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The main result that we prove here is as follows: Let E
be a Lebesgue measurable subset of R, the real line, and let
¢ be a bounded measurable function defined on E. Then the
first of the following conditions implies the second:

(1) There exists a constant K, so that

é c;¢(%5)

for all trigonometric polynomials of the form

= K|l Pll-

P(y) = > c;e*s*, where z;¢E for all 1 = j =n.
=

(2) ¢ is E-almost everywhere a Stieltjes transform. Pre-
cisely, there exists a finite (complex Borel) measure u, so that

o@) = pt@) = | ey

for almost all x € E. Moreover, » may be chosen such that
Hull £ K, where K is the constant in (1). (|| «|| denotes the
total variation of ..)

In 1934 (c.f. [3]), Bochner established this result for the case
when E is the entire real line. Our result also generalizes a theorem
of Krein. Indeed Krein proved (c.f. [1] pp. 154-159) that (1) and (2)
are equivalent for the case when E is an interval and @ is a con-
tinuous function defined on E. Now if we assume that E is closed
and of uniformly positive measure, (meaning that if U is an open
subset of R with U N E nonempty, then the measure of UN K is
positive), and if @< C(E) and satisfies (1), then our result implies
that (2) holds for all xc E. (i.e. @ = /i | E for some finite measure g
on R). (It is trivial that (2) implies (1) under these hypotheses.)

Note finally that it £ is a closed subset of T, the circle group,
of uniformly positive measure, and if ¢ e C(E) and satisfies (2), then
@ e A(F). That is, ¢ can be extended to a function defined on all of
T, with absolutely convergent Fourier series. (We identify 7T with
the real numbers modulo 1; in this case, the polynomials of condition
(2) are almost-periodic functions defined on the integers.)

We obtain our main result by first proving the result mentioned
in the above paragraph in Theorem 3; next by establishing the ana-
logue of the main result for 7' in Theorem 4, and finally by passing
from the circle to the real line in §3.
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404 HASKELL P. ROSENTHAL

The core of the proof of Theorem 3 is found in Lemma 2; the
technique used there was suggested by a method due to C.S. Herz,
as exposed in Théoréme VII, pp. 124-126 of [4]. An essential step
in the proof of Lemma 2 is Lemma 1, where we show that a measur-
able subset of T may be approximated in measure by nicely-placed
closed subsets'.

1. Preliminaries. The following two results are not essential
for the main result, but they do provide some motivation for it. We
let Z denote the integers; if g is a finite measure on R (resp. T),

A A A A 1 .
|[££]| = SUp.er | (%) | (resp. SUD .er | £(n)| Where fi(n) =Soe““““d#(t) for
all neZ).

ProprosiTION A. Let E be an arbitrary subset of R (resp. T),
and let @ be a bounded function defined on K. Then the following
two conditions are each equivalent to (1).

(8) There exists a constant K, so that

| pdu|= K121

for all discrete measures p supported on E.

(4) There exists a finite (complex regular Borel) measure v de-
fined on the Bohr compactification of R (resp. of Z), so that o(x) =
P(x) for all x e E.

The fact that (1) and (8) are equivalent is a triviality. The
equivalence of (1) and (4) is a consequence of the Riesz-representation
theorem, together with the fact that the almost-periodic polynomials
on R (resp. Z) may be regarded as being dense in the space of con-
tinuous funections on the Bohr compactification of the respective groups.
(See [5], pp. 30-32, for these and other properties of the Bohr com-
pactification).

For the next proposition, we recall that for E a closed subset of
T, A(E) is the set of all e C(E) for which there exists an feC(T),
such that f(x) = @(x) for all ze K, and 2_.|f(n)]| < . A(E) is
a Banach algebra under the norm

19 llusr = int {S | fm) |: Fe AT) with £| B = o} .

