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If {a.)¢ and {b,})i are real sequences with the b,’s all
positive, then a theorem of Favard states that there exists a
bounded increasing function (x) which is a distribution
function for the polynomial set {¢,}2, which is recursively
defined as follows: ¢_.,(2) = 0, ¢o(x) = 1,

(1-A) Pur1() = (& — An)Pn(t) — bagn1(®) (nz=0).

This study considers the problem of constructing +(x) for
certain classes of sequences {a,}; and {b.}i. The sequences
considered all lead to functions +r(x) which have a bounded
denumerable spectrum with n limit points (1 < n < o).

2. Notation, preliminaries, and summary. The following
notational conventions will be maintained throughout this paper:

(1) {a,); is a sequence of real numbers.

(2) {b,)r is a sequence of positive real numbers.

For each nonnegative integer s,

(38) {c{¥ is the sequence {c,. i,

(4) {¢(x)}=, is the sequence of monic polynomials defined
recursively by ¢%(w) = 0, 6"(x) = 1, and ¢ih(x) = (z — a)gy(w) —
bgi(w) (n = 0).

(5) () is a bounded increasing function defined on (— oo, + o)
and having the property that

[ @@y @) = b,k

&S #0,n=0,1,2,---). (¥*(x) is known to exist by the above-
mentioned theorem of Favard.)
(6) K®©(x) is the continued fraction given by

K(s)(x) — 1 { — bl+s ‘ . b2+s l .
lx—as [x_a/l%-s lx~a2+s

(7)) L(ptAx)) is the spectrum of the distribution function
P(x), i.e., FLH(@) = {21 —o0 <@ < + o0 and (x4 &) — I (x—¢)
> 0 for all ¢ > 0}. In terms of measures, .&7(y'*(x)) is the support
of the positive real measure induced by ' (x).

(8) We shall say that the polynomials ¢{'(z), the bounded
increasing function ~r*'(x); and the continued fraction K*(x) are
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assoctated with the sequences {a,}; and {b,}; if they are related to
these sequences by (4), (5), and (6) above.

(9) C will represent the field of complex numbers.

In terms of the techniques which are used, this study is a con-
tinuation of the work of Dickinson, Pollak, and Wannier, [11], and
that of Goldberg, [13]. It differs from these in considering the
nonsymmetric case (i.e., we do not require that the a,’s be zero).

We now state some previous results for reference and comparison.
The first of these is by Goldberg and many of our results will be
generalizations of it.

THEOREM 2.1. (Goldberg, [13]). Let {b,} be an arbitrary sequence
of postitive real numbers with lim, . b, = 0. Suppose {7} are the
sets of orthogonal polynomials corresponding to {al = 0} and {b}y,
then for each s =0

(i) @/x)K“(1/x) 1s a meromorphic function with the series
representation

ad 2A

MK () = —A® + 5, =20 (’;{;s))z
where >3 AP[a®]2.

(i) L (¥ (x)) ts the closure of the set of poles of xzK©®(x);
namely, =0 and = 1/, n =1,2, «--.

(i) ¥ + 0) — p(w — 0) = — AP, @ = £1/al,

(V) #0(0+) — p(0=) = —A,

(v) {a"sS'(1/x)}e converges to anm entire function only if
Z? bi < oo,

Next, in [2], Krein used the theory of completely continuous
operators in a Hilbert Space to prove

THEOREM 2.2. (Krein) Let {a,}7 be a real sequence and {b,}; be
a real positive sequence. Then a mecessary and sufficient condition
that SZ(p®(x)) be a bounded denumerable set with its limit points
contained in the set {a,, &, -+, a,} is both {a;}y and {b;}7 be bounded
and that lim; ;. g;; = 0, where g;; is the entry in the ith row and
the jth colummn of the infinite matrix

(A - a)X(A — a,D)X - X(A — a,])

where
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a, b, 0
b, a, b, «--
0 b, a, -«

We shall also need some well-known results about continued
fractions and orthogonal polynomials., These can all be found in
Chapter III of Szego’s book, [16]. We collect them into the following
lemma.

LEMMA 2.3. The convergents of the continued fraction K‘9(x)
are the rational funmctions ¢ (x)/6(x), and the zeros of the monic
polynomials ¢ (x) are real, simple, and interlaced with the zeros of
P (@).

We now enumerate those conditions which we will impose upon
the sequences {a,}7 and {b,}7. They are as follows:

(1) the point set {a,, @, a,, ---} is bounded and has derived set
{ay, &, +++, @}, Where a; < a, < ++« <, 1 £n < oo,

(2) b,—0 as m— oo,

Under these conditions we shall show in §3 that K (x) is mero-
morphic in C — {«,, -+, @,}. In §4 we let n = 1 and prove a generali-
zation of Theorem 2.1 above. Finally in § 5 we consider 2 < n < <o
and again obtain results similar to those of Theorem 2.1

3. K®(2)is meromorphic in C — {ay, -+, «,}. In order to show
that K (x) is meromorphic in C — {«,, ---, a,} we need a continued
fraction theorem which is due to Worpitsky. We state this for
reference.

