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Konhauser has introduced two polynomial sets {Yi(x; k)},
{Zi(x; k)} that are biorthogonal with respect to the weight
function e *x° over the interval (0, ). An explicit expression
was obtained for Z:(x; k) but not for Y:(x; k). An explicit
polynomial expression for Y;(x; k) is given in the present paper.

1. Konhauser [2] has discussed two sets of polynomials Y:(x; k),
Zx; k),m=0,1,--+ k=1,28,---,¢> —1; Y¢(x; k) is a polynomial
in « while Z:(x; k) is a polynomial in x*. Moreover

T B g 0 O=1i<mn)
(1) Soe 2 Yi(x; k)x dx—{io (i = n)
and

S i 0 (01 < n)
(2) Soe xZn(x,k)xdx—{iO o

For k = 1, conditions (1) and (2) reduce to the orthogonality conditions
satisfied by the Laguerre polynomials LZ(x).
It follows from (1) and (2) that

0 G # 7)

(3) SO e~ Yi(w; k) Zi(w; k)dw = {io (t=17).

The polynomial sets {Yi(x; k)}, {Z:(x; k)} are accordingly said to be
biorthogonal with respect to the weight function e=*x° over the interval
(0, o).

Konhauser showed that

ctme 1y . Lkn Ac+1) & 1l kI
(4)  Zumh) = n! J.%( 1)(j> I'(kj +c+1)

As for Y¢(x; k), he showed that
k e—xt(t + 1)c+kn
Yiw; k) = —= |
(x; k) 2 Jo [(t + 1)F — 1]+

_li_ an {e—-zt(t + 1)c+kntn+1}
n! 0t™ \[(t + 1)*™ — 1]*+ =0

(5)

In the integral in (5), C may be taken as a small circle about the
origin in the t¢-plane,
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In the present note we give a generating function and an explicit
polynomial expression for the polynomial Y:(x; k). Moreover we show
that Y:(x; k) can be identified with a polynomial studied recently by
S. K. Chatterjea [1].

2. We apply the Lagrange expansion in the form [4, p. 125]

(t) _ o= wt fdr n
(6) T = S (£ rowen)
where
w=¢_(tt)-, B(t) = o + ajt + -+ (a, # 0) .
Take
et + 1)t _(t+ D
sy = SZEEDL g = LT
Then we have
v kt
L-wd® =i r=1
so that
f(t) —_ -2t c+1

Thus, by (5) and (6), we have

—2t c+1 & (4 . t "
(1) et + 1 = 3 Vil k)<—¢(t)> :
If we put
_t ____(t+1)"~1=1_ 1)-*
BT R T ¢

then
t=@1—w) V-1

and (7) becomes
(8)  (L—w) e exp{—af(l — w)™ — 1} = 3 Yia; bpw" .

In the next place, we have
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(1 — wy=C*exp {—2[(1 — w)™* — 1]}

= (1 — w)—iervrk i“ x: [1 — w)y* — 1]
=0 rl

(l _ w)—(s+c+1)/7c

& (s +c+ 1)k), , »
,%o n! b

- 5T S Son(T) )

I
Ms
8
-1 "%
Mq
—_

f
=

)
/\
N \__/

where
(a)n:a(a+1)"'(a+n_l)r (a)ozl-
It therefore follows from (8) that

ey — L &2 L o r\(s+e+1
(9)  Tmh =3 5 )(EEetD)
3. Chatterjea [1] has defined the polynomial
(10) T (i) — % &6 D(ex+ e~

with £ =1,2,3,.--. The case @« = 0 had been discussed by Palas
[3]. Chatterjea showed that (10) implies

(11) T@() = ET (=1 ( )(a + " + ks)

r=0 8=0

He also obtained operational formulas and a generating function for
T(x). The assumption that k& is a positive integer is not used in
deriving (11).

If we replace k& by k= and a by k'a, (10) becomes

T = 5 205 (—u(5)(F o).

_ 8=0
On the other hand, since

7@1‘!‘(S+Z+1)n:(k_1(3+c+n1)+n_1)’

(9) gives
Yo = 33 205 () (RO T,

, 8§=0
It follows at once that
(12) Yort-Yak; k) = T2 ,
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or, if we prefer,
(18) Yfaw—z(xk; k)= T 1)(90)
4. It may be of interest to point out that a formula equivalent

to (9) can be obtained without the use of the Lagrange expansion.
In the integral representation (5), put

t=(14+u)y*—1
Then (5) becomes

exp{—o[(1 — w)’* — 11 +u)¥ " c+1)+n—1 du

Yilws k) = 27t Sc urtt

where C denotes a small circle about the origin in the wu-plane. The
numerator of the integral is equal to

( 1) ( )(1 B
w32 S y(G)(Fe e )

Taking m = n, we therefore get

oo
Z
r=0

Il
|§|I§48 uM

(fg)(k“‘(c +s+1)+n— 1) ]

(14)  Yi(w; k) = -

i Ms

Since

’

(c—|—n—1>:(c_)n

" n!
it is evident that (14) is identical with (9).

5. Making use of the explicit formulas (4) and (9), we can give
a rather brief proof of (3). Indeed we have

J, . = re“”xc o(s ) Yo (3 k)de
0

_ I'(kn 4 c+1) i(—

n! <?> I'(ky + ¢+ 1)

)
= 5L S (-1 < )(—‘E——’:Z—_l_i)m . fe‘”x"”"”dx

ml 7=0 rr? 8=0

_ F(kn+c+1)z( 1),( )

n! m!

SR
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If f(x) is a polynomial of degree m, it is familiar that
fo) = 3 ()10,
where
. _ <y _q1y—s[ T
af0) = S (=17 ) fs) .

In particular, for

we have

(). = 5 () B (0)(5),
_ §(+m+r—1> Z( (Z)(ii%&i_l_)m
For x = —kj — ¢ — 1 this reduces to

(— j)m_§<kj+c+’r)z( 1)( )(ﬁ_lcc_i)m

Thus
g, — Ttn j;.c + 1) 2( 1),< ) (= J)m
= -y Lm e+ 1) iZﬂ(—l)j(?)(%.z) :
Since

S0 = () S v m) = (e - v

it is evident that

F(lcn+c+1)5

(15) Jom = por

in agreement with (3). In particular

J - Lln+c+1)
m n!

as proved in [2].
A little more generally, we have
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J = S”e—wxcz,z(x; k)Y (2; k)da
0

e s (1) 63,

n!m! k

where a = (¢ — ¢/)/k. It follows that

0 (n>m),
(16) Sum = wem (kM + ¢ + 1) a
(=1 l (m——n) (n < m).
Clearly (16) includes (15).
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