ProproSITION B. Let E be a closed subset of T such that if

! Benjamin Halpern independently discovered a different proof of Lemma 1, and
we are indebted to him for a stimulating discussion concerning this result.
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@ecC(E) and ¢ satisfies (3), then @e A(E). Then there exists a
finite constant K, so that for all fe A(E),

[fllaw = KIS, where

£ = sup || fdp

, the supremum

being taken over all discrete measures pu supported on E with
1Al <1,

Proof. ||| -||| defines a new norm on A(E), and we have that
WA £ WS llaw, for all fe A(E). Now our hypotheses imply that
A(E) is complete under this norm also. Indeed, suppose {f.} is a
Cauchy sequence in the norm ||| -]||. Fix zeE, and let g, be the
measure assigning a mass of one to x. Then ||/, |l. = 1, so we have
that

o= Fulll 2 |\ = £ | = 1 £) = Ful@)|

for all integers n and m. Hence, {f,} is a Cauchy sequence in C(&),
80 {f,} converges uniformly to a continuous function ¢. Also, since
{f.} is a Cauchy sequence in ||| - |||, there exists a constant K so that
| folll £ K for all n. This means that

|[fudee| = K121

for all discrete measures p. Now fixing ¢ a discrete measure, we
have that

n—co

1im'gfnd;,z‘ - H;od;z] .
Hence @ satisfies (3), so @ ¢ A(E) by hypothesis, whence
lim || £, — 1l =0.

Thus, since A(E) is a Banach space under the weaker norm || - |||,
we have that ||| - ||| is equivalent to the norm || .|| .

REMARK 1. Walter Rudin has constructed a closed independent
set £ which supports a measure whose Stieltjes transform vanishes
at infinity (see [6]). Such a set does not satisfy the conclusion of
Proposition B, since the independence of FE implies that ||| f||| = || £l
for all fe A(E), whereas the set cannot have its C(¥) and A(E) norms
equivalent (cf. [5], pp. 114-120).
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REMARK 2. It follows from a theorem of Banach (Theorem 2,
p. 213 of [2]), that the conclusion of Proposition B is equivalent to
the following: if F'e A(E)*, then there exists a sequence of discrete
measures g, such that g, tends to F in the weak * topology of A(E).
(A(E)* denotes the conjugate space of A; the definition of A(E) imples
that if x is a measure supported on E, then || ¢ ||z~ = || #!!., Where
|| ¢t |4z = SUP H fd;z’, the supremum being taken over all fc A(E)

with || fllim = 1.

In the terminology of [4] (cf. p. 115), our Theorem 3 thus implies
that if E is of spectral synthesis and of uniformly positive measure,
and if S is a pseudo-measure carried by E, there exists a sequence
of linear combinations of point masses carried by E and tending
weakly to S.

We note finally, that Proposition A holds for arbitrary locally
compact abelian groups, and Proposition B holds for compact subsets
of l.c.a. groups.

2. Throughout this section, £ denotes a subset of T of positive
Lebesgue measure; m denotes Lebesgue measure on T (with m(7T) = 1);
if S and T are two subsets of T,

S+ T={s+t:seS and teT}.

If + is a Lebesgue-integrable function defined on a closed set
E, and if ¢ is a bounded measurable function defined on a closed
set E, we recall that the continuous function @+, defined by

@) = |9 - oy@ds  for all yeT,

is supported on the set E, + E,.
Finally, if S is a subset of T, 7, denotes the characteristic func-

tion of S. i.e.

Ly =1 if yeS; x(y) =0 otherwise.

LEMMA 1. Given E and 6 > 0, for all sufficiently large integers
N there exists a closed subset F' C E, depending on N, with m(F’')=
1 — o)ym(E), so that for some 0 < B < 1/N, each of the numbers
B+ k/N,k=0,1,-.-, N —1; either belongs to F’', or is a distance
at least 1/N away from F’.

Proof. Let ¢ > 0 be given. Then we may choose a closed set
FCE, so that m(F) = m(E)(1 — ¢), and so that for all N sufficiently
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large,

(e [-3 5D moa s,

(We may accomplish this by simply choosing a finite number of dis-
joint closed intervals which approximate E closely in measure. Pre-
cisely, if S and T are two subsets of T, let

SA4T = Sn&T)uESnT).

First, choose F, a closed subset of E, with m(E4F)) < (¢/2)m(E).
Next, choose I, ---, I, disjoint closed intervals with

P s’
m(F4 QL) < Sm(E),
where ¢ = min {¢, 2¢/(2 + ¢)}. Finally, let
F= QIJ‘ nF;

then the desired inequalities hold for all integers N = (dp/em(F’)).
Now fix such an N; then

i) = £ [E5t 4])
Let g be defined on [0,1/N) by

Then
NS;INg(x)dm(ac) = m(F) .

Since g(x) = 0 for all z, we must have that g = (1 — &)ym(F) on a
set of positive measure; thus, we may choose a 5,0 < 8 < (1/N),
with

9(B) = (1 — eym(F) .