THEOREM 3.1. (Worpitsky, [17], p. 42) Let a,, a,, +-- be complex
Sfunctions of any variables over a domain D in which |a,..| < 1/4,
p=1,2 «... Then the following statements hold:

M_{_a_z‘-;_g"“_i_}_ s oo CONVErges

(1) The continued fraction w = 1 1 1

uniformly over D,
(i) The values of the continued fraction and of its approximates
are in the circular domain |w — 4/3| < 2/3.

We now prove our first result.

THEOREM 3.2. If the real sequences {a,}; and {b;}7 satisfy the
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following conditions:
(1) A{ay ay, +-+} is a bounded point set with derived set {ay, - -+, a,}
where o, < o, < +++ < a,, 1 <n < o,
(2) 6,>0n=1,2,--+ and b,—0 as n— co, then for each
s = 0 the continued fraction
R SN

(8) — — — e
K (x)_m—aé” |z — a® | — a®

converges to a function which is meromorphic in C — {ay, -+, a,}.
Moreover this convergence is uniform in compact sets which do mot
contain poles of K©(x).

Proof. Using an equivalence transformation we can rewrite
K®©)(x) as follows:

o) = o )] Blte = oo = i)
|

b [(x — ar) (@ — a;)] |
| 1

Next let ¢ > 0 be given. Since the derived set of {a,, a,, -+ -} consists
of the finite points «,, .-, a,, there exists N. such that for every
1 =N, |a; —a;| <e2 for some je{l,2,---,n}. Also b,— 0, so
there exists M, such that for every 1 = M., | b;/(¢/2)*| < 1/4. Therefore,
if we restrict # to the domain D. ={x: |2 —«a;| >¢,7=1,2, .-+, 0},
then for each ¢ such that ¢ = max {M., N.} we have

[bi/(2 — a)(® — a;) | = [bif(e/2)] < 1/4 .
Now let L(e) = max{M,, N.} and set

8) (s)
K@) = B 2 a(s)l - . bH(; -
- Uz - L+1
_ 0P/ —a) | b/l — ar)(® — af)] |
| 1 | 1

Then by Theorem 3.1 and our remarks above we see that K(*(x)
converges uniformly in D and moreover that the values assumed by

i)(x) and its convergents all lie in the set |w — 4/3| < 2/3. Since
the convergents of K|¥(x) are rational functions this means these
rational functions have no poles and hence are analytic in D.. Thus
by the uniform convergence K{*(x) is also analytic in D.. But by
definition K;”(x) is just the tail end of K®(z) and hence K®(zx) is
meromorphic in D.. Moreover this holds for each ¢ > 0, so K®(x) is
meromorphic in C — {«a,, -+, a,}.
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We now consider the behavior of K(x) for large values of =x.
To do this we let K{&'(w) = K (1/w) and consider w small. We have
the following result.
THEOREM 3.3. For each s = 0 the function
K (w)/w = (1/w)K " (1/w)

1s analytic about the origin and has value 1 for w = 0.

Proof. By the definition of K{”(w) we have
1A — aw) | _ bw/[(1 — a?w)(1 — ai”w)]|
1 | 1

_ 0w [ — afPw)(L — afPw)]| .
\ 1

K. (w)/(w) = |

Now conditions (1) and (2) on the sequences {a;} and {b;} imply that
both these sequences are bounded. Thus for |w| small enough we
have

167 w/[(1 — afZw)(l — aPw)] | S 1/4 1=1,2,3, ..

Hence by Worpitsky’s theorem, (Theorem 3.1 above), K(w)/w is
analytic about w = 0. Also, by inspection we see that K(*(w)/w has
value 1 at w = 0.

We now note two results which will aid in the construction of
Yve(x) in §4 and §5. The first is an important recursion formula
which says that for s = 0 and » = 2 we have

(3-A) B(@) = (0 — a)pR@) — b (@)

The proof of this formula is a straight-forward induction argument
and is omitted here. The other result is a complex orthogonality
relationship which is proven as a lemma.

LEMMA 3.4. For each s=0 and 0 < p <n there exists R >0
such that

- 1/(27m’)SIxI:Rx%;”(x)K“’(x)dm =5,k

k& #0,8,n=0,1, ).

