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Konhauser has introduced two polynomial sets {Y(z; k)},
{Zi(x; k)} that are biorthogonal with respect to the weight
function e *2° over the interval (0, ©). An explicit expression
was obtained for Z:(x; k) but not for Yi(x; k). An explicit
polynomial expression for Y:(x; k) is given in the present paper.

1. Konhauser [2] has discussed two sets of polynomials Yi(zx; k),
Zx; k)y,n=0,1,-+ k=1,23,---,¢> —1; Yix; k) is a polynomial
in « while Zi(x; k) is a polynomial in %*. Moreover

26 Vo e wig. _ (0 0=1<mn)
(1) Soe 2°Yi(x; k)x dx_{io (i = n)
and

o e i 0 0=i1<n)
(2) Soe xZn(x,k)xdx—{io .

For k = 1, conditions (1) and (2) reduce to the orthogonality conditions
satisfied by the Laguerre polynomials L:(x).
It follows from (1) and (2) that

0 (¢ # 3)

(3) So e Yi(w; k) Z(x; k)dw = {7&0 @=17.

The polynomial sets {Yi(z; k)}, {Z:(x; k)} are accordingly said to be
biorthogonal with respect to the weight function e=*2° over the interval
(0, o).

Konhauser showed that

iy _ LEn+c+1) &, (N aka
(4) Zw; k) = nl J.%( 1)<3') I'kj +c¢+1)

As for Y(z; k), he showed that

. k[ et + 1ot
Yi(x; k) = — S
(x ) 2% ¢ [(t + l)k _ 1]n+1
—k— a'n { e—-mt(t + 1)c+kntn+1}
n! ot* [(t + 1)k+1 — 1]n+1 £=0

(5)

In the integral in (5), C may be taken as a small circle about the
origin in the t-plane.
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In the present note we give a generating function and an explicit
polynomial expression for the polynomial Y:(x; k). Moreover we show
that Y:(x; k) can be identified with a polynomial studied recently by
S. K. Chatterjea [1].

2. We apply the Lagrange expansion in the form [4, p. 125]

£t) S .
(6) T = S e,
where
w=-¢—(tt—), B(t) = @y + @t + -+ (0, # 0) .
Take

et + 1)t g(t) = (& + Dt

O=Gr-1 ¢ F1y—1

Then we have

e — ket
S AL oy Fn T
so that
L0 I— ott

Thus, by (5) and (6), we have

(7) e+ 0 = 5 Vi (L)

If we put

ot @D =1 g 1y
o L IF E+ D,

then
t=(1—wy—1

and (7) becomes
(8) (L~ w)=eexp{—af(l — w)™ — 1]} = 5 Vi(w; D" .

In the next place, we have
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(1 — )=+ exp {—a{(l — w)™* — 1)

= (@ — w5 E (L - w) - 1y
r=o 7!

(]_ — w)—(s+c+1)lk

((s + ¢ + D)/k), w"
n!
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where
(@, =a@+1)---(a+n—1), (a)=1.
It therefore follows from (8) that

(9)  Yiwh = 52 5 )(AEEL)

3. Chatterjea [1] has defined the polynomial
(10) Ti(#) — —— 2-%6*D*(e**e~)
n!

with 2 =1,2,83,---. The case a = 0 had been discussed by Palas
[3]. Chatterjea showed that (10) implies

(11) T () = % ﬁ:} g(—ns(’s‘)(a + ?ﬁ ks) .

He also obtained operational formulas and a generating function for
To(x). The assumption that k& is a positive integer is not used in
deriving (11).
If we replace k by k* and a by k'a, (10) becomes
n kr —1
o= 55 5 (30 ),

7!

On the other hand, since
__1_<s+c+1> _(lc“l(s—]—c—}—l)-}—n-—l)
nl k . n ’

(9) gives
ok k) = 35 20 5 () (e O .

It follows at once that
(12) Yortak; k) = TE(@)
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or, if we prefer,
(13) Yiark=i(ghs k) = T7(x) .
4. It may be of interest to point out that a formula equivalent

to (9) can be obtained without the use of the Lagrange expansion,
In the integral representation (5), put

t=(1+u*—1
Then (5) becomes

exp{—a[(1 — u)’* — 11 + u) e+ 1) +n —1 du

Tk = 5z |,

’

where C denotes a small circle about the origin in the wu-plane. The
numerator of the integral is equal to

P> TZ( ( )(k—l("“‘S*;nl)-l—n—l).

Taking m = n, we therefore get

(14)  Yio; k) = % f, Z (_1)r<4sﬂ><k-1(c +s +n1) +n— 1) .

Since

<c+n—1>:ﬂ

n n!

b

it is evident that (14) is identical with (9).

5. Making use of the explicit formulas (4) and (9), we can give
a rather brief proof of (3). Indeed we have

Som = Sme“”‘x“Z,i(x; kY (x; k)dx

_ I'kn 4+ ¢+ 1) ; 1
B n! r%( 1)< >P(k,7+c+1)

5 S ()L - [Teaeas

m! 7= /rY 8=0

_I'kn +c+1) Z( 1),( )

n! m!

2T
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If f(z) is a polynomial of degree m, it is familiar that
f@) = 3 (7)ar0),
where
7f0) = 5 (=17-( )£ .
=0
In particular, for

we have

(). = 2 () S0,
_§(+x+fr—1>2( (;*Xiir_kc_i_l_)m

For x = —kj — ¢ — 1 this reduces to

=5 (0TS ().

Thus
I, = F(lm—l-C-l—l)Z( 1)J< >( )
n!
= (-y L tetD jZd,(—l)"(?)(i;) :
Since

Sev(3)E) - () 78 - (- o

it is evident that

(15) Jom=LtlEnterD s
n!
in agreement with (3). In particular

g, = I'kn 4+ c+1)
n!

as proved in [2].
A little more generally, we have
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Il = re'”:ch;(x; )Y (23 )
_ I'kn+c+1) 5‘( 1)]( )( j__u’_>

n!m! k
= (= l)ml’(lm—kc—!-l)y( 1)g< )( ;—za>’
where a = (¢ — ¢')/k. 1t follows that
0 (m >m),
16 W S
(16) (—1)rtm L' :;!C +1) (m Ci n> (n £ m).

Clearly (16) includes (15).
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