Now consider the family of intervals,

Ik=[ﬁ+%,6+k;l], for k=0,1,...,N—1,

We remark that if fe F belongs to one of these intervals, then the
entire interval is contained in the set F + [—1/N, 1/N]. (Of course,



408 HASKELL P. ROSENTHAL

T equals the union of these intervals).
Thus, let 2" be the subset of {0,1, ..., N — 1} so that ke %%
if and only if I, contains a point of F. Then

1 1
Fcky%IkCF -+ [_N’ N—] .

Hence if r is the number of elements in .5, we have that

m(F) = = = m(F)1 +¢).

r
N
Now, let

# =1{li;: ke 2 and both end points of I, belong to F}.

We shall show that # is nonempty; in fact, letting I be the cardinality
of #, we shall show that [ is very close to r.

First, let

' =4{ke ¥ : 8+ (k/[N)ec F}; let g be the cardinality of o7:
Then (¢/N) = g(B).

Now, let

F = {keﬁf’:,@—i— ’“;’71 eF},
and let s be the cardinality of 2#7””. Noticing that ke .o if and
only if 8 + (k/N) is mot a left-hand end point of an interval in _#,
we thus have that ¢ — s = [.

Now to each k€ 2#"" corresponds a unique member of ¥ N& . %",
namely the least of the numbers ¢ e 27 such that ¢ > &k if there are
such numbers; otherwise the least number in %", (Recall that 8 =
B + 1, as members of T.) Thus

card ¥ L card (¥ N & .F) .
But
F"U(F NEeFYU(F'nNexCx .

Hence s + s+ g—s<». Thus, ¢ + s<r. Hence, since s =q — [,
we obtain that » — I < 2(r — q). Now, let

F'=F ﬂJgJ .
Then F’ has the property that each number B + (k/N) belongs to
F’, or is a distance at least 1/N away from F’. For if 8 + (k/N)
is not an endpoint of an interval Je _#, then 8 + (k/N) is at least
distance 1/N away from the nearest point in _#. Moreover, F’ was
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obtained by removing at most r» — [ intervals from F’, each of length
1/N. Thus, recalling that

< m(F)1+¢) and = m(F)1 —e¢),

r g
N N

we have that

m(F") = m(F) — 7’;,‘ zm(F)—z(’“;,q)

= m(F)[1 —2[1 +¢)— @1 -9
= m(F)1 — 4e) =2 m(E )1 — 4e)(1 — ¢) .

Thus, given 6 > 0, we simply choose ¢ so that

A—-4e)l—¢e)=(1—-09).

REMARKS. We note incidentally that I/N provides a good ap-
proximation to m(E), since

mE)NL +¢) =L =

r l ,
NZWN = m(F') =2 m(E) 1 — 4e)(1 —¢) .
This shows that given ¢ > 0, we may, for all N sufficiently large,
give an upper estimate to m(E) — ¢ by considering some system of
equally spaced intervals of length 1/N, then adding up the lengths
of all these intervals such that both their endpoints belong to E.
The next lemma is directed toward showing that if ¢ is a meas-
urable function satisfying (3), then ¢ also satisfies (3) for a larger
class of measures supported on E. (See the first line of the proof of
Theorem 3.)

LEMMA 2. Let @ be a bounded measurable function defined on
E. Then there exists a sequence of discrete measures {v,} supported
on E, so that

Yull = Pl for all M, with
A 1 Py
< —
19xlle = (1+3) 19l and
lim v ,(l) = &) for all integers 1.
M-
Proof. Fix M an integer. Since @dm is absolutely continuous

with respect to m, we may choose a 6 > 0 so that if K is a Lebesgue
measurable set with m(K) < 9, then
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1.
| lPldm < 21 .

(Of course we assume that ||@]|, > 0.) Now by Lemma 1, we may
choose a closed set F ' E, an integer N = M, and a number 0 <
B < (1/N), so that m(E N & F) < 0, and so that each of the numbers
B + (k/N), for k=0,1,..., N —1, either belongs to F, or is a
distance at least 1/N from F. Let ¢’ be the restriction of @ to F,
i.e. ¢ = oYy,

Let mys; be the discrete measure supported on {8 + (k/N)W=,
and which assigns mass 1/N to each of the points £ + k/N.