Proof. From Lemma 2.3 we know that

lim ¢,%()/617 (w) = K“(2) .
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Hence if we divide (3-A) by ¢22(x) and let » — <o, we obtain
(8-C) 1/K®(x) = (& — af*) — b K+ (x) .

Next we combine (3-C) and (3-A) by eliminating (x — af{*). After
simplication this gives

ou (@)K () — g7 ()

(8-D) — Bls) 9)( +5) 14s) 249)
= b K@) g () K@) — 6,57 (%)} .

We now note that the term in parenthesis on the right of (3-D) is
just the left side with a change of index. Therefore we can interate
this formula, and recalling ¢{’ = 1,464 =0,7 = 1,2, -.., we obtain

(B @K - @ = { s K )

Now we multiply (3-E) by x?/(2rx¢) and integrate about a circle
l#] = R in the complex plane. Since x?¢*'(x) is analytic, this gives
us

(3—F) __1_ S xp;b(s)(x)K(”(@)dx —
211 Jlsl=

k(s)

27y

S G K@) -0 K0()da
lzl=R

where k{® = J[2, b = 0 because each b, is positive. In the integral
on the right of (3-F) we now let @ = 1/w. We also choose R large
enough so that each of the functions K/ (w)/w,t=0,1, ..., % is
analytic in the dise |w]| = 1/R. This is possible by Theorem 3.3.
Then by using the residue theorem and the fact that K.*#*(w)/w has
value L at w=0,¢=0, ---, n, we have

1

omi S|m|=Rxp¢i‘3)(x)K(s)(x)dx

A ] e EE)) ),
271 Jiwl=1/R w w

— In(
- an) * 57»,:0

Sections 4 and 5 will change the above complex orthogonality
into a real orthogonality relationship and hence obtain ' (x).

4. Constructing ¥'(z) for one limit point. We now assume
that in Theorem 3.2 n =1, i.e. a;—a@, as 71— o. As a further
simplification we initially choose «, = 0 and then later show this
restriction is not needed. Now in order to convert (3-B) into a real
integral, we first obtain a Mittag-Leffler type expansion for the
function K®(x). For this we need a theorem of Montel.
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THEOREM 4.1. (Montel, [14], p. 38) A mnecessary and sufficient
condition that a meromorphic function f(z) be the limit of rational
functions whose zeros and poles are real, simple, and interlaced on
the real axis is that f(z) have the form

f(z) = B — Az + 21 A1)z — @) + 1a,) |

where the numbers B, A, A,, and «, are all real, A and A, are all
of the same sign, and the series > A (a,)™" is convergent.

We now obtain our expansion for K©(x).

THEOREM 4.2, With the hypothesis of Theorem 3.2 and with
n=1a =0, the function K (x) has the form

K@) = A%fx + 3, AP — o))
n=1
where A® and AP, a0 =1,2, ---, are all nonnegative and D7, ALY < o,

Proof. From Theorem 3.2 we know that K (x) is meromorphic
in the set C — {0}. Thus K{(w) = K¥(1/w) is also meromorphic in
C — {0}. However, by Theorem 3.3, K{®'(w) is analytic at w = 0, and
hence K{”(w) is meromorphic in C. Next from Lemma 2.3

(1439

K®(z) = lim Pnar’ (2) ,
ne G0 (@)

so that

K&(w) = lim w" g, (L/w)
w0 (1)
Also from Lemma 2.3 the rational function ¢(2)/4{(2) has its zeros
and poles interlaced on the real axis. Thus w g1 jw)/w"s(1/w)
also has its zeros and poles interlaced on the real axis. Now since
K@ (x) is known to converge uniformly on those compact sets of
C — {0} that exclude the poles of K©(x), it follows that K{"(w)
converges uniformly on those compact sets of C which exclude poles
of K{"(w). Therefore we can apply Theorem 4.1 to K{(w). This
gives

KP(w) = C% — B*w + 3V BY (L(w — ) + 1/81)
1

where B/, B{*, ... are all of the same sign and >\ B![B']* con-
verges. Next, K{"(0) = 0; so C* = 0. Thus converting to K(x),
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we obtain

oo _ B & B 1
KO = ==~ e e

Now, letting A® = — B9, AP = —B?/[BY] and af = 1/8, gives
us

oo

(s) (s)
Ko@) = A0 15 A
o

where A®, A, A, --. are all of the same sign and 33 A converges.
Finally the fact that the A{*’s are actually non-negative follows from
Hurwitz’s theorem and the special interlacing of the zeros of ¢{1 ¥ (x)
with those of ¢{’(x). This interlacing means that ¢ (x)/¢(x) has
only positive residues, and by Hurwitz’s theorem the limit function

K®(x2) must have nonnegative residues.

Next, before proving our main theorem of this section, we state
a result of Carleman which will give us uniqueness in our result.

