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We give an example of two nonisomorphic semi-primary
hereditary rings, 2 and Y with radicals M/ and N’ respectively,
such that Q/M2 = 3/N'2,

Let 4 be a semi-primary ring i.e. its (Jacobson) radical N is
nilpotent and I" = A/N is an Artinian ring. The problem of charac-
terizing a semi-primary ring 4 all of whose residue rings have finite
global dimension—was dealt in several papers. It turns out that 4
is such a ring if and only if 4 is a residue ring of a semi-primary
hereditary ring Q. It was suggested that  is uniquely determined
up to an isomorphism by the condition Q/M*~ A/N*, where M is the
radical of Q.

One can prove that if A is an epimorphic image of a semi-primary
hereditary ring @, then @ is uniquely determined (up to an isomorphism)
by the conditions (a) 2 admits a (semi direct sum) splitting, Q2 =
I' + A+ M* and (b) 2/M*~ A/N®.

The following ring furnish a counter example to the uniqueness
statement if we don’t assume condition (a), even if A admits a splitting.

Let k& be a field of characteristic p = 0, and let  be a transcen-
dental element over k. Let R = k(x"?) @y k(x?) and let V be the
radical of R. Then V contains the nonzero element #/* @1 — 1 & x"?.
Let Y be a subring of the 8 x 3 matrix algebra over R, which consists
of all matrices M for which:

Myek@”)@ual My=0 M;=0
le eV Mzz el ®k(:c) k(xllp) Mzs =0
M;eR Myel @i k(@?)  Myel @i k(7).

It is obvious that X is an Artinian ring and its radical N’ consists
of all matrices M in Y for which M,, = M,, = M,, = 0.

Let 4 be /N, then one easily verifies that:

(a) gl.dim¥ =1

(b) gl.dim4 =2

(¢) 4 admits a splitting

(d) 2 does not admit a splitting (since V is not an R-direct
summand in R).

From (b) and (c) it followsthat 2 = 1"+ A + A®, A—with A =
N’/N"—is a semi-primary hereditary ring (A®;A® A = 0) with
radical M = A+ A@rA. Also 4 =1+ A and A®= 0. Therefore
gl.dim@Q =gl.dim¥ =1, Q/M* ~ Y/N"” ~ A/N* (N is the radical of 4).
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Obviously 2 admits a splitting, but Y does not, thus 2 and X are not
isomorphic.

It is worth noticing that if 4 is a finite dimensional K-algebra
(K a field) then the uniqueness of 2 follows from condition (b), since
condition (a) holds whenever dim /* = 0.

There still remains the problem of the existence of Q satisfying
{a) and (b). @ is known to exist whenever /A admits a splitting. 4
is known to admit a splitting whenever N2 = 0,
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