Now let 4, be the function whose graph is an isosceles triangle
of height N and base [-1/N, 1/N]. Finally, let

YV = (dyxP'YMys .
Now, since 439’ is supported on F + [—1/N, 1/N], it follows that
v, is supported on F. Moreover,
Hdxlh =1 [[?[le = [[Plle, and [[myl]=1;

hence

u | = 14y P leo | Mgs || < [Pl

For the next two assertions of the Lemma, we need the follow-
ing easily established properties of 4, and g

(a) 4x(3) = 0 for all j.

(b) Si-.dy) = N.

(c) e dy(l + jN) = 1 for all integers .

(d) lim,_. 4;() = 1 for all 1.

(e) Myp(4) = 0 if j is not a multiple of N; otherwise,

Mye(g) = €779,

We thus have, for all integers [, that

Du(l) = [(dyx @ Ymys] (1)
= i AAN(Z — JNY&'(I — jN)e 23im |

Hence,
2u) | = sup | §(0 — iN) | 35 14 = N | < (197 1l- -

By the first two statements of this proof, we have that

, 14
P = h <3712l
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from which it follows that
AN 1 AN
N = (1 —) -
191l = (1+ )12

hence the second assertion follows., Finally, we fix [ an integer; then

) = 90| )
— |50 W) = $O) + 5, 4yt — N)P'(@ — j )5

LM PO - o0+ A= L ie®)|
+sup | /(L = jN)| 3, 4yt — jN)

< % 11w + 311§l = 4u(1)) .

(The last inequality follows from (c¢) and the fact that ||&'|l. <
2||®ll..) Hence by (d), we have that lim,_.. V,(l) = $(I) for all in-
tegers [.

THEOREM 3. Let E be a closed subset to T of wuniformly posi-
tive measure. Then if € C(E) and if + satisfies condition (3) with
the comstant K, there exists an fe A with ||[fll, < K, and with

Fle = .

Proof. TFirst, the hypotheses together with Lemma 2 show that
[wwam | < K151

for all bounded measurable functions ¢ supported on E.

Indeed, fix such a @, and choose {v,} a sequence of discrete
measures supported on E and satisfying the conclusion of Lemma 2.
Since the total variations of the sequence are uniformly bounded, it
follows that v, tends to @ in the weak* topology of C(E)*. (Some
subsequence converges by Alaoglu’s theorem, but any convergent sub-
sequence must converge to @ by the uniqueness of Fourier-Stieltjes
transforms.) Hence,

lim gwduﬁ, = g@/rdm .

Moo

Thus,

|pam = lim | ydvy | < T K {9 llo < K(19l- -

Now, let X be the subspace of ¢,(Z), the sequences on the
integers vanishing at infinity, defined as



412 HASKELL P. ROSENTHAL

X = {®»: 9 is a bounded measurable function, defined on E}.

Now define F' a linear functional on X by

F@) = |ypdm .

(Since @, = @, if and only if ¢, = ¢, a.e., F is well defined.) Thus
F is a bounded linear functional on X; so by the Hahn-Banach theorem
and the fact that ¢,(Z)* may be identified with LY(Z) (the space of
all absolutely convergent sequences), there exists an fe A, with
I1f1ls < K, so that

F@) = 3 omf(—n = [fpim

for all bounded measurable ¢ supported on E. The last equality shows
that f = + a.e.; since + is continuous and E is of uniformly positive
measure, this implies that f|; = .

We are finally prepared to establish the analogue of our main
result for the circle group 7.

THEOREM 4. Let + be a bounded measurable function defined on
E, and satisfying (3) with constant K. Then there exists an fe A
with || fll. £ K, and such that

fle) = ¥(e) for almost all ec K .

Proof. By Lusin’s theorem, given an integer N, we may choose
F a closed subset of E, with m(E N & F) < (1/N), so that « | F is
continuous; let +, denote + |,. We may also assume that F' is of
uniformly positive measure, by simply taking N large enough and
replacing F' by the support of the measure y dm, if necessary.

For each N, , satisfies the hypotheses of Theorem 3, with
constant K. Hence we may choose an fyc A, with ||fy|l. < K and
fvlr = ¥y. Again by Alaoglu’s theorem, since the F¥'s are uniformly
bounded in ¢(Z)*, there exists a function ¢ defined on Z and a sub-
sequence fN]. of the fN’s, so that

PP OIES ¢

and so that

lim 3 fr(mB(—n) = 3 z(m)B(—n)

Jeoo p=— =—

for all Bec(Z). Thus, let
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@) = Siemyeres

for all x e T; then || f|j. < K, and

lim S Fpdm = S Fpdm

for all bounded measurable functions @ defined on E. But fix such a
@; then

lim S Svpdm = gq/fq)dm ;

N—ooo

indeed, for fixed N, taking the corresponding F' as in the first state-
ment of this proof, we have that

1
Ny = vipam = 1= blpim = LK + 171l 2]l -
ENE®F .N
Hence, ¥+ = f a.e. an K.
3. Proof of the main result., We first have need of the follow-
ing lemma, showing that the Stieltjes transform of a finite compactly
supported measure on the real line may be nicely approximated by its

values on a discrete subset.