THEOREM 4.3. (Carleman, [15], p. 59) I[f 32, 1/1/b, = <o, then
Y(x) 1s unique when it is normalized by the conditions *'(— ) =0
and for x £ — oo, YI(x — 0) = ().

We now obtain +'*(x).

THEOREM 4.4. Let the real sequences {a;}7 and {b;}7 satisfy the
Sollowing restrictions:

(1) a,—0 as 71— oo,

(2) b;>0 for each © and b;— 0 as 1— . Then if ¥ and
K (x) are defined by (5) and (6) of §2, we have

(1)

Ko@) = 4"+ 5 Av/ - i)

where the A and A® are all nonnegative and >0 AP < oo,

(ii) (x) is a unique jump function and F('2(x)) s con-
tatned in the closure of the set of poles of K'¥(x).

@{ii) Y@ + 0) — =@ — 0) = AP for © = alf.

(iv) ¥©(0+4) — ¥2(0—) = A“.

Proof. (i) is just Theorem 4.2, To prove the remainder of the
theorem, we first note that condition (2) together with Theorem 4.3
guarantees that «*'(x) is essentially unique. Therefore we need only
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show that a jump function with jump A4 at a,n =12, ... and
jump A® at x = 0 is actually a distribution function for the polynomial
set {¢”(®)}. Thus let v¥(x) be such a jump function and consider

Smx”gzs;s’(x)dn/ﬂ”(x). By the definition of the Riemann-Stieltjes integral

we have

| Cersr@)dy @
= 8, 3(0) + 3, AP[a e @l
i=1

provided the series on the right converges. To show this convergence
and to evaluate the sum, we combine Lemma 3.4 and Theorem 4.2,
This gives us

(s e (8)
LS xpgéf)(x){A ) 3 Af
|el=R X

271 = —alp

o (
}da = 0,,, k.

Now R was chosen so that |w| < 1/R contained no singularities of
K{(w). Thus |x| < R contains all the singularities of K (x). Also
the sum converges uniformly and absolutely on |z| =R, so we can
integrate the series term-by-term. We use the residue theorem and
obtain

Bpoe (0) + 3, APLAPS@S) = 0,000

4 oo
Since this sum is the same as our expression for S 2P ) A ()

we see that

| Cors @y @) = 0,k

k=0, n=0,1,2,..-, s=0.

Thus with respect to (x), ¢."(x) is orthogonal to 27, »p =0,1, ...,
n — 1. Hence by definition, 4 (x) is a distribution function for the
polynomial set {g{"(x)}.

It is of interest to note that the converse of Theorem 4.4 also
holds. This follows immediately from Krein’s result which we labeled
Theorem 2.2. Thus suppose that the bounded increasing function
Jr(x) has a bounded spectrum with its only limit point at zero. Then
by Theorem 2.2, lim; ;) i, 9;; = 0 where g,; is the entry in the ith
row and jth column of the infinite matrix
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a, b, 0
bl albz...
0 b2 Qg+

Thus we see b,—0 and a;— 0. Combining these comments with
Theorem 4.4 gives

THEOREM 4.5. A mecessary and suffictent condition that &7 (4 (x))
be a bounded set with a single limit point at zero is that the sequence
of rational functions U7 (x)/sl(x) converges to a function K'¥(x)
which has an expansion of the form

K*"(2) = Ao + 3, AP )@ — )

where A >0 for each n and > A < oo, Moreover *(x) is a
jump function with jumps AP at af and A® at x = 0,

We now show that in Theorem 4.5 the limit point of the spectrum
does not have to be a «x = 0.

COROLLARY 4.6, A mnecessary and sufficient condition that
(P B(x)) be a bounded set with a single limit point at © = a # oo
1s that the sequence of rational functions ¢{*7(x)/l(x) converges to
a function K(x) which has an expansion of the form

A(S) v o Aflbé‘)

K@ (x) =
@) x—a w=1ox— (a+ al)

’

where A =0 and AP >0 for each n with > 7 A® < . Then
XY 18 a Jump function with jumps of ALY at aff + a and A® at
T = qa.

Proof. By Theorem 2.2 .&7(4*(x)) is a bounded set with a single
limit point at « = a if and only if a;,— a and b,— 0. Now
guh(®) = (¥ — a,)p () — bugu(®) ,
so that
guh(@ + @) = (v — (2, — @))g (@ + @) — b.grlu(x + @) .

