the class
N 1s mecessarily zero.

LEmmA 2.3. If T isof class N on a Hilbert space Hand || T =1
then

My ={z, TT* = «}

1s invariant under T.

Proof., Let xe My, ||x|| = 1. Then

HT*Te — 2| = | T*"Tx |’ — 2[| Tx|| + 1
= | T*Tx | — 2| TTT*x |} + 1

_ * 2 . T*w 2. # e []2

— | T*Tx || 2HT———HT*9&H H | THa | + 1
* 2 G o | [4 1

< || T*Tx|| AHTTxH———HT*xHZH
oo e 2

S| T*Tx | ———————HT*tz%—lgo.

Thus || T*Tx — z|| = 0. It is clear that
Tx = TT*(Tx) = T(T*Tx)
which shows that Tw e M.

We observe that T/M is an isometric operator.

THEOREM 2.2 If T is of the class N on a Hilbert space and T*
is completely continuous for some k =1 then T is normal.

Proof. (for || T|| = 1) From the completely continuous property
of T* it is clear that the subspace

My = {z, TT* = 2}

is not {0}. Also M,. is finite dimensional because it is invariant under
T* which is isometric and completely continuous and M,. reduces T.
We consider the subspace Mz and continue in this way and obtain
that T is normal.
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I am indebted to the refere for his suggestions.
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