LEMMA 5. Given € and N > 0, there exists an M > 0, so that
if L = M and 1f v is a finite measure supported on [—N, N],

sup 19615 0+ 9 spplo(5)] -

Proof. We first note that given ) real number, there exists
fe LY(R) with f(z) = e** — 1 for all |2] < N, and such that ||f|, <
6 |n| N. For example, let

1 ~ ~
k(x) = E—A—T(XE—N,N]) (@)L —2w2m)” (%)
for all real z, and set

flw) = 2i (@ + \) — k(@)
y(

for all real =z.

(To see that f has the desired properties, one may use an argu-
ment analogous to that given in the proof of 2.6.3, page 49 of [5].
Briefly, for |y| < N, we have that
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?I.N-X[—-N, vxXi—en, e (Y) = 1; hence

f(y) = (™ — 1) kz(g) — ¢t _ 1

by the inversion theorem. Now

£@) = 5 S0 o, ) @ = Vs, ) (@)
b L (e D) @) Far o) (@)
on 9N [-N,N] [—2N, 2N] .

Hence by the Plancherel theorem and the Schwartz inequality,

Hfmga%memmmme—luunmm

1 2
+ —_suple® — 1 - -
oN mglz)v‘e 1 2imw o1 2 1 Xz, 2w Ul

<3V2 |\ N;

thus the constant ‘“6’’ could be replaced by the constant ““81727".)
Now, suppose L > 67N, v is supported on [—N, N], and fix « a
real number. Let 5 be the integer such that

7r—j£x<———ﬂ(j+1).
L~ L

Next, choose f as in the first statement of the proof, with x=(zj/L)—w,
and let fi(y) = f(y — (wj/L)) for all real y. Then

s -(3)

g . .
— S (e—i:ct _ e—nu(rrg/L)t)dv(t)l
—N

= " Awa|

= [T swrwat |

= ||9Hw||f1|h£GININIIQHwéﬁN%IIQHW-

Hence,

{SHIE

WWH—GN%Hmpé

o) < 2

kE€EZ
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Thus, since x was arbitrary,

A 1
Vo —— 81U
19l = 1— 6NT keg

L

(Z)|-

So, given & > 0, simply choose M so that L = M implies that

1

1 _ SNT

L

<1l+e.

REMARK. Our proof shows that the conclusion of Lemma 5 holds
not only for Stieltjes transforms, but for any bounded continuous
function @ whose spectrum is supported on the interval [— N, NJ, i.e.
we obtain that

2l
§D<L

sup | P(x)| = (1 + ¢) sup
j€Z
for all L = M.

Proof of the main result. (All terms are as defined on the first
page of this paper.)

Fix N an integer; by Lemma 5, we may choose L > N so that
if vy is a finite measure supported on [— N, N], then

o)

L

We assume that @ satisfies condition (1), or equivalently, condition
3); let oy = @ lznr—r, y1- Py may be considered as being defined on a

closed subset of the reals modulo 2L; we then have that if v is a
discrete measure supported on EN[—N, N]
()
I .

Applying the obvious version of Theorem 4 for the reals modulo 2L
instead of the reals modulo 1, we obtain that there exists a sequence
{a;} with

A 1
) < (1 _>
S}éﬁ'”(“)]—( T N/5p

lggvdv < Ksup|dx)| < K(l + i) sup
*€R N/ iez

jgﬂ”l%l < (1 o J\%)K’

such that

Pr@) = 2 a0
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for almost all e EN[—N, N].

Now let p, be the discrete measure which, for each integer j,
assigns mass a_; to the point (x/L)j; then ¢, = iy a.e. on EN[—N, N],
and ||ty [l < (1 + (N)K.