Thus the sequence of polynomials {¢{(x + @)} is associated with the
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real sequences {a, — a};_, and {b,}7. Hence if a,—a and b,— 0,
then by Theorem 2.9 the polynomials ¢'(x + a) are orthogonal with
respect to a function +{*(x) which has a bounded spectrum with its
only limit point at zero. Now

| “sr@ep@avi@ - o
=T + ape + adii@

so the polynomials {4{(x)}s are orthogonal with respect to +{*(x — a).
But b, — 0 implies that '(x) is unique, 80 ¥*(x) = *¥(x — a). Also
by Theorem 4.4 ¢ (2 + a)/¢{F'(x + a) converges to a function K*(x)
which has an expansion of the form

A( s) A;LS)

’U——C(

O o
Consequently, ¢ 7(x)/¢l(x) converges to a function K(x) which has
the form

A(s) o
K“(2) = K{*(x — a) = + 5

r —a

A(s)
n
x — (alf + a)

Moreover, {*(z) has a jump of A at x = a', s0 ¥v©'(x) = ¥ (x — a)
has the same jump at z = &’ + a. This proves the corollary.

We now turn to an interesting convergence question. We have
shown that if a;,— 0 and b, 0 then

K}Ls)(w) _ llmw wr— -1 (l }-s (1/7/())
noee w %f)(l/w)

is a meromorphic function. Hence we ask, when does the sequence
{F{(w) = w"¢(1/w)} of polynomials converge to an entire function
so that the numerators and denominators of the rational functions
which converge to K&'(w) will themselves converge to entire functions.
The techniques of this section were used by Dickinson, Pollak, and
Wannier, [11], when they considered the special case a; = 0,72 =0, 1,--.
and X2 b, < oo,

THEOREM 4.7. If X la;| < oo and if D7b; < o then the sequ-
ence of polynomials {F\"(w)}y converges to an entire function F'=(w)
as m— oo,

Proof. Since F(w) = w"s(1/w) and
Pa(®) = (v — a)gy(x) — b¢ili(x)
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we have
Fithw) = (1 — aw)Fw) — byw'Fio,(w) .
Next we let
G(w) = max {| F,"(w) |, | Fi2y(w) |} .
Then
[Feh(w) [ = {1+ (@ [ [w [} F(w) | + b7 [w* | | Fy2(w) |
S0
[P S {1+ (0] [w] + b [0 j60 ).
Since we also have
Giha(w) = max {| Fth(w) |, G2 (w)}
this gives
Geh(w) = (L + {af? [{w] + b |w* )G (w) .

Now by definition F{*(w) = 1, so G{*(w) = 1. Then by iterating the
above inequality, we obtain

Githw) < TT{L + [0l ][] + b7 [t}
and thus
[ Fih(w) | = THL+ [ai | [w] + b [t}
We next note that the infinite product
Ew(w) = T[{L + [0l |w] + b |w* )
converges uniformly for values of w in a bounded domain because of
the hypothesis > b, < o and > |a;| < o. Using this we can show

that the sequence {F\”(w)}; is a Cauchy sequence in any bounded
domain. We proceed as follows:

| Fiw) — F©(w) | = | —awF(w) — bPwFi,(w)]
SO
| Fw) — FO(w) | < [w| E9@)(a | + b |w))

and thus for each N =1



ON CONSTRUCTING DISTRIBUTION FUNCTIONS 443
N—1
| Fily(w) = FO@) | £ 3 | Filyw) — Fiy )|
n+N—1
< (wl B S (a0 | + b0 jw)} .

Now let ¢ >0 be given and suppose w is in the domain D =
{w:|w| < M}. Since >, (Ja;| + b;) converges, we can choose n so
large that for each N = 1 we have

{"iv(tcm + biM)}-M-maX E®w) < ¢ .
n wED

Thus we see that in the uniform norm {F*(w)} is a Cauchy sequence
in the domain D, and hence converges uniformly to a function analytic
in D, Since this holds for all bounded domains, the resulting function
is entire and the theorem is proven.

Next we give some necessary conditions for the convergence of
F{*(w) to an entire function F‘'(w). We first note a fact about the
structure of F{*(w). Namely; for s = 0 and n = 2

Fiw) =1 — {"2'1 aft}ew
(4-A) °
+{ 3 aneap — St + 0w .

0=i<jsn—-1

The proof of (4-A) is a simple induction argument and is omitted
here.

THEOREM 4.8. The following conditions are each mecessary for
the convergence of the sequence {F(w)} to an entire function.

(i) >3 a; converges.

(ii) D5 ai < oo,

(iii) 3¢ b; < oo,

Proof. Suppose the polynomials F*(w) converge to the entire
function F'®@(w) = e + e®w + e{w* + -.-. Then by (4-A) we have
e’ =1, = 3.7, a;” and

n
eés) — hm{ Z a;s)a}s) _ E bis)} .

n—oo \0<Li<j=n i=1

Now for each n

n 2 n
(S} =Sarr+2 3 avay;

0 0 0si<j=n

therefore,
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n 2 n
aifal =

0<i<jsn 2 ’

and thus

eﬁﬂm4<i@ﬁtﬁimwz—gm%.

n—reo

Next since Y2 ai = ¢, the above can be written

2e, = lim {ef — 31 [(af")" -+ 2671}

n—ro 0

= ¢ — lim 3} [(af*)) + 2b] .
n-—00 =0
Hence we see that 3.2, ((ai¥)* + 2b{*) = ¢! — 2¢,, and since each b, is
positive, we can conclude 3.7 ,b; < oo and 35, a2 < oo,

In the special case of positive a,’s we can combine Theorem 4.7
and 4.8 to yield necessary and sufficient conditions for convergence
of F{* to an entire function.

COROLLARY 4.9. If a; and b, are positive for each © them the
following are mecessary and sufficient conditions for the polyromials
F{#(w) to converge to an entire function,

(i) 25 a; < oo

(i) 356, < .

Proof. Since each a; is positive, conditions (i) and (ii) which are
necessary by Theorem 4.8 are also sufficient by Theorem 4.7,

5. Constructing ¥ (x) for n = 2. In this section we allow the
point set {a,, a,, ---} to have any finite number of limit points. We
are again able to construct +'*(x) by using Theorem 3.2 and Lemma
3.4. First, however, we must obtain a Mittag-Leffler type expansion
for the function K‘“(x) of Theorem 3.2 in the case where 2 < n < oo,
The following preliminary work will aid in obtaining this expansion.

We first recall that from Theorems 3.2 and 3.8 we know that
K*(x) is meromorphic in C — {ay, -+, «,} and is analytic outside some
circle || = R. Also, K“(x) is the limit of rational functions whose
poles and zeros are real, simple, and interlaced; so the same properties
hold for it. Hence we can find real numbers S, and £, such that
B, < B, and K®(x) is analytic in C — [B, B.]. We also choose
By1=12+.-,n—11in such a way that a, < 8, < a;,, and K®(x)
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is analytic at 8,. This is possible because K‘(x) has only a countable
number of singularities in C — {ay, ---, @,}. Next we label the poles
and residues of K®'(x) as follows:

(a) {ai*l}r., is the set of poles of the function K (cc) in (,81_1, ,6’)
ordered so that |af’, — a,| = |l — ;] 1 =1,2, - v k=1,

(b) A, is the residue of K at the pole al’.

We label the poles and residues of the rational functions ¢ (x)/6% (%)
in a similar manner:

(€) {af).Jry is the set of poles of ¢l l(w)/ew' (%) in (B, 5)
ordered so that Iazkm—a ]>[a1k+lm—aw1 1=1,2, e 3 k=1,2, .-+,
m();m=1,2,«-;m(l) + m2) + -+ + m(n) = m,

d) A, is the residue of p“‘“ (x)/ o (x) at ai) .

Now, from the interlacing of the zeros and poles of ¢{i=l(x)/sl (%)
we know that the residues A, , are positive. Also by Hurwitz’s
theorem as m — oo AP, — A¥, and af’),—af,. This leads us to
represent the function ¢ 1(x)/s((x) as a sum of functions. Namely,
let f (1, m; x) = S m% Al /(e — af), ). Then

’

P e A,
W@ HE T ai,

(5-A) .
Z (T, m; ),

where f*(¢, m; x) is a rational function whose poles are real, simple,
and have positive residue. But any rational function whose poles are
real and simple with positive residue also has real simple zeros which
interlace with the poles. Thus ¢ (x)/¢. (x) is the sum of » rational
functions f(i, m; ) each having real, simple poles and zeros which
are interlaced on (5,_,,8,) 1 =1,2,..-,n. We next need a lemma
concerning the residues A ,, and Az b

LEmMA 5.1, FW each s =0 we have
(i) ]'iIIlm—> Zk 1 1 /c m 13
(i) > Zk L AP S L

Proof. Since

lim L e @)

(s)
m — ¢<S(1/w) = (L/w)Ki(w)

and since this convergence is uniform about w = 0, we see from
Theorem 3.3 that

. 1 (s+1 1
(5-B) lim {w %} —1
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But by (5-A)

{1 99(81-1](1/7/0) } _ Z m (%) 141('3,)c "
w ¢<s (1/w) i=1 k=1 ?/U{(l/’l,{)) — a(sk m}
n m(i) A(.s)
=35, —ikm

St T - wall,

So by setting w = 0 we obtain
Lgtiw) < W
o o (L/w) & & Aibn

and (i) of the lemma follows from (5-B).
Next, as noted above, A{) ,— A, as m — co, Therefore, for
each integer K,

n K K
22 A =1 Z 2 Altm
=1 k=1 m-—> =1 k=1
n m(i)
=lim > > A, = 1.
m—soo =1 k=1 '
Hence the monotonically increasing sequence {372, Clleo, is

uniformly bounded. Thus >\7; D', AP <1 and (ii) holds.