Finally, by Alaoglu’s theorem, since the finite measures on R
may be identified with the adjoint of C«(R), the Banach space of
continuous funections vanishing at infinity, we may choose a finite
measure g, with || ¢[| < K, and a subsequence {5} so that

Sfd# = },igg Sfdmv,

for all feC(R). Now if ¢ is a continuous function with compact
support, then

| s@e@ia
= 1im | g@)p, (@)da

=1Tim |” @)y (@de

= lim | g@dpsy ) = | g@ip@) = {7 g@i@ds .
Hence @ = @ a.e.

REMARK. For the sake of simplicity in notation, we have only
considered the one-dimensional case. However, all our results also
hold in the context of R” and T? for all »p > 1. We indicate briefly
the necessary changes in the notation and arguments.

We identify T? with R?/Z?, and endow both 7? and R? with
the sup of coordinates metric, If a and b are real numbers, we define
the half-open p-dimensional interval

[a,b), ={zeR: 2= (2, ---,2,) and a < 2; < b for all 1 <j < p}.

Similarly, we define closed and open intervals. If xzc¢R? and nc Z?,
we define

TN = NE = N, + <+ + N, .

We then replace ““Z’’, “R’’ and “T” by “Z*’, “R*’, and “T?”
respectively, throughout the paper. Where summation indices run
over Z, we thus allow them to run over Z?, and where integrals are
taken over intervals, we take them over p-dimensional intervals.
With these changes, the statements and proofs of Theorems 3, 4, and
the main result are exactly the same; a few more modifications are
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required for the proofs of the three lemmas, as follows:

In Lemmas 1 and 2, we take 8 to be a point in |0,1/N),. In
the proof of Lemma 1, we allow the indices “‘k’’ to range over all
ke Z® such that k=(k, ---,k,) and 0=k, < N—1forall 1<j=<0p.
For each such &, we define

o5
I, = £ 4lo, =1 .
¢ B+N+ Nl

_# is then defined to be all intervals such that all of their endpoints
belong to F; i.e.

4 :{Ik: for all x e Z? such that z; = 0 or 1 for all j,

we have that 8 +

k“LxeF}.
N

Exactly the same definitions are given for .2 and .9, then .o
is defined as

{ke%’: there exists an x ¢ Z? with @; = 0 or 1 all j,

kE+x }
so that F:.
o that 8 + N ¢

We may then correspond to each member of 7" a member of
2 N2 as follows:

Given ke 9", choose xeZ? with #; =0 or 1 for all j, such
that B8+ ((k + x)/N)¢ F. Now let | be the least integer with
1<]< N-—1 so that there exists a ¢c.9 and an mcZ? with
k+1lex—q=Nm (i.e. such that % + le = ¢ mod NZ?); then
Qg€ % N&.9% "', so we correspond q to k.

Given such a ¢ and such an x, & is uniquely determined by the
relation & = ¢ — lx mod NZ?, where [ is chosen to be the least integer
with 1 <1< N -1, so that 8+ ((¢ — l®)/N)e F.

However, for different z’s, we may have different %’s in 2"
corresponded to the same ¢ in 97" N &9 ~. Since there are at most
2» — 1 such «’s (x; must equal 1 for some j), it follows that

1
2»—1

card ¥ < card (% N &%) .

We thus obtain that » — | < 2?(» — ¢), where 7, [, and ¢ are as defined
in Lemma 1; the term ‘‘4¢’” must then be replaced by the term ‘‘27i%e”’,
One other modification is required: in all rational numbers having
N as denominator (and not having a ‘‘%k’’ as a numerator!), we replace
“N? by “N#”’, Thus the function g(x) is defined on |0, 1/N)), by
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0@ = ;: Ze(o +22);

1Z5=p

we then have that

N? S gdm = m(F) .
[0, YNy
For the proof of Lemma 2, we replace the function 4, by the
function

— 2,
Ay = N*X 01w, * Xr-sims o1, +

mys is then defined as the discrete measure which assigns mass 1/N?
to each of the points 8 + (k/N), where k = (k,, -+, k,) and 0 <k, <
N —1 for all 1 < q £ p. Exactly the same proof then holds.

Finally, in the proof of Lemma 5, the number ‘6’ should be
replaced by a constant K that depends only on p. (Of course, \ is
taken as a point in R?, with || = sup.<;<, |N;].) An example of a
function with the property given in the first line of the proof of
Lemma 5, may then be obtained by setting

k(®) = e, @) p-aan) (@)

for all e R?, and then putting

1
2rz?

Ax) = (k(x + N) — k(x)) for all xzeR”.
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