Since much of the remainder of this section deals with subsequences
of subsequences, we shall attempt to simplify our notation by some
temporary conventions. First we agsume that s is a fixed nonnegative
integer and then we suppress it from our notation. Next we change
our multiple subscripts to arguments. Thus, in particular we now
write A{", = A(t, k), AP =A@, k, m), af’) = a(, k) and &'}, = a(i, k, m).

We now consider the sequence {f(1,m;x)} of rational functions
and proceed as follows to obtain a convergent subsequence: For
n =1, let D(1,n) be a domain defined by

D, n) ={z:jo — o[ = 1/n} .

Then from our labeling of the poles of K(x) we know that only finitely
many of the points «(1, k), (k =1,2, ...), lie in D(1,n). Let these
points be «(1,1), «(1,2), ---, (1, N,). Now as m— oo, a(l, k, m)-—
a(l, k); so there exists an integer M, such that m = M, implies

ia(lykrm)_a(lrk)lél/n! k:1921"',Nn-
Therefore, if we restrict x to the domain
D*(1,n) ={a: | — | = 1n, |2 —al, k)| z2/n,k=1,---, N}

and choose m = M,, we have



ON CONSTRUCTING DISTRIBUTION FUNCTIONS 447

M ALk, m) &ALk, m)
k=1 0 — Q’(l, k, m) k=1 ‘ﬂ? - C((l, k; m)‘

n(lg Al &, m))

n.

IA

IA

A

This means that the sequence {f(1, m; x)}3; is uniformly bounded in
D*(1, n) and hence contains a subsequence which converges uniformly,
Moreover, each function in this sequence is analytic in D*(1, n), so
the limit function is also analytic in D*(1,n). We now repeat this
process for each #, starting with n = 1 and at each stage using the
convergent subsequence obtained at the previous stage. Then we
apply the Cantor diagonal process and obtain a sequence which conver-
ges uniformly on every compact subset of C — {a;; a(1, 1), (1, 2), «--}.

Denote this final subsequence by {f(1, m'; x)} and let the limit function
be fi(x). Then

lim (f(L, m'; 2)) = fi(®) ,
and the convergence is uniform on compact subsets of
C — {0(1; a(ly 1)a a(lv 2)7 . .} .

Therefore, fi(x) is analytic in C — {a;; a(1, 1), a(1, 2), -},

We next consider the sequences {f(2, m'; )}, ard by repeating
the above process we obtain a new subsequence which converges
uniformly on the compact subsets of C — {a,; a(2,1), a(2,2), ---}.
Let fo(x) be the limit of this sequence. Then fy(x) is analytic on

—A{a,; (2, 1), (2, 2), ---}, and

fo(x) = hm f(2, m'"; x)
where m” is a subsequence of m/. Continuing in this manner with

{f(3, m"; x)}, ete., we eventually obtain a subsequence {m*} and func-
tions fi(x), -+ -, f.(x) such that

llmf(%,mx,x):fi(x), 7;:1,2,...,71/’

m*—rco

where f,(x) is analytic in C — {a;; (i, 1), a(¢, 2), ---}. Next for each
m we have

S, m;x) + -0+ fln, m; 2) = é’”z{’ @ f(jvy(f,;%in) .

and since
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K@) =lim3, S Ak m)

moes izl k=1 — (1, k, M)

we see that
K(x) = 1}52{]”(1, m*; x) + -+ -0+ f(n, m*; w)}
= filx) + -+ + fu(®) .

This, in turn, means that for each ¢, (1 <14 < n), fi(x) has a simple
pole at the points «(7, 1), a(t, 2), - -- because K(x) has simple poles at
these points, while fi(x), (# # 7), is analytic here. We summarize the
above results as follows:

THEOREM 5.2. For each s =0, of {a,a,  --} has derived set
{ag, oy, +++, a,} where each «; is finite and if {b,); satisfies b, >0
for each © and b;— 0, then the continued fraction

K\’S)(ZE) — 1 ‘ _ bs—=1 \’ - bsl-z ‘ I

| — a, [ = @y [0 — Gy

can be represented in the form
KW(x) = fi2(x) + fi7(@) + -« + f27(®)
where each f{¥(x) is meromorphic wm C — {a;)} and analytic in
C — [B;_1, Bs], for B;'s satisfying
By<an< Br<a,< o <B,<a, <B,.

We now turn to the problem of expanding each function f/*(x)
in a Mittag-Leffler type series. We have the following result:

THEOREM 5.3. For each 1¢{l,2, ---,n} we have

A, n i A, k)

: " _ _Bi ;
fil@) T o —a, = a—aG k)

where
(@) X0 A, k) < oo
(b) Z?:l Bi = 0.

Proof. We first recall that each f(i, m; z) is a rational function
with its zeros and poles interlaced. We also note that K(«) has residue
A1, k) at the pole a(i, k), =1, .-+, m;k = 1,2, ---. Therefore, since
K(x) = fi(x) + -+ + f.(), it follows that fi(x) has residue A(i, k) at
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the pole a(i, k) because for j == 1 f;(x) is analytic at a(s, k), k=1, 2, ---
Next fi(x) is meromorphic in C — {«;}, so setting = = a; + 1/y,
fi(a; + 1/y) is meromorphic in the finite y plane with poles at the
points y=1/(a(s, k)—a;), k=1, 2, -- -, and residue — A(7, k)/(a(i, k) —a;)?
at 1/(a(i, k) — a;). We now apply Montel’s theorem (Theorem 4.1
above) to the meromorphic function f(a; + 1/y). This is possible
because

fila; -+ 1/y) = lim fi, m*; a; + 1/y)

and f(i, m, ) is a rational function whose zeros and poles interlace.
This gives

fila; + 1jy) = —B; + Ay

& — A3, k) 1 a1, k) — «,
éwmam~ay{y—uwmm—a»+ T
where
o (i) — @) AGR) S g
A1 @i, b —ay R e

Changing from the y-plane to the x-plane, ¥y = 1/(z — «;); so

filw) = —B+—A
- a;
i — A%, k) 1 1
+%mmm—mz 1 1 + 1

This gives the desired representation, and we need only show
» B, = 0 to complete the proof. Now

K(x) = fi(@) + fulx) + -« + fu@),

SO

K(z) = -3, B + 3}

1o —a 652 —ak)

Hence

K, (w) = ﬁ éTt_ﬁ+ii-Mwm

= Aw =il — a@, kyw

so K,.(0)=—->2,B;,, But by Theorem 3.3, K.(0) =0, and thus



450 DANIEL P. MAKI

7. B; = 0 and the proof is complete.
We are now ready for the main theorem of this section.

THEOREM 5.4. Let the real sequences {a;}c and {b;}; satisfy the
following conditions:

(1) The derived set of {a,, i, @y -} 15 {qy, Q-+, ,}, Where
each «a; is finite and o, < a, < +++ < .

(b) b, >0 for each v and lim,_. b, = 0.
Then if 4 (x) and K=(x) are defined by (5) and (6) of §2, we have

(i) K®(x) is meromorphic in C — {ay, -+, a,} and has a repre-
sentation of the form

Ko@) =3 A 55 Ak,

= r — =k — alt)

where A =0 and AP, <0,1=1, -, m;k=1,2, - and 3,7, AP < oo,
1=1,2, -+, 0.

(il) (x) s a unique jump function and (') is contained
wn the closure of the set of poles of K ().

(i) (et +0) — Y@ —0) = AP e =1, -0, mk=1,2, -+,

(iv) v (a; + 0) — Py Na; — 0) = AP, 1 =1,2, «++, 0.

Proof. (i) is just Theorems 3.2, 5.2, and 5.3. The uniqueness of
(x) follows from condition (2) and Carleman’s theorem (Theorem 4.3
above). Thus to complete the proof we show that a jump function
Jr®(x) with jumps defined by conditions (iii) and (iv) is actually a
distribution function for the polynomials {¢{'l defined by (4) of §2.
Now by Lemma 3.4 we have for 0 < p < n and some R > 0

oo | wrsr @K @ = {11 b}, -
21wy Jisl=r i<l
By using the representation for K (x) given by part (i), this can be

written

| s s AT
lel=R

2me Se—a SEc-—al

- {H bﬁ_s}an,p :

(5-C)

Now since R was chosen so that (1/w)Kg+9(w) was analytic in
{w:|w|<1/R},2 =1, ---,m, it follows that K®(x) is analytic outside
and on || = R; so the series converges uniformly here and we can
integrate term-by-term. This gives
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T V) . S

i=1 L — 0(1 i=lk=1 g — a‘.sli

_1'—Slx| R g (@) Z

2

= ;:‘ o, )1’¢ O(a) Al + z%: i (afe) P¢(s)(a(s))A(s

1=1 k=1

= | Tosr@ay @ .

Therefore, if we define +(x) to be a jump function with jumps
given by (iii) and (iv), then

| Teror@ay = {11 bt -
—co 7=1
Thus ' is a distribution function for ¢{'(x) and the proof is complete,
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